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Introduction




Introduction

This thesis is concerned with the following two problems of nonlinear anal-

ysis:

Problem 1: The estimates of the lower Hausdorff norm and of the Hausdorff norm of
a retraction from the closed unit ball of an infinite dimensional Banach
space onto its boundary;

Problem 2: The evaluation of the Wosko constant W (X)) for an infinite dimensional
Banach space X, where W (X) is the infimum of all £ > 1 for which
there exists a retraction of the closed unit ball onto its boundary with

Hausdorff norm less than or equal to k.

Let X be a Banach space and let
BX)={zeX:|z[| <1} and S(X)={reX:|z| =1}

A continuous map R : B(X) — S(X) is a retraction if Rx = z, for all
r e S(X)

If R: B(X)— S(X)is aretraction, then —R is a continuous fixed point free
self-mapping of the closed unit ball. Therefore, by the Brouwer’s fixed point
principle, if X is finite dimensional there is no retraction from B(X) onto
S(X).

The Scottish Book [36] contains the following question raised around 1935
by Ulam: ”“Is there a retraction of the closed unit ball of an infinite dimensional
Hilbert space onto its boundary?”

In 1943, Kakutani [32] gave a positive answer to this question. Later Dugundji

[21](1951) and Klee [33](1955) gave a positive answer to Ulam’s question in
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the more general setting of infinite dimensional Banach spaces.

Assume that X is infinite dimensional and set inf ) = co. Given a retrac-
tion R : B(X) — S(X), we denote by

Lip(R) = inf{k > 1 : ||Rx — Ry|| < k[|z — y|| forall z,y € B(X)}

the Lipschitz norm of R.

In [9] Benyamini and Sternfeld, following Nowak [37], proved that for any
Banach space X there is a retraction R : B(X) — S(X) with Lip(R) < occ.

It is of interest in the literature the problem of evaluating the following quan-

titative characteristic
L(X) =inf{k > 1: thereis aretraction R : B(X) — S(X) with Lip(R) < k},

called the Lipschitz constant of the space X.

A general result states that in any Banach space X, 3 < L(X) < 256 x 10
(see [29],[2]). In special Banach spaces more precise estimates have been ob-
tained by means of constructions depending on each space. We refer to [29]
for a collection of results on this problem and related ones.

Recall that the Hausdorff measure of noncompactness vx(A) of a bounded sub-
set A of a Banach space X is defined by

vx(A) =inf {e > 0 : A has a finite e—netin X},

where by a finite e —net for A we mean, as usual, a finite set {xy, x5, ..., 2,} C
X such that
Ac |J (@i+B.(X))
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with B.(X) ={z € X : ||z| < e}.
Given a retraction R : B(X) — S(X), we denote by

Y (B) = sup{k >0:9x(R(A4)) > kyx(A4) for A C B(X)}
and

vx(R) = inf{k > 0:~x(R(A)) < kyx(A) for A C B(X)},

the lower Hausdorff norm and the Hausdorff norm of R, respectively.

Actually v (R) is a maximum, while Lip(R) and vx(R) are minima.

Then two interesting problems arise in nonlinear analysis (see for example
[22],[41],[4],[15] ) : the estimates of v X(R) and vx (R) for a given retraction R
and, in connection with the Hausdorff norm, the evaluation of the following

quantitative characteristic
W(X)=inf{k > 1: thereisaretraction R: B(X) — S(X) with vx(R) < k},

called the Wosko constant of the space X. The constant was introduced by
Wosko in [42].

From
1x (R(B(X))) = 7x(S(X)) = 7x(c0(S(X))) = yx (B(X)),

where co(X) is the closed convex hull of S(X), it follows that W (X) > 1 for
every space X.

Observe that for a given retraction R, we have yx(R) < 2Lip(R) which be-
comes vx (R) < Lip(R), when X has the ball intersection property ( see [38]
), infact, in this case vx (A) = yp(x)(A) for every A C B(X), where

vB(x)(A) = inf{e > 0 : A has a finite e—net in B(X)}.

Therefore W (X) < 2L(X) for any space X. In particular W (X) < L(X), if
the space X has the ball intersection property.

Concerning general results about the evaluation of W(X), in [41] it was
proved that W(X) < 6 for any Banach space X, and W (X) < 4 for sepa-
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rable or reflexive Banach spaces. It has also been proved that W (X) < 3

whenever X contains an isometric copy of I” with p < (2 — E’ig)‘l ~241...
Moreover it has been proved that W (X) = 1 in some spaces of measurable
functions ( [14] ) and in Banach spaces whose norm is monotone with re-
spect to some basis ( [4]).

Regarding Banach spaces of real continuous functions, which in the sequel
we assume to be equipped with the sup norm, we cite that in C([0, 1]) for
any k > 1, there exists a retraction R : B(C(]0,1])) — S(C(]0,1])) with
Yeqoa)(R) < k so that W(C([0,1])) = 1 ( see [42] ). However we point out
that the first evaluation of the Wosko constant of the space C(]0, 1]) has been
given by Furi and Martelli in 1974.

In [26], [25] they have proved that W (C([0, 1]))) < 9.

If E is a finite dimensional normed space and K a convex compact set in
E with nonempty interior, the same result has been obtained in the Banach
space C(K) of all real continuous functions on K (see [40]), and in the Ba-
nach space BC([0, o)) of all real bounded continuous functions on the non-
compact interval [0, c0) (see [16]). In particular, in [16] it is shown that for
any k > 1 the same retraction R can be chosen with vyz¢(p,00))(R) < k and
Vpe(oen ) > 0

The aim of this thesis is to construct retractions with positive lower Haus-
dorff norms and small Hausdorff norms in Banach spaces of real continuous
functions which domains are not necessarily bounded or finite dimensional.
Moreover by means of some examples we give explicit formulas for the lower
Hausdorff norms and the Hausdorff norms of such maps.

Let S and T, with T' C S, be nonempty subsets of a topological space. In
the following we will denote by BC(S) and BCU(S) the Banach spaces of
real all functions defined on S which are, respectively, bounded and continu-
ous, bounded and uniformly continuous. Moreover we denote by BCr(S) the
Banach space of all real bounded functions that are continuous on S and uni-
formly continuous on T'.

Assume that K is a set in a normed space F containing the closed unit ball
B(FE). The main result of Chapter 2 is the following: For any u > 0 there is a
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retraction R, : B (BCp(g)(K)) — S (BCp(k)(K)) such that

1, <4
g (R)=1 3"
~BCg) (K) 27u > 4
and .
u +
VBC sy () (Fu) = "

In particular we have that W (BCpg)(K)) = 1.

As corollaries we obtain similar results in the case of the space BCU(E)
and in the space BC(E) when E is a finite dimensional normed space. In
particular, if £ = R, we obtain [16] and, if K is a convex compact set in a
finite dimensional normed space E with nonempty interior, we obtain [40].
Moreover, by the invariance of the Hausdorff measure of noncompactness
under isometries, we obtain the same result in the Banach space BCj,p(x)) (M)
being M a metric space homeomorphic to K under a map h, which is bi-
lipschitzian when restricted to B(FE).

Chapter 3 is devoted to the construction of retractions from the closed
unit ball onto the unit sphere in the Banach space C(P) of all real continuous
functions defined on the Hilbert cube P. As in the previous chapter, we
obtain explicit formulas for the lower Hausdorff norms and the Hausdorff norms
of such retractions.

Our main result is the following: For any v > 0 there is a retraction R, :
B(C(P))— S(C(P)) such that

1, ifu<4
%(P)(R“):{ 1 ifu>4

and
_u+8

Yepy(Ry) = _—

In particular, we have that W (C(P)) = 1.

Let K be a metrizable infinite dimensional compact convex set in a topo-

logical linear space and assume K is an absolute retract ( e.g. a compact



INTRODUCTION

convex subset of a normed space is an absolute retract). Then K is home-
omorphic to the Hilbert cube ([20] ), so that the Banach space C(K) of all
real continuous functions defined on K and the space C(P) are isometric.
Therefore, since the Hausdorff measure of noncompactness is invariant un-
der isometries, the previous result holds also in the Banach space C(K).

We observe that a retraction R which has positive lower Hausdorff norm is
a proper map, which means that the preimage R~!(M) of any compact set
M C X is compact. Thus, all the retractions we construct are proper maps.

Finally we remark that the following questions are still open:
e Is W (X) = 1 for any infinite dimensional Banach space X?
e Is W (X) = 1 aminimum for any infinite dimensional Banach space X?

In [14], it is shown that the second question has a positive answer in a
class of Orlicz spaces, which contains the classical Lebesgue spaces L?(]0, 1])

(p>1).



Chapter 1

Preliminary topics

1.1 Introduction

This chapter contains some basic concepts and background used throughout
this thesis, concerning measures of noncompactness, some metric and topo-
logical quantitative characteristics of nonlinear operators, Lipschitz constant
and Wosko constant of an infinite dimensional Banach space, and isometries.
References for this material are Banas and Goebel [7], Akhmerov et al. [1],
Acedo et al. [5] and Banas [6] for the measure of noncompactness; Goebel
and Kirk [29] and Appel et al. [3] as well as papers [8],[9], [10], [11], [12],
[13], [24], [28], [27], [30], [34], [37], [4], [35], [39], [40], [15], [41], [42] for the
quantitative characteristics of nonlinear operators and for the constants of
an infinite dimensional Banach space ; and Fleming and Jamison [23] for the

isometries.

1.2 Notations

Throughout this thesis we shall use the following notations. We will denote
by N and R the set of natural and real numbers, respectively. Moreover X
will denote an infinite dimensional Banach space with the norm ||-|| and the
zero element 0. If A C X is a non-empty set, we denote by 4, coA, oA and
diamA the closure, the convex hull, the closed convex hull and the diameter
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of A, respectively. Further, we wil use the notation
B X)={z e X : |z — x| <7}
for the closed ball centered at x and of radius » > 0 in X, and

S(X) = {w e X : o] = 1)

for the unit sphere in X. In the case o = 0 we simply write B, ,(X) =
B,(X)and B o(X) = B(X).

Given a subset A of X, a finite e—net for Ain X is a finite set {y1, y2, ..., Ym }
in X such that

Ac U (g + B(X)).

Whenever E is a topological space, BC(E) (or C(E), if E is compact ) will de-
note the Banach space of real bounded continuous functions on E, endowed
with the sup norm || - || defined by

[flloe := sup | f ()]
el

Further, let T"and S, with 7" C S, be nonempty sets of a topological space.
In the following we will denote by BC(.S) and BCU(S) the Banach spaces of
all real functions defined on S which are, respectively, bounded and contin-
uous, bounded and uniformly continuous. Moreover we denote by BCr(S)
the space of all real bounded functions that are continuous on S and uni-

formly continuous on 7.

1.3 Measures of noncompactness and quantitative

characteristics

Roughly speaking, a measure of noncompactness is a tool to understand
how far is a set from being compact. The notion of measure of noncom-
pactness plays a central role in this thesis, thus we start giving a formal
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definition.

Definition 1 Let X be a Banach space. A non negative function 1) defined on the
bounded subsets of X is called a measure of noncompactness on X, if it satisfies the
following properties, for A, B C X :

1. (A) = 0 iff A is precompact;

2. ¢(A) = p(co(A));

3. ¥(AU B) = max {y(A),¥(B)};
4. Y(A+ B) <¢(A) +(B);

5. Y(AA) = |\[Y(A), forall X € R.

The most important examples are the Kuratowski measure of noncompactness

a(B) =inf {e > 0: B can be covered by finitely

many sets with diameter < ¢},
the Istrdtescu measure of noncompactness

B(B) =sup {e>0: B contains a sequence

{z,} with ||z,,, — z,|| > eform #n },
the Hausdorff measure of noncompactness

v(B) =inf {e> 0: Bhasa finite

e—netin X}
or equivalently,

v(B) =inf {e > 0: B canbe covered by finitely

many balls with radii < e} .

10
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When we need to relate a measure of noncompactness to a specific space X,
we shall write ax,8x and 7, respectively.
We note that the following inequality holds for

Remark 2 Let A C B(X), then

1x(A) < 29px)(A),
where

vex)(A) =inf {e > 0: B has a finite
e— net in B(X)}

Proof. Let A C B(X)and a > 7x(A). By definition of yx, there exists a finite
a—net {&1,&,...&,} for Ain X such that B,¢, N A # 0, fork =1,2,...,n.
We show that A has a finite 2a—net {1, (o, . . ., } in B(X).

For every &, fix (; € AN Byg, (X).

Let x € A and choose ¢; such that

[l =&l < a.

Then
|z = Gl < llz =&l + (1§ — Gl < 2a.

Hence vx(A) < 2a which proves yx(A) < 2vp(x).
u

The measures «,3 and v are related by the relations explained below.

Remark 3 The above measures of noncompactness are mutually equivalent in the
sense that
y<B<a<2y. (1.1)

In the sequel, the letter ¢» will always denote one of the three measures of
noncompactness «, 3 or 7.
Given a Banach space X and an operator /' : D(F') C X — X, the quantita-

11
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tive characteristics

Lip(F) =inf {k>0:|F(z)— F(y)| < k|z — vl

forz,y € D(F)}, (1.2)
Y(F) =sup {k>0:(F(B)) > ki(B)

for every bounded B C D(F)}, (1.3)
G(F) =inf {k>0: 0(F(B)) < ku(B)

for every bounded B C D(F)}, (1.4)

are called the Lipschitz norm, the lower 1)-norm and the 1-norm of the op-
erator F, respectively.

Proposition 4 Let X be a Banach space and
F:D(F)CF—X

a continuous map. Then

(a) Lip(F) is a minimum, whenever it is finite;

(b) Y(F) is a minimum , whenever it is finite;

(c) Y(F') is a maximum.

Proof.

(@). Put \ = Lip(F)and H = {k > 1 : ||Fz — Fy| < k|jz — y| for all
z,y € D(F)}.
Suppose that A € H. Then there are x,y € D(F) such that

[Fx = Fyl| > Az =yl (1.5)

On the other hand, we have that

1
IFz = Pyl < (A+ ) o =l (16)

12
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(b)

holds for every =,y € D(F) and n = 1,2,... By 1.5 and 1.6, it follows
that

1
Mo =yl < 1Fo = Fyl < (A4 1) o=l
Letting n — oo, we obtain
|72~ Byl = Az — ],

which is a contradiction.

.Putd=¢(F)and H = {k > 1:¢(F(A)) < ky(A) for A C D(F)}.

Suppose that A ¢ H. Then there are A C D(F) such that

Y(F(A)) > Mp(A). (1.7)
On the other hand, we have that

b(C) < (A s %) ¥(C) (18)

holds for every C C D(F)andn =1,2,... By 1.7 and 1.8, it follows that

Mi(A) < P(F(A)) < (A N %) H(A).

Letting n — oo, we obtain

(F(A)) = Mp(A),

which is a contradiction.

Put \=9(F)and H = {k > 0:¢(F'(A)) > ky(A) for A C D(F)}.

Suppose that A ¢ H. Then there are A C D(F’) such that

(F(A)) < Ap(A). (1.9)

13
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On the other hand, we have that

$(C) > (A - %) e (1.10)

holds for every C' C D(F) and n = 1,2,... By 1.9 and 1.10, it follows

that .
M) > B(FA) = (A 1) vl

Letting n — oo, we obtain
P(F(A)) = xp(A),

which is a contradiction.
n
Remark 5 The following inequalities are obtained from Remark 3,
(a) 37(F) < o(F) < 29(F),
(b) 37(F) < a(F) < 29(F),
(c) 37(F)<p
@) 52(F) < B(F) < 2(F).

Let X be a Banach space and set inf (} = oo, the two quantitative characteris-

tics
L(X) :=inf {k>1: thereis aretraction R : B(X) — S(X) with
Lip(R) < k} (1.11)
and
Wy(X) :=inf {k>1: thereisaretraction R: B(X) — S(X)
with ¢(R) < k}, (1.12)

are called the Lipschitz constant and the ¢ — constant of X, respectively. In the
sequel we shall write W (X) for W, (X) and refer to it as the Wosko constant

14
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of the space X.

The following definition has been given by Nussbaum in [38],

Definition 6 A Banach space X has the ball intersection property ( BIP ) if for
every r > 0 and every € > 0 the intersection of the unit ball with any ball of radius
1 can be covered with finitely many balls of radius r + < centered at points contained
in the unit ball.

We note that for 1 < p < oo, the Banach space [” has the BIP, while the
Banach spaces C([a,b]), BC([0,00)) and LP(R) , for p # 2, fails to have the

property.

The following Proposition relates L(X) and W, (X) for a given Banach
space X.

Proposition 7 Let X be a Banach space, then

(a) W(X) <2L(X) and in particular W (X) < L(X), if X has the BIP;
(b) Wo(X) < L(X);

(c) Ws(X) < L(X).

Proof. Let C' C B(X) and L(X) > c.By definition of L(X), there exists a
retraction R : B(X) — S(X) with Lip(R) = c.

(a). We show that v(R) < 2c.
Suppose that a < v(C)a, then by Remark 2, C has a finite 2a—net

{ClyCQa . 7Cn} C B(X)
Letz € B(X)and k € {0,1,...n} such that

Iz = Gl < 2a,

then
[R(z) — R(G) < cllz — Gl < 2ac.

15
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Hence {R(;, R(s, ..., R(,} is a 2ac—net for R(A) in X, so that

1x(R(C)) < 2e7x(C)

and
vx(R) < 2c. (1.13)

Since 1.13 holds for any ¢ > L(X), it follows
W(X) <2L(X).

Assume that X has the BIP, then a finite a—net for C in X is also a finite
a—net for C'in B(X), so that

and, by a similar proof,

holds.

. Now we show that a(A4) < c.

Let a > a(C), then, by definition of «, there exist sets Cy, C, ..., C, C C
with diamC}, < a (k € {1,2,...,n}) such that

Then

and
|R(z) — R(y)|| < cllz —y|| < ediam(Cy) < ca,

forallz,y e Cp,and k =1,2,...n.
Therefore,
diam(R(Cy)) < ca (k=1,2,...,n).

16
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Hence
a(R(C)) < ca(A),

so that a(R) < c. It follows that W, (X) < L(X).

(c). If B(R(C)) > a, then there exists a sequence {R(z,)} C R(C), such that
|R(z,) — R(z,)|| > aforall n # m.

From
a < |R(xn) — R(xpm)|| < cllzn — zmll,
we obtain,
a
~<8(0)
and then B(R(C))
< B(0)

so that Ws(X) < L(X)

n
From Remark 5, we also obtain the following inequalities:

1. Wo(X) < 2W,(X),
2. Wi(X) < 2W,(X).

We note that not every retraction from the unit ball onto its boundary has

positive ¢ — norm:

Example 8 Let X be a Banach space, then there exists at least a retraction R :
B(X) — S(X) such that
Y(R) = 0.

Proof. Let h : X — X\{0} be a deleting homeomorphism, such that h(z) = z
for every x € X \ B(X).
We define a continuous map

R:B(X) — S(X)

R(x) := ¢(h(x)), (1.14)

17
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where ¢ : B(X) \ {0} — S(X) is the radial retraction

for every x € S(X).
To show that o)(R) = 0, fix v € S(X).
We have
R (z) =k~ (¢7")(x) = h™((0, 2]). (1.15)

We note that h~1((0, z]) is closed because {z} is closed and R continuous,
though it is not compact.

To show this, let z,, :== h™'(£) (n =1,2,...).

Assume that there exists a convergent subsequence {z,, } of {z,}, since h is
continuous, we should have

: .
Ml ) = i o =0
But it is impossible, since 0 ¢ h(X). This show that R is not proper, hence
Y(R)=0. m
We observe that there are retractions with Lip(R) = oo. In order to give an

example, we need the following well known theorem ( [19])

Theorem 9 Let C' be a non-empty bounded closed convex subset of a Banach space
X, ¢ a measure of noncompactness on X and F : C — C a continuous mapping
such that 1)(F') < 1. Then F has at least one fixed point.

Example 10 Let L,([0,1]) (1 < p < o0), be the classical Lebesgue space. Then
there is a retraction
R B(Lp([0,1])) — S(Ly([0,1]))

with Lip(R) = oc.

18
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Proof. Let Q : B(L,([0,1])) — B(L,([0,1])) and P, : B(L,([0,1])) — Ly([0, 1])
by setting, respectively,

o= (v,

2,
T+ fllp

and

(= 101) X (ragse g 3 S € B0, \ S0, 1))
P,f =

0 if feS(L0,1))).

In [14, Theorem 4.5] it has been proved that the mapping R : B(L,([0,1])) —
S(Ly([0,1])) defined by Rf = Qf + P, f satisfies v, (R) = 1.

Then following [42] set T = —R take any 0 < ¢ < 1 and consider the
equation = (1 — ¢)Tx. Since v.,((1 — ¢)T) = 1 — ¢ by Theorem 9, the
map (1 — )T has a fixed point. If x = (1 — ¢)Tz, then ||z — Tz||, = € and
T?x = —Tx = Rx. Suppose that R is lipschitzian with constant %, then so it is
T. Hence we obtain 2 = ||T?*z —Tz||, < k|jx —Tz||, = ke. By the arbitrariness
of ¢ we get a contradiction. Hence Lip(R) = co. m Using a similar proof, the

next remark can be obtained.

Remark 11 Let X be a Banach space and v a measure of noncompactness on X. If
R:B(X)— S(X)

is a retraction such that )(R) = 1, then Lip(R) = oc.

1.4 Isometries

The measures of noncompactness of a set in a Banach space is invariant un-
der isometries.

In fact, assume that X and Y are two isometric Banach spaces and let H :
X — Y be an isometry.

If ¢ is the same measure of noncompactness on X and Y, then ¢(A4) =

19
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Y(H(A)) for any subset A of X. Therefore all the quantitative caracteristics
introduced in the previous section are invariant under isometries.

We recall that if two topological spaces, E; and E; are homeomorphic, then
the Banach spaces BC(E;) and BC(E,) are isometric, though, we may find of
particular interest to investigate about homeomorphisms.

Let [; be the real Hilbert space, with the usual norm || - ||» and canonical basis
(e,). Denote by

P—{e=(22)€ly: o] < % (n=1,2,..)}

the Hilbert cube. Homeomorphisms between C' and compact sets in infinite
dimensional spaces have been widely studied.
A first result due to Klee ( [33] ) is the following,

Theorem 12 Every infinite-dimensional compact convex subset of a normed space

is homeomorphic to the Hilbert cube.
For a generalization of the previous theorem, we recall the following,

Definition 13 [[31]] A topological space E is an absolute retract ( briefly, AR ) if
given any metric space M, a closed subspace A C M and a continuous map

f:A—E,

there exists a continuous map
F:M-—FE

such that F(a) = f(a) forany a € A.
Taking into account the next

Theorem 14 [21] Let C' be any convex subset of a locally convex linear topological
space.
Then for every metric space M and any closed A C M each continuous

f:A—=C

20



1.4. ISOMETRIES

has a continuous extension
F:M—C.

In particular, if C' is metrizable, then C'is an AR.

It follows that the following result ( [20] ) is a proper generalization of
Theorem 12.

Theorem 15 An infinite dimensional compact metrizable convex subset K of a
topological vector space is homeomorphic to the Hilbert cube, if it is a an AR.

Let E be a topological space. Our work will be partially based on subspaces
of BC(E), whose elements are uniformly continuous functions on some sub-
sets of E.

In particular, we shall work on BCU(S) and BCr(S), where T C S C E..
The next Lemma will be useful in the sequel.

Lemma 16 Let (M, d) a metric space. Assume that there are a set K, with B(E) C
K, in a normed space E and an homeomorphism h : K — M such that both the
restrictions h|p(g) and hfh% By Are lipschitz.

Then H : BCB(E)(K) — BCh(B(E))(M) , deﬁned b]/

H(f):=foh (1.16)

is an isometry.

Proof. It is well known that H maps isometrically BC()) onto BC(K). For
sake of completeness we shall give a proof.
Let H !(g) = f o h™!. Then for every f € BC(M) we have

HH(f) = foh™ oh=f
and for every g € BC(K), it follows
H(H™(f))=fohoh™ =g.

Being linear, to prove that H and H ! are continuous it is sufficient to show

that they are norm preserving.
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1.4. ISOMETRIES

Letf € BC(M). Then

HH ()lloe = sup |f o h(z)]

= sup [f (R )] = 1 flloe-

ye

We shall show that, for any fixed f € BCy(p(r)) (M) the map H f is uniformly
continuous on B(E).

To prove the above, we let ¢ > 0. Since f is uniformly continuous, we may
find 0y > 0 such that if wy,wy € h(B(F)), with d(w;,w,) < dp, then

|f(wr) — fwa)] <e. (1.17)

Since h is bilipschitzian on B(E), we may find two constants [,L > 0

such that for every z;, 2, € B(E), we have
Hwy — @l < d(h(21), h(22)) < Lz — z2. (1.18)
If we fix 6 < %0, then for every z;, x5 € B(E), with ||z1 — z3|| < J, we have
d(h(z1), M(x2)) < L1 — 22| < L < o,

with h(z1), h(z2) € h(B(F)). Thus from 1.17, it follows

[H(f) (1) = H(f)(w2)] = [f(h(x1)) = f(h(z2))] <e.
Since from 1.18 it follows that

1 1 1 1

7w, ws) <A™ (w) = A (ws)|| < 7 d(wr, wy) (1.19)

holds for every w;, ws € B(E) we may prove that H~!(g) is also uniformly
continuous on h(B(FE)) whenever g is in BCpg)(K). To show this last, we

can replace h and L by ™! and } in the proof above. m
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Chapter 2

Retractions in BCpg)(K)

Since the work of Vith [41] it is known that, in any infinite dimensional Ba-
nach space X, for any k£ > 6 there exists a retraction R : B(X) — S(X)
with Hausdorff norm vx(R) < k, so that the Wosko constant W (X) = 6. In the
setting of infinite dimensional Banach spaces of real continuous functions,
according to our knowledge, better estimates of the Hausdorff norm and of
the Wosko constant are obtained only in some Banach space of real continu-
ous functions which domains are compact or finite dimensional. Precisely:

e for any u > 0 there exists a retraction R : B(C(K)) — S(C(K)) with
Yo (R) < “H, where K is a convex compact set in a finite dimen-

sional normed space with nonempty interior (see [40],[42]);

e forany u > 0 there exists a retraction R : B(BC([0, o0])) — S(BC([0,00)))
with Ypc(o,00)) (R) < “E2 (see [16]). Therefore W(C(K)) = 1, in partic-
ular W(C([0,1])) =1, and
W(BC([0,00))) = 1.

Concerning the estimate of the lower Hausdorff norm in [16] it is proved that in
the Banach space BC([0, 00)) for any u > 0 the same retraction can be chosen
with ypc(o,00)) (R) = #2 and Ypc((o,00)) (R) < “H. Consequently, as we have
already observed, there is a retraction with positive lower Hausdorff and
Hausdorff normarbitrarily close to 1.

This chapter is devoted to the study of “Problem 1” and “Problem 2” of

the introduction, when we restrict our attention to the setting of infinite di-
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mensional Banach spaces of real continuous functions which domains are
not necessarily bounded or finite dimensional, in particular we generalize the
results of [42] ,[40] and [16].

The reformulation, in our framework, of the above two problems is the fol-
lowing;:

Problem 1: The estimates of the lower Hausdorff norm and of the Hausdorff
norm of a retraction of the closed unit ball of the Banach space BCp(g)(K)
onto its boundary;

Problem 2: The evaluation of the Wosko constant W (BCp(g)(K')) of the
space BCp(p)(K).

In Section 2.2 we show that in the space BC (g it is possible to construct a
retraction from B(BCp(g)(K')) onto S(BC p(r) ([ )) with positive lower Haus-
dorff norm andHausdorff norm arbitrarily close to 1. Moreover, by means of
some “nice ” examples contained in Section 2.3, we give the main result of
this chapter: precise formulas for the lower Hausdorff norms and for the Hausdorff
norms of retractions we construct in the space BC g(g)(K). Infact we prove that
for any u > 0 there is a retraction R, : B(BCpg)(K)) — S(BCpr)(K)) such
that

%, if u<i4
R, =
Dy a0 ) 2 f >4
and
u+ 8
/VBCB(E> = -

u
Therefore the Wosko constant W (BCp(g)(K)) = 1.

Since the Hausdorff measure of noncompactness of a set is invariant un-
der isometries, we obtain the same result in the Banach space BCyp(g)) (M),
where )M is a metric space homeomorphic to K under a map h which is bi-
lipschitz when restricted to B(E). Indeed in this case the space BCj,p(r)) (M)
is isometric to the space BCp(g)(K) ( see Lemma 16 of Chapter 1)

We observe that all our retractions are proper maps.

Finally we observe that the Example 30 of Section 2.3 shows that the
construction of this chapter does not work in the case of the Banach space
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2.1. PRELIMINARIES

BC(E), if E is an infinite dimensional normed space, or, as is easy to see, in
the case of the Banach space C(K), when K is an infinite dimensional convex
compact set in a normed space. The results of this chapter are contained in
[18]

2.1 Preliminaries

Let (E, | - ||) be a normed space and K a subset of E containing the closed
unit ball B(E). Now for each a € [0, 1) we introduce the maps \,, \* : £ — E

by

e r, if ol <
Ao (@) =19 11 if 4o < jz|| <1
x, if |lz] > 1
and
ita 4 if |z <1
N(z)=¢ 27 -
z, if ||zf > 1.

Moreover for f € BCpg)(K), we set

Ap = {fo a0},
Al = {fO()\a)‘K ra € [0,1]}.
Observe that Ay C BCpp)(K) and A’ C L,(K), where L., (K) is the space

of all real essentially bounded functions defined on K.

The following lemmas are technical and the proofs are straightforward.

Lemma 17 Let a,b € [0,1]. Then forall z,y € E
(@) A (@) =X W < 135 2 =yl
®) A (@)~ M @) < la—b],
(© ||A(x) = X (2)|| < 2]a—b].

Proof. (a) Let z,y € E. Observe that

2
-2 < 2o, 1)
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2.1. PRELIMINARIES

for a, 5 € (0,00) with [|z]| < a < 5 < |y|.
Now if [lz[|, [lyll < 5# then [|Aq () — A W)l = 15
then ||\, () — A, (v)|| = ||z — y||. Moreover, using (2.1) it is easy to check the

[z =yl Tzl flyll > 1

following implications:

l1+a 1+4a

< 7 < < ]- = >\a _)\a < - 7
lzll = — 5 =yl < A (%) ()] < 1Jra||ﬂf yll
1+a
lzll = —— llvl>1 = (@) =A@l = 2]z -yl
1+a
<lz[[ <1, fyl[>1 = |Aa(z) =A@ <2[z—yl,
14+a 1+a 4
- < <1, —< <1 = Ao — A < — — vyl .
5 < el < 5 = lyll = [Aa (2) W)l T+a |z —yll

(b) and (c) can be easily checked. m

Lemma 18 Let (a,,) be a sequence of elements of [0,1] converging to a. Then
1Aan = Aalloe — Oand A% =A%, — 0.

Proof. The lemma follows immediately by (b) and (c) of Lemma 17. =

Lemma 19 Forall f € BCpr)(K), the sets Ay and Afare compact in BC p(p)(K)
and in L (K), respectively.

Proof. Let (a,,) be a sequence of elements of [0, 1] converging to a. In order
to prove the compactness of the set A; we will show that

|70 Canc = o (Aa>|KHOO — 0.

Let ¢ > 0. Since f is uniformly continuous on B(FE), there is § > 0 such that

[fly) = fl2) <, (2.2)
for all y, z € B(E) with ||y — z|| < . By Lemma 18 there is m € N such that

A, (2) = Aa (2)]] <0, (2.3)
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2.2. RETRACTIONS IN THE SPACE BCgg)(K).

forallm >m and = € B(FE). By (2.2) and (2.3) we have

Hfo (Aaw ) e — f o ()\a)‘KHoo = max |f(Ag, (7)) — f(2))] <&,

z€B(E)

for all m > m. Hence the thesis. The proof of the compactness of the set A’
in L (K) is similar. m
2.2 Retractions in the space BCp(g)(K).

Let K be a set in a normed space E such that B(E) C K. We begin by
defining a map @Q : B(BCpr)(K)) — B(BCpr)(K)) as follows

f 1+||2fuoo$), if [|of < e
Qf ) =1 1 (%) if o < <1

Then ||Qf|l, = |Ifll, forall f € B(BCpr) (K))and Qf = f forall f €
S(BCpp)(K)). Observe that the mapping @) can be written as

Qf = foNis k- (2.4)
Proposition 20 The map () is continuous.

Proof. Let (f,,,) be a sequence of elements of B(BCpg)(K)) such that || f,, —
flloe — 0. Let e > 0. Then there exists m; € N such that || f,, — f[|,, < § for
all m > m,. By the uniform continuity of f on B(E) thereis § > 0 such that
if |z — y|| < 6 then

[f(z) = fy)] <

for all z,y € B(E). Since ||ful. — |lfll., by Lemma 18 we have that
Al = Al HOO — 0. Hence there is my € N such that

7

DO | ™

[Nl = Ml <6
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2.2. RETRACTIONS IN THE SPACE BCgg)(K).

for all m > msy. Therefore

’f Ml e (@) = F isi) e <x>’ = %

for all x € K and m > my. Then, for any x € K and m > max {m;, ms}, we

have

Fn gl i @) = F (Mg (x)’
i Nl jie @) = F Nignlin) 11 (56)‘
| Qi) e @ = F Qi) e @)
<

g
fn = fll +5 <.

IA

So we obtain ||Qf,, — Qf||.,, — 0. m
By the following proposition we give lower and upper estimates of the
Hausdorff measure of noncompactness of QA for a set A in B(BCpg)(K)).

Proposition 21 Let A be a subset of B(BCp(g)(K)). Then

1
§VBCB(E)(K)(A) < /YBCB(E)(K)(QA) < VBCB(E)(K)(A>‘

Proof. Let A C B(BCp(r)(K)). First we prove vsc,, , (1) (QA) < ’VscB(E)(m(A)-
Fix o > v5e, (1) (A) and let {f1, ..., f»} be an a-net of A in BCp(x)(K). By
Proposition 19 the set U Ay, is compact in BCpg)(K). Hence given § > 0
we can choose a d-net {g1, ..., gm } of Ul Ay, in BCpp)(K).

We show that {g1,..., ¢} is a (a + 0)-net of QA in BCp(p) (K). To this end
for g € Alet f € A such that Qf = g and fix i € {1,...,n} such that
| f — fill .. < a. Since f; o (AHf”OO)‘K € Ay, wecan find j € {1,...,m} such

that H ((fio Allfllw)\K —gj|| < 9. Then

e}

195 — Qfll o
< o = g0 Guni) ||+ (140 Guni) e = £o Cun) e
< 0+ H(fi —f)o ()\||f||oo)|KHoo <o+t
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2.2. RETRACTIONS IN THE SPACE BCgg)(K).

Therefore Vs, (1) (K)(QA) < o + 8, S0 Y5y (1) (QA) < VBe s (1) (A)-
We now prove ac, , (x)(QA) > 378cum k) (A). FiX 8 > qpe, k) (QA)
and let {hy, ..., h,} be a f-net for QA in BCpp)(K). By Proposition 19 the
set Us_,; A" is compact in L, (K). Therefore given § > 0 we can choose
a d0-net {pi,...,pp} for Ui A" in L, (K). We now show that {pi,...,px} is
a (8 + d)net for Ain L (K). Let f € A Fixl € {1,...,s} such that
1Qf — i, < B. Since by o (A\Wl<) - € A™ we can find m € {1,...,k} such
that ||, o (A=), — py|| < 6. Then

1 = Pmllo
< Hf _ o (Anfnoo)'KHw n th o (AMll=) _pme
= H (f —fyo (A”f”°°)u<> © ((szf”oo)\KHoo +9
T el i o) (7= ho (V1)) 0 (i) ) @]+
sup ‘(fo ()\”f”oo)lK) (l‘)—hl(ﬂj)‘ +0

{zerlalie [0, = ]u(1,00)}
< Qf =Tl +6 <5 +0.

Therefore v. (x)(A) < B+ J, so we obtain vysc, () (A) < 2(8+6) and
consequently 5vsc, () (A) < V8e () (QA). ®

Remark 22 Observe that for all f € BCU(B(E)) the set A’ is compact in
BCU(B(FE)). Therefore

YBeuBE)(QA) = vBcumB(E)(A),
forall A C B(BCU(B(E))).

Next, for a given u € (0,400), we define a map P, : B(BCpp)(K)) —
BCp(m)(K) by

0, if o) < 2 or |2 > 1,
1+ oo 14 3+
(Puf) (@) = { o (flaf) = B ) i S <) < 26U
a3+ fll oo
—u(||z]| - 1), if 2 <2 < 1.
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Proposition 23 The map P, is compact, i.e., P, is continuous and P, B(BCp(g)(K))

is relatively compact.

Proof. First we prove that the map P, is continuous. Observe that if f,g €
B(BCp(s)(K)) with || f]|, < [lg]l., and “ll= < &l wwe have

1Pt - Pl = ultle =111 05

Letnow ( f,,) be a sequence in B(BC p(g)(K)) converging to f. Then || f,,|| ., —
| f|l..- Moreover if || f||.oc = 1 we have

|Pufm = Pufllc = (1= I ull): (2.6)

On the other hand, if || f|| # 1 there is 7 € N such that for all m > m

L+ 1Al o 34 [1fmlls
Il < Mflloe = —=—2 <

— 4 Y

and

L4l _ 3+ 11l

< m —
£ e < 1l e < S

Thus by (2.5), if || f|| # 1, it follows that

1Pt = Puflloo = 5 flloc = 111l 27)

for all m > m. By (2.6) and (2.7) it follows || P, f,, — P.f||., — 0. To complete
the proof it remains to show that P, B(BCpg)(K)) is compact. Let (g,,) be
a sequence in P,B(BCpp)(K)) and let (f,,) be a sequence in B(BCpg)(K))
with P, f,, = gn. Without loss of generality we can assume that || f,,|,, —
| fll.o where f € B(BCp(g) (K )) and that (2.7) holds for all m. Then

u
lgm = Pufllo = 1Pufm = Puflloc = 5 lllfmlloe = [1£llo] =0,

which completes the proof. m
Now we are in the position to prove our main result.
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Theorem 24 Let K be a set in a normed space E such that B(E) C K. For any
u > 0 there is a retraction R, : B (BCpr)(K)) — S (BCpr)(K)) such that

: f u<4
ol (R)={ 2 Tus
—~BCp(g)(K) 27 lf u > 4.
and .
u +

In particular we have that W (BCpp)(K)) = 1.

Proof. Letu € (0,+00). Define a map T, : B(BCpg)(K)) — BCp)(K) by
T.f=Qf+ P,f. Since P, is compact, Proposition 21 implies

1
5 VBCs () () (A) < V8 (1) (TuA) < VBC s (1) (A), 2.9)

forany A C B(BCpg)(K)). Wehave T, f = f forall f € S(BCpg)(K)) and
for any f € B(BCpg)(K)) we find

IT.fl
= max sup (@HE), - sup (Tuf)(m)}
{J:EK,HJJHE [O,%]U(l,m)} {:UGKHJ:HE] %,l]}
. (4 ()
> i mwas {1 50 ) = W} 2 g

We define a retraction R, : B(BCp(p)(K)) — S(BCpr)(K)) by setting

T.f

R,f = .
I =1

Since || T..f ||, > 345 holds, the definition of R, implies that

u+ 8

R,AC {o, } (Q+ P)A.
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Therefore using the monotonicity property of the Hausdorff measure of non-
compactness and (2.9) we get

VBCp(my (K (R A)
u+8 u+8
< VBCpmy (K) (|:07 U } (Q+ PU)A> —VBCpm (K ((Q + P,) A)
u+8 u+38

= VBC () ( K)(QA) VBCB(E)(K>(A)'

The latter inequality together with (2.13) of the Example 31 implies

u—+ 8
VBC 5y (1) (Fu) = : (2.10)

u

On the other hand,

1 if u<d4
||Tuf||wgmax{1,%}:{ Lo uss
4

if u > 4.

Fix v > 4. We have (Q + P,)A C [0,%] - R,A. Using the monotonicity
property of the Hausdorff measure of noncompactness and (2.9), we obtain

IA

,YBCB<E)(K)(A) Q’VBCB(E) ((Q+P) )

Then for all v > 4 we have

>

% 2.11)

ZBCB(E)(K)<R )

Now let u < 4. We have (Q + P,)A € [0,1] - RyA. S0 e, 1)(A) < 2
VBC s (1) (20 A) hence

1
ZBCB(E)(K)(R ) Z § (212)
By Example 32 we obtain
R — %, if u<4
ZBCB<E>(K)( W = 20 if u> 4
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2.2. RETRACTIONS IN THE SPACE BCgg)(K).

Finally by (2.10), since lim,,_,« “TJFS =1, wehave W(BCpp)(K))=1. m

The Example 30 of Section 2.3 shows that, given a set K in an infinite
dimensional normed space E with B(E) C K, the map () is not anymore
continuous when considered from B(BC(K)) into itself. Therefore our con-
struction does not work in the case of the Banach space BC(K).

Since the Hausdorff measure of noncompactness of a set is invariant un-

der isometries, the following corollary enlarges the class of spaces for which
Theorem 24 holds.

Corollary 25 Let M be a metric space. Assume that there are a set K in a normed
space E containing B(E) and an homeomorphism h : K — M such that both the
restrictions h/p(p) and h/’hl( By are lipschitz, where h™" is the inverse homeomor-
phism of h. Then for any u > 0 there is a retraction R, : B (BCh(p(r))(M)) —
S (BCh(p(ry(M)) such that

, if u<4
, if u>4

2o N

ZBCh(B(E))(M)(RU) - {

and Yse, g gy () (Fu) = “t8 " Tn particular, we have W (BChppy)(M)) = 1.

Proof. It is enough to observe that i : BCpg)(K) — BChp(r)) (M) defined
by i(f) = f o his anisometry. m

Corollary 26 Let xy € E, r > 0 and K be a set in E such that B,,,(E) =
{r € £ : ||lx — x| < r} C K. Forany u > 0 there is a retraction R, :
B(BCs,, ,&)(K)) — S(BCp,, ) (K)) such that

) lf’U/§4,
: if u>4,

[0 NI

ZBcho,r(E) (K) <RU) - {

and 75CBIO,T(E)(K)(RU> = UT+8

Proof. It follows by Corollary 25 when we consider h(z) = 1(x — o) for all
re K. n

33



2.2. RETRACTIONS IN THE SPACE BCgg)(K).

Remark 27 As a particular case of Theorem 24, if E is a finite dimensional
normed space, then for any u > 0 there is a retraction R, : B(BC(E)) —
S(BC(E)) such that

, if u<d4,
, if u>4,

S o N

XBC(E)(RU) - {

and yae(r)(Ry) = “22.

This result with Corollary 26 yields W (C(K)) = 1 ([40, Theorem 10]) when
K is a convex compact set in F with nonempty interior, and also yields

W(BC(R)) =1 ([16, Theorem 2.4]).

The following corollary covers the case of the space BCU(E)). By repeating
the proof of Theorem 24, taking into account Remark 22, and by slight modi-

fications of Examples 31 and 32 we have a different evaluationof v, ... (1)

(E))

Corollary 28 Forany u > 0 there is a retraction R, : B (BCU(E)) — S(BCU(E))
such that

?

1 if u<d4
lﬁcu (Ru) :{ 4 ;
= o ifu>4

and yscu(e) (Ru) = 5.

We point out that for all u € (0,400) the retractions R, we have consid-
ered are all proper maps.
At last, we observe that from Remark 5 of Chapter 1 the following holds:

Corollary 29 For every u > 0, the retraction R, defined in Theorem 24 satisfies,

1 if u<4
%BCB(E)(K)(R“) = { i j
) lf u > 4
and 2 16
U+
wBCB(m(K)(Ru) < P

for i € {a, B}. Thus
Wa(BCB(E)(K)) <2
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and
Ws(BCrp)(K)) < 2.

2.3 Examples

Example 30 Let () be a sequence of elements of B(BC(K)) such that ||zx| =
1 (k=1,2,..)and ||z; — z;|| > 1 for all i, j € N with i # j. Moreover let (ay)
be a monotone increasing sequence of elements of (0, 1) such that a;, — 1. Set
Yk = 1t (k= 1,2,...). We have that ||lys|| = - < 1and [Jzx] = 5 < -
(k=1,2,...).%etS ={ap:k=1,2,..}U{yr : k= 1,2,...}. Then Sis a closed
subset of K and the map f : S — R defined by f(z;) = 1 and f(yx) = 0
(k =1,2,...) is continuous. By the Dugundji’s theorem there is a continuous
extension f : K — [0,1] of f. We have that 1 fll. = Hﬂ‘ — 1 and f is not
uniformly continuous on K. In fact, fixed € € (0, 1), sinceO(|>|9c;€ —ykl| — 0, for
all § > 0 there is k such that ||z — y;z|| < dand |f(z5) — f(yz)| = 1 > &. Now

we show that the map () is not continuous. Put fk = ay f (k=1,2,...). Then

Hﬁ; — ﬂ‘oo — 0 but HQﬁ — Qﬂ)m =1(k=1,2,...). Infact

1

v

il
Qf(zx) — Qf(xk)( = ‘ﬁ: (Xufknm(l“k)) - J?<X||f||m(xk))‘
J?k (Xak(xk)> - f(l’k)‘ = akf<1 f@%) - ]7(951@)

In connection with Theorem 24 we have the following Examples 31 and
32.

v

= 1.

Example 31 Let K be a set in a normed space E such that B(E) C K. Define
the maps f, : K — R (n =3,4,...) by

Wi if o <§ -3,
fa@) =9 —ngt (lell=4), i 32 <ol <5+,
— 2 if [|zfl > 5+ 1

Then the following are the expression for ) f,, and, given u > 0, that for P, f,
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respectively
14t
u+8’ if HxH < 2+8 (% - %)7
u T 144
(o) =) 2t (ol = =523). i G - D < e <
s if ol > SEE (L + ),
0, if ||zl <! “TS or ||q:|| > 1,
— 1+UL+8 1 1+u+8 u+8
(Put)(@) = 3 (lle] = =5 it Lt ) < 238
P
—u([lz] - 1), if — <z < 1L

Hence we obtain

1@+ Putalle = max {Ifullcs 5 (0= Ifall) = I5all} =

u+8

Setting A = {f,, : n > 3}, we have

RuA = {Ruf.:n >3}

= tn =230 = Q+P,)A
{ 1Qfs + Pufall (@+ P
and L
u
V8505 (1) (Bu(A)) = =5 5, (A)- (2.13)

Example 32 Let K be a set in a normed space . Without loss of generality
we may assume B;(E) C K. Define the maps f.,, : K — R (n = 3,4, ...) by

—c, if o <1-1,
fen(@) =4 ne(zl =1), if 1—3 <[l <1+,
c, if ||z >1+ 2.
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We have that
(¢, if |lz]| < 1%0(1 _ %)’
2ny (|l - e, if o1 - 1) < |lof| < e,
Wanle) =4 0 if 5 < o] <1,
ne(|lz| = 1), if 1< ol <142,
il > 14 2.

Set A, = {f.n : n > 3}. Then VBCB@)(K)(Ac) =cand 7BCB(E)(K)(QAC) = 5. Let
u > 0. We find

0, if o] < % or [laf > 1,
Pufa@) = q u(llzl] = 59),  if < o] < 2F5,
—u(llzf| = 1), if <l < 1.

Thus || P, fa||, = u'5¢. Moreoverif ¢ < o then ||Qf, + Pufull, = max {e,ulye} =

u'7¢. Hence

4 2
VBC 5y () (FuAc) = ( >VBCB(E)(K)(QAC)= ( )'YBCB@)(K)(AC)'

u(l —c u(l —c

Now by (2.11), lBCB(E)(K)(R“) > 2. Suppose chB(E)(K)(R“) = 2 4 ¢ with

o > 0. Fix ¢ such that ﬁ < % + o, then

2

—_E)VBCB(E)(K)(AE)

VBCp (k) (K) (RUAE) - u(l

2
) (a " 0) V) (K) (Az) < VBC () (1) ().

which is a contradiction. So that

- 2
Zicypa0 () = Foreach u < 4, by

(2.12) we have Ve o (R.,) > 5. Suppose lchw)(K)(Ru) = 1+ o with

(K)

o > 0. Fix ¢ such that ﬁ < 3+ o, then
A 2 A
VBCB(E)(K)(RU z) m%’cmm(m( z)
1
< (5 F 080 (1) (Ae) < VBe s (50) (Rue),
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which is a contradiction so that ., () (R.) = 3.
—BCp(E)
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Chapter 3

Lower Hausdorff norm and Hausdorff

norm of retractions in C(P)

3.1 Introduction.

In this final chapter we consider the problems of evaluating the lower Haus-
dorff norm and the Hausdorff norm of a retraction of the closed unit ball of the
Banach space C(P) onto its boundary, and that of the evaluation of the Wosko
constant W (C(P)). Section 3.3 is devoted to the construction of retractions
from B(C(P)) onto S(C(P)). As in the previous chapter, by means of the
examples contained in Section 3.4, we obtain explicit formulas for the lower
Hausdorff norms and the Hausdorff norms of a such retractions. Our main re-
sult is the following: For any v > 0 there is a retraction R, : B(C(P)) —

S(C(P)) such that
1, if u<4
Ve (Bu) =
e . ifu>4

and ~¢(p)="t2. Hence the Wosko constant W (C(P)) = 1.

Let K be a topological space homeomorphic to the Hilbert cube P. Then
the Banach spaces C(K)and C(P) are isometric. Therefore, since the Haus-
dorff measure of noncompactness of a set is invariant under isometries, the
previous result holds also in the space C(K'). We observe that all our retrac-
tions are proper maps.

We conclude by observing that this chapter is in a certain sense comple-
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mentary to the previous one. On the one hand we have observed that the
construction we have made in Chapter 2 fails in the space C(K) when K is
a convex compact infinite dimensional set in a normed space, but now the
problem has been solved since such a K is homeomorphic to the Hilbert
cube P. On the other hand Example 44 of Section 3.4 shows that the con-
struction of this chapter does not work in the case of the Banach space BC(l5)
and in the case of the Banach spaces considered in the Chapter 2. Moreover
it can be easily seen that this construction does not hold in the case of the
Banach spaces considered in the previous chapter.

The results of this chapter are contained in [17]

3.2 Preliminaries.

Let [, be the real Hilbert space, with the usual norm |- || and canonical basis
(en). Denote by

P={x=(z,) €ly: |z, <

S|

(n=1,2,..)}

the Hilbert cube. We consider the Banach space C(P) of all real continuous
function defined on P, endowed with the sup norm || - || .
For a € [0, 1] define the maps ¢, and ¢* : P — P by

©a (1) = (Ao (1) s T2, oy by o),

O (t) == (A" (t1) ,to, ey by o)

where
-1, if ¢; € [-1,-12),
Mo (t) = 12t if ¢ € [-42,52),
1, if ¢ € [12,1],
and
A (t) = 1;%, t € [~1,1]
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3.2. PRELIMINARIES.

Moreover for f € C(P) set

A = {fopa:ac|01]},
Al = {foe*:ac|0,1]}.

We begin with the following lemmas whose proofs are straightforward.

Lemma 33 Let a € [0, 1]. Then
(@) [Ma(z) = Aa(y)| < 2|2 — 1y,
(b) I\ () = A" (y)| < 552 |w — |, forall 2,y € [~1,1],
(c) the maps p, and ¢® are continuous.

Proof. (a) SetI; = [—

=19, L= [, Heand [ = (H2,1]. Ifz,y € [
orx,y € I3 then |\, (z) — A

o ()| =0.If 2,y € I, then

2 2
x_
1+a 14+a

<2 eyl
— |z —y|.
“1+4+a y

Do (2) = Aa ()] = ' y

If x € I, and y € I3, since |z — y| > 1 + a, we have that|\, (z) — A\, (y)| =2 <
2|z —y|. If x € [y and y € I3 then

|Aa<x>—Aa<y>|:\ 2 (x—”“)‘gz

1+a 2

1+a

€r —

< 2|z —yl.

The case = € I, and y € I is analogous.

(b) It is immediate.

(c) It follows by the definitions of the maps using (a) and (b), respectively.
]

Lemma 34 Let (a,,) be a sequence in [0, 1] and a,, — a. Then

a

|@am — Palle — 0 and |l —¢

Proof. Let ¢ > 0. Then there is 7 such that |a,, — a| < ¢ for all m > m. Itis
easy to verify that |\, (t1) — Aa(t1)| < |an, — a| for any ¢; € [0, 1], hence we
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3.3. RETRACTIONS IN THE SPACE C(P).

obtain that
||90am (t) — $a (OH% = |/\am (tl) — Aa (t1>|2 < 52:

for all m > m and for all t € P. Hence ||¢,,, — ¢all,, — 0. The proof of
the continuity of the maps ¢ is similar, taking into account that [\ (¢;) —
A(t1)] < 3lam —al forany ¢; € [0,1]. =

Lemma 35 Let f € C(P). The sets Ay and A’are compact in C(P).

Proof. Let (a,,) be a sequence of elements of [0, 1] converging to a. In order

to prove the compactness of the set A, it will be sufficient to show that

If © ¢a, = f o Palle — 0.

Let ¢ > 0. Since f is uniformly continuous on C(P), there is § > 0 such that
for all s,t € P such that ||t — s||, < we have

f(t) = f(s)] <e. (3.1)
By Lemma 33 (c) we can choose m such that
1€, (£) = ¢a (D)]ly <6, (3.2)
forany m > m and t € P. By (3.1) and (3.2) it follows that
1f 0 ®an = fopalloe = max|f(¢a, (1) = flpa®))] < €,

for all m > m. Hence ||f o @4, — f © ¢all., — 0. The proof of the compact-
ness of the set A7 in C(P) is similar. m

3.3 Retractions in the space C(P).

In order to construct retractions in the space C(P) we now define a map
Q : B(C(P)) — S(C(P)) as follows

Qf = f o (p”f”m (33)

42



3.3. RETRACTIONS IN THE SPACE C(P).

It is easy to see that ||Qf|l« = || f|l,, forall f € B(C(P)) and Qf = f for all
f € S(C(P)).

Proposition 36 The map () is continuous.

Proof. Let (f,,) be a sequence in B(C(P)) such that | f,, — f||., — 0. Let
e > 0 be given. Choose m; such that || f,, — f||., < 5 for all m > m,. Since f
is uniformly continuous, we can find § > 0 such that | f(s) — f(t)| < § for all
s,t € P with ||t — s]|, < 6. Since || fi|l., — [|f|l s by Lemma 34 there is m,
such that

1 smll. = C1r1ll <6,

for any m > m,. Hence we get

Y

| (@t (8) = f sy, (8)] <

N ™

for all t € P and m > msy. Therefore

| Fon (@i, ) = Fleppi )] < | Fn (@ (2)
] F @l ) = Flons. )] < Mfm = flloo +

— fleus., ()]

Y

)
£
- <
2
for all t € P and m > max {m,, m»}, which gives ||Qf,, — Qf||,, — 0. =

We now are in a position to calculate the Hausdorff measure of noncom-
pactness of QA for A C B(C(P)).

Proposition 37 Let A be a subset of B(C(P)). Then ve(p)(QA) = vep)(A).

Proof. Let A C B(C(P)). We start to prove the inequality vpc(p)(QA) <
vee(p)(A). Let @ > ype(p)(A). There is an a-net { fi, ..., f,,} for Ain C(P). By
Proposition 35 the set U} ; Ay, is compact in C(P). Hence for all § > 0 we can
choose a §-net {g1, ..., g } for Up_, A, in C(P). We now show that {g1, ..., g }
isa (a+ d)-net for QA In C(P). Let g € Aand let f € Asuch that Qf = g.
Fixi € {1,...,n} such that || f — fil|, < a. Since f; o ¢ € Ay, we can find
j €{1,...,m} such that Hfl O PIfll. — ngoo < 4. Then

lg; = Qfle < g5 = fiownsill + 1 ficeisie., = Fovusll.
< S+|[(fimHogill, < +e
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3.3. RETRACTIONS IN THE SPACE C(P).

Therefore v¢(p)(QA) < o + 0 so that yep) (QA) < Yep)(A). Now we prove
the opposite inequality v¢(p)(QA) > yep)(A). Let B > ey (QA). There is
a fnet {hy,...,hs} for QA in BC(P). By Proposition 35 the set U;_, A" is
compact in C(P). Therefore for all § > 0 we can choose a d-net {p1, ..., p; } for
Us_, A" in C(P). We now show that {py, ..., px} is a (3 + §)-net for A in C(P).
Let f € A. Fixl € {1,..., s} such that [|Q f; — h|, < 3. Since h; o pll/ll € A
we can find m € {1, ..., k} such that ||, o @I/l — p,,||_ < 6. Then

1f = palle < | = hoo@Mle]| ([0l —ppol|
< ||(f=holleyopuy ||+

- { [ el 14171 1) [((f = huo@lle) 0 oy ()] +0
- sup [(fopyp ) () = lu(t)] +0

{tGP:he[f%,%]}

< Qf ~hill +5< B+6.

Hence y¢(p)(A4) < 8+ 6 and ve(p)(A) < yep)(QA). m
Let u € (0,400). Define the map P, : B(C(P)) — C(P) by

(u(ty +1), if 1y e [-1,-20)
cuft o+ ), i e <2l 1Y,
(Puf)(8):= 4 0, if ¢y € |~ M ]
ufty = Bl if gy e (Pl ST
| —ulti - 1), if ¢ e (2 1],

Proposition 38 The map P, is compact.

Proof. The map P, is continuous, in fact if (f,,) is a sequence in B(C(P))

converging to f, then

u
1Pufm = Puflloe = 5 l1fllm = [1fllol — O

since || fnll, — ||fll- To complete the proof we show that P,B(C(P)) is
compact. Let (g,,) be a sequence in P,B(C(P)) and let { f,,} be a sequence in
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3.3. RETRACTIONS IN THE SPACE C(P).

B(C(P)) such that Q f,, = ¢». Being 0 < || .||, < 1 we can assume without
loss of generality that || f,,||., — a € [0,1]. Choose f € B(C(P)) such that
|fll,, = a. Then

| gm — PUfHoo = || Pufm — Puf”oo

[Vl W)

and the proof is complete. m
The next theorem is our main result.

Theorem 39 For any u > 0 there is a retraction R, : B(C(P)) — S(C(P)) with

1, if u<d4
%(P)(R“>_{ 4 if u>4

TR

and
u+ 8

Yepy(Ry) = _—

In particular, we have W (C(P) = 1.

Proof. Let u € (0,400). Define the map T;, : B(C(P)) — C(P) by T,.f =
Qf + P,f. Since P, is compact, Lemma 37 implies

Yer) (TuA) = vep) (A), (34)

forany A C B(C(P)).
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3.3. RETRACTIONS IN THE SPACE C(P).

Moreover T, f = f forall f € S(C(P)) and

IT.flle = max{ s GAWL s [T,
[tePite[- 1l 11l (tepie]-1,- 1))
(i Sup H(Tuf)(t)}
- maX{llflloo7 wp | f(Litats ) + (1= 11|,
tepite[-1,- 1Sl )}

sup ‘f((17t27t3>---))+%(1_ HfHoo)’ }

{tepite] e 1]}

> max {lfll 50— 1710 = Il >

forall f € B(C(P)). Consider the map R, : B(C(P)) — S(C(P)) defined by

T.f
ITufll o

As ||T,fll,, = %5, the definition of R, implies

oo — u+8’
u—+ 8
R.AC |0,—22] . (Q + P)A.
u

Therefore

u+ 8

uts ) (@ + Fu)A)

Yewr)(RuA) < 76(13)([07 ] ((@+P,)A)) =

u+ts8 u+8
I Yer) (QA) < " Yep)(A).

The latter inequality together with (3.7) of the Example 45 implies Ye(p) (R,) =
“t8 On the other hand,

17 f e < mase {1l 1 g + (1= 1F110) p < mae {1, 5}
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3.3. RETRACTIONS IN THE SPACE C(P).

If w > 4 we have

u
C 2.
(Q+PIAC[0,7]- R.A
Then
u Uu
Yep)(4) = ver) ((Q + Pu)A) < veep)( [O; Z] R.A) = ey (Bud),
which gives
4
ZC(P)(RU) > " (3.5)

By (3.9) of the Example 46 we have Ve P)<R“ = %. If u < 4 we have

Hence

Yep)(A) =) ((Q + Pu)A) < ey ([0, 1] - RuA) = vep) (Rud),

which gives

Yo (B) > 1 (3.6)

By (3.10) of the Example 46 we have v(R,) = 1.
Finally, since lim,, .o, “=* = 1 we obtain W(C(P) = 1. =

We point out that, in view of example 44, our construction does not work
in the case of the Banach space BC(l5).

Remark 40 We observe that a retraction which has positive 7 -norm is a
proper map, i.e., the preimage R~' M of any compact set M C X is compact.
Thus, for all u € (0, 4+00), the retractions R,, defined above are proper maps.

Since the measure of noncompactness of a set is invariant under isometries
and the Banach space C(K) of all real continuous functions defined on a
Hausdorff space K homeomorphic to the Hilbert cube is isometric to C(P),

we get the following corollary.

Corollary 41 Let K be a Hausdorff space homeomorphic to the Hilbert cube P. For
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any v > 0 there is a retraction R, : B(C(K)) — S(C(K)) with

1, if u<4

w’?

and .
u +
Ye(r) (Ry) = :

In particular, we have W (C(K) = 1.

Remark 42 The previous Corollary applies in two particular important cases.
(i) Every infinite dimensional compact convex subset K of a normed space
is homeomorphic to the Hilbert cube P (see [33]).

(ii) Let K be a metrizable infinite dimensional compact convex set in a topo-
logical linear space and assume K is an absolute retract, then K is homeo-
morphic to the Hilbert cube P (see [16]).

Taking into account Remark 5 of Chapter 1, it follows:

Corollary 43 For every v > 0, the retraction R, defined defined in Theorem 39

satisfies,
1 if u<d4
o (Ry=q 2 TS
—C(P) W lf u>4
and 2 16
u +
1/}C(P) (Ru) < u )

for i € {a, B}. Thus

and

3.4 Examples

Example 44 The map @ defined in (3.3) is not anymore continuous when
considered from B(BC(ly)) into itself. Set I}, = [Z% Lokt %) and J;, =

i=1 47
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{Z?ffl 1oy %), foreachk = 1,2, ...
Then let f : I; — R defined by

07 lf HtHg S [07 %)7
ft) =19 Ck+1)(It5 - X%, 1), if 3 €, (h=12,..).
—(2k+2)([tll5 = XE ), i (Ell3 € Ji

7

The map f is bounded, continuous and || f||,, = 1 but f is not uniformly

continuous. In fact, let 0 < ¢ < 1. Given § > 0 find k£ € N such that Wlﬂ <9

and choose t, s € I, such that ||t||} = S22 L and Isl2 = Zfﬁl 1. Then

=1 4 %
f(t)=0and f(s) = 1sothat |f(t) — f(s)]=1>¢.
Consider now the sequence (f,,), where f,, : I — R is defined by f,, =
(1-45)f (m=1,2.). Then || f|l. =1— L and ||f, — fllo = = — 0. We

m

now show that

Hf op_1—fop 1 =1,
r q |loo

1+(1—§) < 1+(1—%) 9

for all p,q € N. Suppose ¢ < pso that 0 < — 5 and T
9 q
m. Set
2 2
5q,p:( 1)2_( 1)2>0
1+(1_E) 1+(1—5)
T 2 1 1+(1-1)
Fix k such that (¢, 1) = 5 ey and ¢,z € | 0, ——= ). Set
2k 1 9
(k) _ _ L N2 A 2t
t - (tl,lm t(z i (tl,k) (1 + (1 . l)) ) ) Oa 07 )
i=1 p
Since
2k 2k
12 2 1 2 1
L (+F) — (. )2 2 S ()2 2 _ L
[ ™). = o Traoy” t i e o) = X
we have B
2% 4
o (t®) = F3- ) =0.
=1
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On the other hand
o s} = P+ 3 )
A PR N S = R A T

2k 1 1 9 ) 9 ) 2k+1

= - —(( —)" — ( ~)7) =

1=1 t 5(1’17(2]{: + 1) 1+ (1 q) 1+ (1 p> 1=1

implies
B 2k-+1 1
Floa () = £(3- ) =1
i=1

Thus | £(1-3 (17) = F(e1_2(17))| = Lsothat || fop, s = fow, a] =1

Suppose @ : B(BC(ly)) — B(BC(l2)) continuous. Then if || f,,, — f||., — 0 we
have that

1Qfm = Qfl = | fno@imin — Foeuslle
= |fmoeis—1|_—o

Let ¢ > 0. Fix p, g € N such that

1f = follo +11Qf = Qfall o +11fe — fllo < 1.

Then

1 = f0s01_% - fOSpl—é - < HfO%—% - fpoSOprllooHoo

+ oo einn. — foo il +
~ + Hpr - qu”oo

+ fq0801—§_f0901—§ .
= |f = follo QS = Qfll o + 1fe = fll < 1,

footinl, = fopis

e}

= |[fop_1 _fp0901—l
p p

which is a contradiction. Observe that the set A/ = {fo®:a € [0,1]} is
not compact.

In connection with Theorem 39 we have the following examples:
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Example 45 Define the maps f,: P — R (n = 3,4, ...) by

UL_H;? if ’t1|<%—%7
Fult) =4 ngts (=), i i-i<pn]<id
— s if 14+1<)y)<1
Then
u 1+uL
s’ if [t < —2(3 - 1),
UL 1+“L . 1-‘-% 1+1u
Qfn(z) _2n1+::i+8 <]t1| — 2+8 %) , if 2+8 (% — %) < |ti] < +8 (% +
u P B ]
T8 if =141 <<l
Moreover for v > 0 we find
0’ if ‘tll § %a
14—t R ] 34—
T R
—u([t:] = 1), if R <y <1
Therefore
u
Qb+ Puall = 5

Setting A = {f,, : n > 3} we have

R,A={Ryf,:n >3} = {IIan+Pufn\|oo .n23} =222+ PA.
Hence
ey (Rud) = ey (4) 67)

Example 46 Consider the maps f.,, : P — R (n = 2,3, ...) defined by

. if ] <1- 1
fcm(t) = . 1
nC(‘tﬂ — ].), if 1— poy S |t1| S 1,
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We have that
—c, if |t1] < 1+c(1 - 1),
ch,n(t) = 2n1_+6(|t1| - %)a if %(1 - ) < |t1| < 1+C
0, if e <] <1

Set A, = {fen : n > 2}. Observe that yopy(Ac) = 5 and yep)(QA:) = 5. Let
u > 0. Then

0, if ’t1| < 1+c
Pufu(t) = u(lt:] —2), if e < \tl\ < 3t
—u(|t1] — 1), if 32:0 < |t] < 1,
and || P,.f.|| = u— If ¢ < 25 we have Qfn + Puful = max{c,u%} =
“T‘ Then
(Ruhd) = — e (QA) = ———em(A). (B8
PY\{yAc) = 'Lb(l _ C)VC(P) c) — ’U,(l _ C)VC(P) c): .

If u > 4, by (3.5) we have Yep )(R ) >4 . Suppose 7, (1) = 1+ o with

o > 0. Fix ¢ such that <=2 + . Then using (3.8)

—C(P)
u(1-2)

4
Yep)(RuAe) = u(l_E)%(P)(AE)

4
< (a + 0)vep)(Az) < vep)(RuAz)

which yields to a contradiction. So that
Yo () = (3.9)

If u < 4, by (3.6) we have
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Suppose %(P)(K)(Ru) =1+ o with o > 0. Fix¢such that ;7% < 1 + 0, then

2
Yep)y) (Rudz) = m%(p)(K)(Az)
< (L+0)vewp)(Ae) < vep)(Rude),

which is a contradiction so that

R,) = 1. (3.10)
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