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Sommario

In questa tesi vengono affrontati, e talvolta risolti, alcuni problemi sulla convergenza di
algoritmi per punti fissi. A tali problemi, verra affiancato inoltre 1'ulteriore problema
di stabilire quando tali algoritmi convergono a punti fissi che risultano essere soluzioni
di disuguaglianze variazionali. I contributi scientifici personali apportati alla teoria dei
punti fissi, riguardano essenzialmente la ricerca di ottenere convergenza forte di uno o piu
metodi iterativi, laddove non e nota convergenza, o qualora ¢ nota la sola convergenza
debole.

La struttura dei capitoli ¢ articolata come segue:

Nel primo capitolo vengono introdotti gli strumenti di base e i cosiddetti spazi ambiente
in cui verranno mostrati i principali risultati. Inoltre verranno fornite tutte le proprieta
sulle mappe nonlineari utili nelle dimostrazioni presenti nei capitoli successivi.

Nel secondo capitolo, e presente una breve e mirata introduzione a quelli che sono alcuni
dei risultati fondamentali sui metodi iterativi di punto fisso piu noti in lettaratura.

Nel terzo capitolo, vengono mostrate le principali applicazioni dei metodi di approssi-
mazione di punto fisso.

Nel quarto e nel quinto capitolo, vengono mostrati nei dettagli alcuni risultati riguardo
un metodo iterativo di tipo Mann e il metodo iterativo di Halpern. In questi ultimi
capitoli sono presenti i contributi dati alla teoria dell’approssimazione di punti fissi.
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Introduction

Several problems in different areas of mathematics, and more generally applied sciences,
can be redrafted in a fixed point problem involving nonlinear maps. Let C' be a nonempty
subset of a Hilbert space H and let be T': C' — C a mapping. A point x € C' is said to
be fized point of T if Tx = x. For istance, let us consider the differential equation

— 4+ Au(t) =0
describing the evolution of a system where A : H — H is a monotone operator from an
Hilbert space H in itself. At the equilibrium state,

o
dt

and then a solution of the equation Au = 0 describes the equilibrium’s state of a system.
This is very desiderable in many applications, as in economy sciences or in physical sci-
ences, to mention a few. As a consequence, when A is a monotone operator, a solving
approach to the equation Au = 0 becomes of considerable research interest. In general,
however, A is a nonlinear operator, therefore we can not always find a closed form for
the solution of the equation. Then, a standard technique is to consider the operator T’
defined by T := I — A, where [ is the identity operator on H. A such map T is said
to be pseudo-contraction (or pseudo-contractive map). Therefore it is clear that every
zero of A is a fixed point of 7. Due to this reason, the study of fixed point theory
for pseudo-contrattive mappings, and the study about iterative methods for find such
points, has attracted the interest of many mathematicians and was created a huge area
of research, especially in the last 50 years.

Iteration means to repeat a process integrally over and over again. To iterate a
function, we begin with a initial value for the iteration. This is a real number z¢, say. In
the case of explicit methods, applying the function to z yields the new number, 1, say.
Usually the iteration proceeds using the result of the previous computation as the input
for the next. A sequence of numbers xg, x1, To, ... is then generated. A very important
question, then, is whether this sequence converges or diverges, and particularly for the



purpose of this work, whether it converges to a fixed point or not. Moreover, another
important question is whether a such point is a solution of a variational inequality as
we shall see. This work focuses on fixed point theorems for maps defined on appropriate
subsets of Hilbert spaces and satisfying a variety of conditions. A lot of convergence
theorems have been obtained, more or less important from a theoretical point of view,
but very important for a practical point of view.

An important subclass of the class of pseudo-contractive mappings is that of nonex-
pansive mappings, widely considered in the context of iterative methods to find a fixed
point. We recall that, if C' is a nonempty, closed and convex subset of an Banach space
E, amapping T : C' — C is said to be nonexpansive if

[Tz =Tyl < lz —yll, Va,yeC.

Apart from being an intuitive generalization of contractive maps, nonexpansive map-
pings are important, as noted by Bruck in [1], mainly for two reasons:

e Nonexpansive mappings are closely related with monotone method developed since
1960 and these constitute one of the first class of nonlinear mappings for wich fixed
point theorems were obtained using only the geometric properties of Banach spaces
involved, rather than compactness properties.

e Nonexpansive mappings are present in applications such as transition operators in
initial value problems of differential inclusions of the form
0 € 2+T(t)u, where the operators T (t) are, in general, multivalued and monotone.

However, it is not always guaranteed the existence of fixed points for certain maps,
and even in cases in which it is guaranteed, the demonstrations are often not construc-
tive. Thus arises the need to build iterative methods that allow, thanks to the properties
of the maps involved and Banach space involved, to converge (weakly or strongly) to a
specified fixed point. Of course, the convergence that we try to achieve is, where possible,
that strong, as it has important practical applications. Thus, there are different types of
algorithms, depending primarily on the properties of the maps involved.

This thesis studies the problems that arise in the interface between the fixed point
theory for some classes of nonlinear mappings and the theory of a class of variational
inequalities. In particular, the scientific contribution of this thesis about the problems
mentioned above, can be summarized as follows:

e in F.Cianciaruso, G.Marino, A.Rugiano, B.Scardamaglia, On Strong convergence
of Halpern’s method using averaged type mappings, ([48], Journal of Applied Mathe-
matics 05/2014; 2014), inspired by Iemoto and Takahashi [30], we faced the problem
to study the Halpern’s method to approximate strongly fixed points of a nonex-
pansive mapping and of a nonspreading mapping by the Halpern’s method. Details
are present in Chapter 5;



e in F.Cianciaruso, G.Marino, A.Rugiano, B.Scardamaglia, On strong convergence
of wiscosity type method using averaged type mappings, ( [63], Journal of Nonlinear
and Convex Analysis, Vol.16, Num.8 (2015), 1619-1640), we introduce a viscosity
type algorithm to strongly approximate solutions of variational inequalities in the
setting of Hilbert spaces. Moreover, depending on the hypothesis on the coefficients
involved on the scheme, these solutions are common fixed points of a nonexpansive
mapping and of a L-hybrid mapping or fixed points of one of them. Details are
present in Section 5.1

e in G.Marino, B.Scardamaglia, E.Karapinar, Strong convergence theorem for strict
pseudo-contractions in Hilbert space, ([81], Submitted for pubblications to Fixed
Point Theory and Applications), inspired by Hussain, Marino et al. [70], we faced
the problem to approximate strongly fixed points of strict pseudocontractive map-
pings, using 'the simplest’ modification of the Mann algorithm. We have modified
it because the original algorithm guarantees only the weak convergence. In [70] is
shown that the same algorithm converges strongly to a fixed point of a nonexpan-
sive mapping under suitable hypotheses on the coefficients. Here we give different
assumptions on the coefficients, as well as the techniques of the proof. Details are
present in Chapter 4

e in A.Rugiano, B.Scardamaglia, S.Wang, Hybrid iterative algorithms for a finite
family of nonexpansive mappings and for a countable family of nonspreading map-
pings In Hilbert spaces, ([86], To appear in Journal of Nonlinear and Convex Analy-
sis, Vol.16), taking inspiration again by Iemoto and Takahashi’s iterative scheme for
a nonexpansive mapping and a nonspreading mapping [30], we modify the iterative
methods, introducing two hybrid iterative algorithms, to obtain strong convergence
indeed weak convergence. Furthermore, the result holds for a finite family of non-
expansive mappings and for a countable family of nonspreading mappings in the
setting of Hilbert spaces. Details are present in Section 5.1.



Chapter 1

Theoretical tools

In this chapter we collect some facts and Lemmas that will be used in studying iterative
methods for fixed points. Throughout this chapter E will be a real Banach space with
norm ||.||. The dual space of E will be denoted by E*, which is a Banach space itself,
and where we will denote by (x,z*) = z*(z) the pointwise value of z*(z), with z* € E*,
x € E. In the sequel, our main setting will be a Hilbert space denoted by H. By z,, —
and z, — x, we denote the strong and the weak convergence of (x,) to z, respectively.
The extended real line will be denoted by R = R U {o0} .

1.1 Elements of convex analysis

We briefly introduce some notions in convex analysis which can be found in many text
on the general theory of convex analysis.

Definition 1.1.1. A function f : E — R is said to be
e proper if its effective domain, D(f) = {x € E : f(x) < oo}, is nonempty;
e convex if
fOr+1=XNy) <Af(2)+ (1 =N f(y)
for all A € (0,1) and z,y € D(f);

o lower semicontinuous at xo € D(f) if

f (zo) < liminf f (z).

T—T0

We say that f is lower semicontinuous on D(f) if it is so at every xzo € D(f);

Gateauz differentiable at xo € D(f) if there exists an element f'(z9) € E* such

that ;
P_r%f(x()—i_ yt> _f(x0> _ <y,f/ <x0)>’ Vy € D(f);



o [rechet differentiable at xy € D(f) if it is Gateaux differentiable and

lim sup f (o +ty) — [ (20)
=0 yi=1 ¢

= (o1 (a))| =0
o subdifferentiable at xy € D(f) if there exists a functional z* € E*, called subgradi-
ent of f at xg, such that

f(x) > f(xo) + (x —xp,2"), Vr€E.

1.2 Classes of Banach spaces

Definition 1.2.1. A Banach space E

e is smooth if
ety — e
t—0 t

(1.1)

exists for each z,y € Sp = {v e £ : |jv]| = 1};
e is uniformly smooth if the limit (1.1) is uniformly attained for x,y € Sg;

e is uniformly convex if the modulus of convezity, ¢ : [0,2] — [0, 1] defined by

r+y
2

5(e) i= inf{l -

H el <t ol <t fle—gll > }

satisfies d(e) > 0 for all € > 0.

Definition 1.2.2. A Banach space E is said to have the Opial property if, whenever
(x,) is a sequence in E converging weakly to a zo € F and x # xy, it follows that

lim inf ||z,, — x¢|| < liminf ||z, — x| .
n—oo n—oo
Alternatively, using the contrapositive, this condition may be written as
liminf ||z, — z|| < liminf ||z, — 20| = 2z =z
n—oo n—oo

It is know that every Hilbert space has the Opial property.



1.3 The metric projection on Hilbert spaces

Let C' be a nonempty closed convex subset of a Hilbert space H. The metric projection
onto C' is the mapping Po : H — C which assigns to each © € H the unique point Pox
in C' with the property
|z — Pox| = min{[lz —y[| : y € C}. (1.2)
The following proposition characterize the metric projections (see e.g. [27]).
Proposition 1.3.1. Given x € H and z € C. Then z = Pox if and only if
(x—2z,y—2) <0, foral yeC. (1.3)

Proof. Let us start proving the necessary condition. Since z = Pox we can write
|z — z|| = d(x,C). Then, for any y € C and A € (0, 1), we have

le =yl <z = (1 =2z =y

and hence

lz = 2|* < Jlo = (1= A) 2 = My[* = [lz = 2 + A (z = y)||”
= llo =2l + 2X (z — 2,z = y) + N ||z = y*.

So, we have
2(z—z,2—y) > =\ —yl,

from which
2(z— 2,y —2) < Mz —y|*.

Then, it follows that

(x—2z,y—2)<0 as A—0.
In order to prove the sufficient condition, let ¥ € C. Then we have

(x — z,z —y) > 0. So, we obtain
(x—z,z—x)+(x—2,2—y) >0

and hence

2

lz = 2" <(z—zz—y) <|z—z2|lz—yl.

This implies ||z — z|| < ||z — y|| . Therefore we have

o = z2[| = d(x,C).



Taking in account the above proposition, we can prove the following.

Theorem 1.3.2. Let C' be a nonempty closed convex subset of H and let Py be the
metric projection onto C. Then the following hold:

1. P2 =P,
2. ||Pox — Poyl| < ||lx — yl| for every x,y € H (i.e. Po is nonexpansive);
3. xn — xg and Pox, — yo tmply Poxg = 1.
Proof. (1) If z € C, then Pocx = x; hence
Péz = Pcz
for all z € H, i.e. P2 = Pc.
(2) For every x,y € H, by Proposition 1.3.1 we have
(v —y — (Pox — Poy) , Pox — Poy) = (x — Pox, Pox — Poy)+{y — Poy, Pcy — Pox) >0

hence
|Pex — Poyl|® < (x —y, Pox — Poy) < ||z — y|| - | Pox — Poy|.

This implies that ||Pcz — Poyl| < ||z — y|| holds.
(3) By Proposition 1.3.1 we have
(xn, — Poxy, Pox, —z) >0 forevery ze€C.
Since z,, — z¢ and Pox, — 1o, then
(xo — Yo,yo — 2) >0 for every ze€ C.

Using Proposition 1.3.1 again, we obtain Po(x¢) = yo. ]

1.4 Monotone operators

Definition 1.4.1. Let A : E — 2F" be a set-valued operator with domain D(A) and
range R(A) in E*. The operator A is said to be

e monotone if for each z,y € D(A) and any u € A(z),v € A(y),

(u—v,z—y) 20; (1.4)



e strictly monotone if for each z,y € D(A) and any u € A(x),v € A(y), holds the
strict inequality of (1.4);

e strongly monotone if there exists a constant n > 0 such that for each z,y € D(A)
and any u € A(x),v € A(y),

(u—v,2—y)>nlz—y|*; (1.5)

e inverse strongly monotone if there exists a constant v > 0 such that for all z,y €
D(A) and any u € A(x),v € A(y),

(@ —y,u—v) > pllu—vl. (1.6)

Definition 1.4.2. Let A : E — 2% be a set-valued operator with domain D(A) and
range R(A) in E. The operator A is said to be

o accretive if for each u,v € E, v € A(u),y € A(v),
(x —y,J (u—0)) >0, (1.7)

where J is a duality mapping of F into E*, i.e., J is a mapping of E into E* such
that for each u € X, ||Jul| = |ju| and (Ju,u) = ||u||*. (In Hilbert space, since .J is
the identity single valued mapping, this becomes the more transparent condition

(A(u) —A(v),u—v) 20, (1.8)
for all u and v in the domain of A).
e co-accretive if for each u,v € E, x € A(u),y € A(v),

(u—wv,J(x—y)) >0. (1.9)

10



1.5 Some lemmas about convergence

Lemma 1.5.1. [18] Let (a,)nen be a sequence of non-negative real numbers satisfying
the following relation:

Ap+1 S (1 - an)an + QnOp + Tn n 2 07

where,

e (ap)nen C [0,1], Zan = 00;

n=1
e limsupo, <0

n—o0

. ’ynZO,i%<oo.
n=1

Then,

lim a, = 0.
n—oo

Lemma 1.5.2. Let C' be a nonempty closed and convex subspace of H, T and S nonlinear
mappings from C into itself such that I —T and I — S are demiclosed. Let (y,) C C be
a bounded sequence. Then:

1 If g — Tyall = 0, then
thllp <p — Uy Yn — p) Z Oa
where p = Ppiyryu is the unique point in Fix(T) that satisfies the variational
inequality
(p—u,x—p) >0 foral ze Fizx(T). (1.10)
2. If |yn — Syn|| — 0, then
limsup (p — u,y, —p) >0,
where p = Ppiysyu is the unique point in Fix(S) that satisfies the variational

inequality
(p—u,x—p) >0 Vre Fiz(S)

11



3. If |yn — Synll = 0 and ||y, — Tyn|| — 0, then

lim sup (po — u, Yn — po) > 0,
where py = Ppiyrynriz(s)t 15 the unique point in Fix(T)N Fix(S) that satisfies the
variational inequality

(po —u,x —po) >0 Vo e Fiz(T)N Fiz(S)

Proof. (1) Let p satisfying (1.10). Let (y,,) be a subsequence of (y,) for wich
limsup (p — u, Yy — p) = Hm (p — u, Yo, — D) -

Select a subsequence (ynkj) of (yn, ) such that Yy, =V (this is possible by boundedness

of (yn)). By the hypothesis ||y, — Ty,|| — 0 and by demiclosedness of T" we have
v € Fiz(T), and

limsup(ﬁ—u,yn—@ :11§n<ﬁ—u,ynk] _]5> = <]5—U,’U—]§>,

n

so the claim follows by (1.10).
(2) Is the same of (1) since S is also demiclosed.
(3) Select a subsequence (y,, ) of (y,) such that

limsup (po — u, yn, — po) = lim (Po — U, Yn, — Po) »

where p, satisfies (3). Now select a subsequence (ynk]-) of (yn,) such that Yy, — W

Then by demiclosedness of T and S, and by the hypothesis ||y, — Ty,|| — 0 and the
hypothesis ||y, — Syn|| — 0, we obtain that w = Tw = Sw, i.e. w € Fiz(T) N Fiz(S).
So,

lim sup (po — u, Y — po) = lim <po = Uy Yy, — po> = {po — u,w — po) -
From the Lemma above we have the following.

Corollary 1.5.3. Let C' a nonempty closed and conver subspace of H, T a mapping
from C' into itself such that I —T is demiclosed at 0, let (y,) C C be a bounded sequence.

If |lyn — Tyn|| — 0, then
lim sup <_ﬁ> Yn — P) < O,

where p = Ppiy1)(0) is the unique point in Fix(T) that satisfies the variational inequality
(—p,x —p) <0 Vo € Fix(T). (1.11)

12



Lemma 1.5.4. [36] Let (x,) and (y,) be bounded sequences in a Banach space E and
let (v,) C [0,1] be a sequence with 0 < liminf, v, < limsup,vy, < 1. Assume that
Tot1 = Yoln + (1 — Yn) Ty, for alln >0 and

limsup ([[yn+1 = ynll = [2n1 — znll) < 0.

n—oo
Then ||z, — yn|| — O.
The following is very useful in many results of this work.

Lemma 1.5.5. [3/] Let (7n)nen be a sequence of real numbers such that there exists a
subsequence (Vn;)jen Of (Yn)nen such that v,; < Yn;41, for all j € N. Then, there exists a

nondecreasing sequence (my)ren of N such that klim my = oo and the following properties
—00

are satisfied by all (sufficiently large) numbers k € N:

Ve < Vme+1 - 0nd Ve < Yoot 1-

In fact, my, is the largest number n in the set {1,...,k} such that the condition 7, < Yni1
holds.

1.6 Facts about nonlinear mappings

Definition 1.6.1. A nonlinear mapping 7 : C — C with Fix(T) # 0 is said to be
quasi-nonezrpansive if it is nonexpansive on the set Fixz(T), i.e.,

Tz —p| <|lx—pll, Veel, peFix(T).

This concept which we have labeled quasi-nonexpansiveness was essentially intro-
duced (along with some related ideas) by Diaz and Metcalf [73]. It is straightforward
that a nonexpansive mapping T : C' — C with at least one fixed point in C is quasi-
nonexpansive; but there exist continuous and discontinuous nonlinear quasi-nonexpansive
mappings which are not nonexpansive, for example the mapping 7' : R — R defined by
T(z) =%sini, x #0, and T(0) = 0. We have

2
Theorem 1.6.2. [72] If C is a closed convex subset of a strictly conver normed linear
space, and T : C'— C' is quasi-nonezpansive, then Fix(T)={p:p€e C and Tp=p}
18 a nonempty closed convex set on which T s continuous.

Proof. 1t follows immediately from the definition of quasi-nonexpansiveness that
Fiz(T) # 0 and that T is continuous at each p € Fiz(T'). Suppose Fiz(T') is not closed.
Then there is a cluster point x of Fiz(T) which does not lies in Fiz(T). Since C' is

13



closed, € C; so « ¢ Fiz(T) implies Tz # x. Let r = £ || Tz — z|| > 0. There exists
y € Fiz(T) such that ||z — y|| < r. Since T is quasi-nonexpansive we have

[Tz =yl < llz -yl <,
and hence we get
3r =Tz —zf| < [Tz —y| + |ly — x|l <2r.

This contradiction establishes that Fiz(T') is closed.
We now prove that Fiz(T) is convex. Suppose a,b € Fiz(T), a # b, and 0 < ¢t < 1.
Then
c=(1—-t)at+theC

since C' is convex. Since T' is quasi-nonexpansive we have

[Te—all <fle=all  and  |[Tc—b] <flc—b].
Noting that ¢ —a =t(b—a) and Te —b = (1 — t)(a — b), we have

16— all < [Ib=Te|| +[Te—all <le =0l +[lc —all = [|b —a]| -

Hence, we get
|(b—Tc)+ (T'c—a)|| = [|b = Te|| + [[Tc — al.

If b—Tec =0, then ||Tc—al = ||b—a| < ||c—al =t]|b—al, whence 1 < ¢ which
is not true. Similarly, T'c — a = 0 implies 1 < 1 — ¢, whence ¢ < 0 which is not true.
Thus, since the space is strictly convex, there exists r > 0 such that Tc—a = r(b—Tc);
whence T'c = (1 — s)a + sb where s = . We have T'c — a = s(b — a), and so

s[lb—all = |lre —all < [le —all = [|b—all,

which gives s < t. Using Tc — b = (Il — s)(a — b), a similar argument gives s > ¢. Thus
s=t,and so Tc= (I —t)a+th=c, ie. ce Fiz(T).
]

Demiclosedness principle

A remarkable result in the theory of nonexpansive mappings is Browder’s demiclosed-
ness principle.

Definition 1.6.3. A mapping T': C' — FE is said to be demiclosed at y if the conditions
that (x,) converges weakly to = and that (T'z,) converges strongly to y imply that x € C
and Tx = y. Moreover, we say thet E satisfies the demiclosedness principle if for any
closed convex subset C' of E and any nonexpansive mapping 7' : C' — E, the mapping
I — T is demiclosed.

14



The demiclosedness principle plays a relevant role about convergence of iterative
method for nonexpansive mapping and other classes of nonlinear mappings as well.

Definition 1.6.4. [80] Let C' be a subset of a real normed linear space X. A mapping
f:C — X is said to be demicompact at x € X if, for any bounded sequence (z,) C C
such that z,, — f(z,) — h as n — oo, there exist a subsequence (z,,) and an = € C' such
that x,, — x as j — oo and x — f(x) = h.

Definition 1.6.5. Let H be a Hilbert space. A mapping T : H — H is said to be firmly
type nonexpansive [32] if for all z,y € D(T'), there exists k € (0, +00) such that

Tz = Tyl* < llz = yl* = k(@ = Ta) — (y = Ty)|*.

Definition 1.6.6. Let C be a closed and convex subset of a Hilbert space H. A mapping
T :C — C is said to be strongly nonexpansive if:

1. T is nonexpansive;

2. xy—Yn— Tz, —Ty,) — 0, whenever (z,,)neny and (¥, )nen are sequences in C' such
that (z, — Yn)nen is bounded and ||z, — yu|| — || T2 — Tyn|| — 0.

Definition 1.6.7. [33] Let C' be a nonempty closed subset of a Hilbert space H. Then
a mapping T : C' — (' is said to be a nonspreading mapping if:

2|T2 = Tyll* < Tz — y|* + lo = Tyl]*, Va,y€C.
The following Lemma is an useful characterization of a nonspreading mapping.

Lemma 1.6.8. [30] Let C' be a nonempty closed subset of a Hilbert space H. Then a
mapping T : C — C' is nonspreading if and only if

1Tz = Ty|* < llz = ylI* + 2(z — T2,y - Ty), Vz,yeC. (1.12)

Observe that if T is a nonspreading mapping from C' into itself and Fiz(T') # (), then
T is quasi-nonexpansive, i.e.

[Tz —pl| < |lz —pll, VezeC, Vpe Fix(T).

Lemma 1.6.9. [28/[29] Let C' be a nonempty closed convex subset of H and let
T :C — C be nonexpansive. Then:

1.1-T:C— H s %-z’nverse strongly monotone, 1i.e.,
1
S =Tz = (I =T)y|* < (& =y, (I =T)z = (I = T)y),
for all z,y € C;

15



2. moreover, if Fiz(T) # 0, I — T is demiclosed at 0, i.e. for every sequence (T, )nen
weakly convergent to p such that x,, — Tx, — 0 as n — oo, it follows p € Fiz(T).

If C' is a nonempty, closed and convex subset of H and T is a nonlinear mapping of
C into itself, we can define the averaged type mapping as follows

Ap=(Q-8OI+6T=1-5(I-T) (1.13)

where 6 € (0,1). We notice that Fiz(T) = Fiz(Ar) and that if 7' is a nonexpansive
mapping also Ar is nonexpansive.

If S is a nonspreading mapping of C' into itself and Fiz(S) # ), we observe that Ag
is quasi-nonexpansive and further the set of fixed points of Ag is closed and convex. The
following Lemma shows the demiclosedness of I — .S at 0.

Lemma 1.6.10. [30] Let C be a nonempty, closed and convex subset of H. Let
S : C — C be a nonspreading mapping such that Fixz(S) # 0. Then I — S is demiclosed
at 0.

In the sequel we use the following property of I — S.

Lemma 1.6.11. [30] Let C be a nonempty, closed and convex subset of H. Let
S :C — C be a nonspreading mapping. Then

11 = S)a— (I = S)y|> < (& —y, (I = S)a — (I = S)y) +§(||x — Sal + ly - Sy||2),

forall z,y € C.

If Fiz(S) is nonempty, Osilike and Isiogugu [31] proved that the averaged type map-
ping Ag is quasi-firmly type nonexpansive mapping, i.e. is a firmly type nonexpansive
mapping on fixed points of S. On the same line of the proof in [31], we prove the
following;:

Proposition 1.6.12. Let C be a nonempty closed and convezr subset of H and let
S : C — C be a nonspreading mapping such that Fiz(S) is nonempty. Then the averaged
type mapping Ag

Ag=(1—=9)I+6S, (1.14)

is quasi-firmly type nonexpansive mapping with coefficient k = (1 —4§) € (0,1).
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Proof. We obtain

|Asz — Agyl|* = ||(1 = 6) (z — y) + 6 (Sz — Sy)||*
(by Lemma 1.6.22) = (1 —68)|jz —y||*> + 0 | Sz — Sy]|*
— §(1=0)||(x = Sz) — (y — Sy)|I*
(by (1.12)) < (1=0)lz —yl*+6 [z — yl* + 2z — Sz, y — Sy)]
— 0(1=0)||(z — Sz) — (y — Sy)|I*

= llo— ol + 3 (6 e — 82),0 (5 — Su)
1 —

)
— =26 - S2) — 6 (y — Sy
2
(by (114) = [lo = yl* + 5 (z — As,y — Asy)

d
1—90
- 2w - As) - (y - Asy)lP

2
< lz -yl + 5 (x — Asz,y — Asy)
— (1=0) |z — Asz) — (y — Asy)|*.

Hence, we have
[Asz—Asy[|* < \|$—y\|2+§<37—14593,y—Asy>—(1—5)H(93—A537)—(y—Asy)||2- (1.15)
In particular, choosing y = p, where p € Fix(S) = Fiz(Ag) we obtain
1Asz = pl|* < llz = p|* = (1 = 8) |z — As|*. (1.16)
[

Definition 1.6.13. [51] Let T': H — H be a mapping and L > 0 a nonnegative number.
T is said L-hybrid, signified as T' € H, if

1Tz — Tyl* < |l — ylI* + Lz — T,y — Ty), Vao,y € H, (1.17)
or equivalently

L
ATe =Tyl < o= Tyl + ly = Tol? =2 (1= 5 ) (o= Ty =To). (119

Notice that for particular choices of L we obtain several important classes of nonlinear
mappings. In fact

17



e 1, is the class of the nonexpansive mappings;

e 7, is the class of the nonspreading mappings;

e 7, is the class of the hybrid mappings.
Moreover

o if Fix(T) # (), each L-hybrid mapping is quasi-nonexpansive mapping (see, [51]),
ie.
ITe—pll <z —pl, ¥YreC and pe Fia(T):

e the set of fixed points of a quasi-nonexpansive mapping is closed and convex (see,
[38]);

e if '€ Hp, then Ts := (1 —8)I + 6T belongs to Hy for 6 >0 (see, [50]).

Lemma 1.6.14. [28][39] Let C' be a nonempty closed convex subset of H and let
T :C — C be nonexpansive. Then:

1.I1-T:C— H s %—mverse strongly monotone, 1i.e.,

1
SN =T)e = (I =T)y|* < (& —y,(I = T)x = (I = T)y),
forall z,y € C;
in particular, if y € Fiz(T) # 0, we get,
1
§Hx—T:UH2 <(x—y,x—Tx); (1.19)
2. moreover, if Fiz(T) # 0, I — T is demiclosed at 0, i.e. for every sequence (I, )nen
weakly convergent to p such that x, — Tx, — 0 as n — oo, it follows p € Fiz(T).

Lemma 1.6.15. [51] Let C be a nonempty, closed and convex subset of H. Let

S :C — H be a L-hybrid mapping such that Fixz(S) # (. Then I — S is demiclosed at
0.

Lemma 1.6.16. [30] Let C be a nonempty, closed and convex subset of H. Let
S :C — C be a L-hybrid mapping. Then

I =)~ (=Sl < (o= (1= )= (1= Sy + 5 (o= Sall + Iy - Syl

_ 2(1_§> (x—Saz,y—Sy>>,

18
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Proof. Put A=1—S. For all z,y € C we have

Az — Ayl = (Az — Ay, Az — Ay)
= ((z—y) = (Sz - 5y), Ar — Ay)
= (r—y,Ar — Ay) — (Sz — Sy, Az — Ay). (1.20)

Using , we obtain

2(Sz — Sy, Ax — Ay) = 2(Sz — Sy, (z —y) — (Sz — Sy))
= 2(Sz — Sy,z —y) — 2||Sz — Sy|?
(by Lemma (1.6.22)) > [lz — Sy[* + [ly — Sz||* — ||z — Sz[* — [ly — Sy]*

o5 (118) = (llo = Syl + Iy = SolP = 201 = F)(o - Sa.y - 51}
= iz~ Sall* ~ ISy — I + 20~ $)z ~ Sx,y — Sy)
= —|lAz|]* — | Ayl* + 2(1 - g)(x—sﬂay—Sy% (1.21)
So, from (1.20) and (1.21), we can conclude

(2= )a = (=S < o= (1= S)o = (1= 5+ 3 (Nl = SulP + Iy = SylP

- 2(1- é)(m — Sz, y — Sy)).

2
]
Remark. If p € Fiz(S) # (), we have,
(7 = $)all* < (o —p, (T = S)z) + (1 ~ S)al?,
in particular,
(2=, (T = S)z) > S|~ Szl (1.22)

Proposition 1.6.17. Let C' be a nonempty closed and convex subset of H and let
S :C — C be a L-hybrid mapping such that Fix(S) is nonempty. Then the averaged

type mapping S
Ss = (1—=0)I+65, (1.23)

is quasi-firmly type nonexpansive mapping with coefficient k = (1 —§) € (0,1).
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Proof. We obtain
1552 = Ssyll* = |(1 = 8) (x — y) + 6 (Sz — Sy)||*
(by Lemma 1.6.22) = (1 —96) ||z —y||* + 6 ||Sz — Sy|”
— 6(1=36) [z — Sz) — (y = Sy)II’
(by (1.17)) < (L=0) ||z = y|* + 8 [l —ylI* + L {z — Sz,y — Sy)]
— §(1=6) [z = Sz) = (y = Sy)|I”

= o=yl + 5 5~ 52),5 (5~ S)
1—

)
— =200 - S2) — 6 (y — Sy
L
(by (123)) = llo —ylI*+ 5 (= S5,y — S0)

d
1—-9
- 2w S50) — (v = Ssy)P

L
< o=yl + 5 (2 = Ssm,y = Shy)
— (1=0) [z = Ss2) = (y = Ssy)|I”-

In particular, we have

L
1852 — Ssyl|* < Hflﬁ—yHQJrg@—Sax,y—Saw —(1=0)[(z = Ssz) — (y— Ssy)|I*. (1.24)

Observe that Sy is %—hybrid. Moreover, choosing in (1.24) y = p, where p € Fiz(S) =
Fixz(Ss) we obtain

1S5z = pII* < |l = plI* — (1 = 6) o — Ssa]|*. (1.25)
O

Definition 1.6.18. A nonlinear mapping 7' : C' — C' is said to be k—strict pseudocon-
tractive (in the sense of Browder-Petryshyn) if there exist & € [0,1) such that

|72 — Tyl < |l — yl? + K|(I = T)a — (I = Ty, Va,y € C. (1.26)

Note that the class of strict pseudocontractions includes the class of nonexpansive
mappings, which are mappings 7" on C' such that

Tz = Ty|| < ||z —y|| Vo,yeC.

Lemma 1.6.19. [59] Assume C is a closed convex subset of a Hilbert space H and
T:C — C be a self-mapping of C. If T is a k—strict pseudocontraction, then:
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1. T satisfies the Lipschitz condition:

1+Ek
1—k

[Tz — Tyl < lz —yll;

2. the mapping I —T is demiclosed at 0. That is, if (x,) is a sequence in C' such that
xp, =2 and (I = T)x, — 0, then Tt = &;

3. the set Fix(T) = {x € C : Tx = z} is closed and convex, so that the projection
Prigy(ry 1s well defined.

Moreover, we have the following auxiliary result:

Lemma 1.6.20. Let be T : C' = C a k—strict pseudocontractive self-mapping of a closed
and convex subset of a Hilbert space H, and suppose that F(T) # (; then

(1—Fk)||Tz—z|” <2(x—p,z—Tz) Vpe Fiz(T), YzelC (1.27)
Proof. Let p € Fiz(T). Putting y = p in the definition of T', we get

Tz = pl* < |l —p||* + & |lo — Ta||*

S0
(Te —p,Tx —p) < (x —p,x—Tx) + (x —p, Tz —p) + k|jz — Tz|?,
= (Te—p,Te—x) < (x —p,x —Tx)+ k|jz—Tz||*,
= (Tz —z,Tx —z)+ (& —p,Tex —z) < (x —p,x —Tz) + k|z—Tz|*,

from which we get (1.27). O

Definition 1.6.21. Let E be a Banach space and C' a nonempty closed convex subset
of E. A mapping T : C — (' is said to be pseudocontractive, if I — T is a accretive
operator, where [ is the identity map.

We recall also some inequalities in a Hilbert space H.
Lemma 1.6.22. Let H be a Hilbert space. The following known results hold:

1 [tr + (1 =)yl = tlz)* + (1 = llyl]* — (1 = )]z — y]I*,
for all x,y € H and for all t € [0, 1].

2. w4+ yll? < lzl” + 20y, x +v),
forall x,y € H.

8. 2z —y,z—w) = |lr —wl* + ly — 2| = |lz — 2[]> = ly — wlf?,
for all x,y,z,w € H.
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Chapter 2

Convergence of iterations

We recall that a mapping 7': C' — C' is said to be a contraction if there exists k € (0, 1)
such that
[Tz =Tyl <kllz—yll, Vryel

These maps have always a single fixed point, as is ensured by the following:

Theorem 2.0.23. (The Banach contraction mapping principle)

Let (M,d) be a complete metric space and T : M — M be a contraction. Then T has
a unique fived point, i.e. there exists a unique * € M such that Tx = x. Moreover, for
arbitrary o € M, the sequence (x,) defined iteratively by x,.1 = Tx,,n > 0, converges
to the unique fixed point of T.

Proof. Let ky(T) = k, select zy € M and define the iterative sequence (x,) by

ZTpt1 = Tz, (equivalently, =, = T"zq), n = 0,1,2,... Observe that for any indices
n,p € N,
d(Tp, Tntp) =d (T"wo, T”+px0) =d(T"xo, T" o T?xq) < k(T")d (20, T"x0)
S k" [ Io,TfL‘() —I—d(TI(),T [L’()) —|—d(Tp_1{L'0,Tp.I‘O>}
<E'(1+k+...+ k") d (0, Tao)

<k (11 k) (20, ') . (2.1)
)

This shows that (x,) is a Cauchy sequence, and since M is complete there exists
x € M such that lim,, x, = x. To see that x is the unique fixed point of T" observe that

r=limz, =limz,,, =limTz, =Tx
and, moreover, x = Tx and y = Ty imply

d(z,y) =d(Tx,Ty) < kd(z,y),
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yielding d (z,y) = 0.
Letting p — 400 in (2.1) yields

kn

d(zp,x)=d(T"xg,z) < - kd(xo,T:zro) : (2.2)
O

Remark 2.0.24. The a priori estimate
A (i ) < 7o d 21,20) 2.3

shows that, when starting from an initial guess xq € M, the approximation error of
the n'* iterate is completely determined by the contraction constant k and the initial
displacement d (z1, xg) .
Similarly, the a posterior: estimate

d(z,,x) < md(xn_l,xn) (2.4)
shows that, in order to obtain the desired error approximation of the fixed point by
means of Picard iteration, that is, to have d (z,,x) < €, we need to stop the iterative
process at the step N for which the displacement between two consecutive iteratives is
at most %e.
So, the a posteriori estimation offers a direct stopping criterion for the iterative approxi-
mation of fixed points by Picard iterations, while the a priori estimation indirectly gives
a stopping criterion. It is easy to see that a posteriori estimation is better then the a
priori one, in the sense that from (2.4) we can obtain (2.3) in the sense of

d(xps1,my) < K'd (21, 30) . (2.5)

Each of the estimations (2.3), (2.4), (2.5), shows that the rate of convergence of the
Picard iteration is at least as quick as that of the geometric series

>k
neN

Remark 2.0.25. An analysis of the proof reveals that the assumption k(7") < 1 is stronger
than necessary. It suffices to assume k(7") < 1 for at least one fixed n € N. This implies
that T™ is a contraction and, by the theorem above, has a unique fixed point x. But

Te=T""x=T"0Txz,

so Tz is also a fixed point of T". Hence x = T'x, proving x is also a fixed point of T
(and the unique one).
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As can be deduced from the last observation, to ensure the existence of a fixed point
for nonexpansive mappings we need additional assumptions. In this regard, we show in

the following, the well known Browder-Gohde-Kirk theorem ([75],[76],[77]).

Theorem 2.0.26. Let C' be a nonempty closed convex and bounded subset of a uniformly
convex Banach space E, and let T be a nonexpansive mapping from C' into itself. Then
T has a fixed point.

A very nice proof of the theorem above is present in [78].

Unlike the case of Banach contraction principle, some examples show that the se-
quence of successive approximations

Tpy1 = TJZTL,TL >0

(so called Picard iterations), for a nonexpansive mapping 7 : C' — C (where C' is a
nonempty convex closed and bounded subset of a Banach space) for which we assume
that have a fixed point, it may not converge to this fixed point. More precisely, we have
the following example:

Example 2.0.27. Let B:=x € R?: ||z|| < 1 and let T be the counterclockwise rotation
of & around the origin of the coordinates. Then T is nonexpansive and have the origin
as unique fized point. In addition, the sequence (x,) defined by x,.; = Tx,, where
xo = (1,0) € B,n > 0, does not converge to zero.

However Krasnoselskii, in [3], showed that in this example, we can obtain a conver-
gent sequence of successive approximations if we substitute the nonexpansive mapping
T with the auxiliary nonexpansive mapping %(I + T'), where I denotes the identical
transformation of the plan, i.e., if the sequence of successive approximations is defined

by Xo € C,
1
Tyl = §(xn+Txn), n=20,1,.. (2.6)

instead of the usual Picard iteration (in which at second member appears only the
quantity T'z,). It can be shown as a simple exercise that the mappings T" and %(I +7)
have the same set of fixed points, therefore the limit of the convergent sequence defined
by (2.6) is necessarily a fixed point of 7. More generally, if X is a normed linear
space, and C'is a convex subset of X, a generalization of equation (2.6) that 'works’ for
approximating fixed points (when they exist) of nonexpansive mappings T : C' — C| is
the following method: zq € C,

Tpi1 =0 =Nz, +ATx,, n=0,1,..;\€(0,1) (2.7)

(see, e.g., Schaefer [4]). In this way were proved the following.
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Theorem 2.0.28. Let C' be a bounded closed and convex subset of a uniformly convex
Banach space E, and let T be a nonexpansive and demicompact mapping from C' into
itself. For any given o € C and any fized number X with 0 < A\ < 1, the Krasnoselsk:
iteration given by

Tp1=(1=Nz,+ Tz, n=0,1,..

converges strongly to a fized point of T'.

With this type of iterations, except in special cases, it is difficult or in such cases

not possible to give an a priori estimate of the speed of convergence of the iterates.
In this regard, it is more convenient to compare the speed of convergence of different
iterative methods. However Oblomskaya [5], working on reflexive Banach spaces, shows
an example in which the convergence is slower than n™*, a < 1.
Edelstein [6], improves the works of Schaefer and Krasnoselskii, weakening the geometric
properties of the initial space, i.e., he prove that the uniform convexity of the Banach
space can be replaced by strict convexity. We recall that a strictly convex Banach space
is a Banach space that for ||z|| = ||y|| = 1 and x # y then ||z + y|| < 2. Anyway, a kind
of iteration even more general that we can consider is the following

290 €C, xp = (1 —cp)xp + e Tay, (2.8)

where (¢,,) C (0, 1) is a real sequence that satisfies appropriate conditions (see for example
9),[10]).
This type of algorithm is also known as Mann-Dotson process [7],[8], and is one of the
most analyzed in the literature.

The important and intuitive question of when the strict convexity can be removed
from the assumptions remained unanswered for many years. In 1967, it was resolved in
the affirmative by the following.

Theorem 2.0.29. (Ishikawa,[9]) Let C' be a subset of a Banach space X and let T be
a nonexpansive mapping from C to X. Taking an initial value xo € C, one define the
sequence (x,) as in (2.8), where the real sequence (c,,) satisfies:

1. 3% ¢, diverges;
2.0<¢c, <b< 1 foralln>1;
3. x, € C foralln > 0.
If (z,,) is a bounded sequence, then z, — Tz, — 0 for n — 4o0.

A consequence of Theorem 2.0.29 is that if C' is convex and compact, the sequence
(x,) defined by (2.8) converges strongly to a fixed point of 7. Another consequence of
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Theorem 2.0.29 is that for a convex C, and T from C' into a bounded subset of X, the
iterates of the mapping

Sx=M+1-NT, Xe(0,1)
, are asymptotically regular at x, i.e.
||S;L+1x—S§x|| —0 for n— 4o

. The concept of asymptotic regularity was introduced by Browder and Petryshyn [11].
The importance of the asymptotic regularity about the existence of a fixed point for T'
can be reasoned by the following theorem.

Theorem 2.0.30. Let M be a metric space and T : M — M a continuous mapping
which is asymptotically reqular at xo. Then every cluster point of (T"xo) is a fized point

of T.

It follows that for continuous mappings 7', the asymptotic regularity of S at some
xo implies Sy(p) = p for some cluster point p of (SYzg)nen. Therefore, the asymptotic
regularity of a sequence, it is useful not only to prove that there are fixed points but
also to show that in certain cases, the sequence of iterates at a point converges to a fixed
point. Now we consider the following example (for details see [55]).

Example 2.0.31. There is a closed bounded and convex set C' in the Hilbert space ly, a
nonexpansive self-map T of C' and a point vy € C' such that ( Za:()) does not converge
2

in the norm topology.

While example of Genel and Lindenstrauss shows that we cannot, in general, get
strong convergence of the sequence defined by

Tp1=(1—ap)x,+a,Tr,, n=12 .

to a fixed point of T, Theorem 2.0.32 allows us to conclude that the sequence converges
weakly to a fixed point of T' if E have the Opial property.

Theorem 2.0.32. [10] Let E be a space which have the Opial property and let T a
nonexpansive mapping of a weakly compact convex subset C' of E in itself. Then, for any
x € C, the sequence (SYx) converges weakly to a fized point of T

Remark 2.0.33. The fixed point to which the Mann iterative process converges depends,
in general, on the initial approximation z(, as well as on the sequence ¢, that determine
the Mann iteration. Moreover, the Mann iteration need not converge to the fixed point
of T 'nearest’” x(, as shown by the following example.
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Example 2.0.34. Let X the space R? equipped with the Euclidean norm, and with (r,0)
denoting the polar coordinates. Let

C:z{(r,@): 0<r<i, §€<z}.

7
4 -2
The mapping T : C'— C' defined by

T (r,0) = (T, g) ,

for each point (r,0) in C, is nonexpansive as it is easily to see, and the set of its fived
points is the line segment

Fia:(T)z{(r,%): Ogrgl}.

Take xo = (ro,00) = (1,5) and c, € [0,1] forn > 1, and construct the Mann sequence
(€n) by
Tpr1 =1 —cp)xn+c Tz, n>0

which gives

Tpt1 = (Pug1,0pi1) = (rn,en + ¢y (g — 9n>> :

Hence r, =rog =1 for alln >0 and
Opni1 = C"g +(1—-¢,)0,, n>0 and 6= %
(1) For c, =1 we get 0, = 5, n >0 and so
s .
Ty —> <1,§> € Fiz (T)
which is not the nearest fixed point of T to xzq, because the nearest one is the point
_ (V2 =
—(85)
(2) The same happens when ¢, = %, when we find

o ron—l
o on+2 9 9n

0, n>0

and hence -
Ty — (1, 5) € Fiz (T)

which 1s also not the nearest fixed point of T to xg.
(3) For ¢, =0, we get 0, =T and hence

4
lim z, = <1, Z) ¢ C.

n—o00 4
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An important class of mapping generalizing the class of nonexpansive mappings is the
class of Lipschitz pseudocontractive maps, which are mappings that are both Lipschitz
and both pseudocontractive. It is not difficult to check that every nonexpansive mapping
is a Lipschitz pseudocontraction. All attempts to use the Mann formula, which has
been successfully employed for nonexpansive mappings, to approximate fixed point of
a Lipschitz pseudocontractive mapping, proved abortive. In 1974, Ishikawa [83] proved
the following theorem.

Theorem 2.0.35. Let C' be a nonempty compact convex subset of a real Hilbert space
H and T : K — K be a Lipschitz pseudocontractive mapping. Let the sequence (x,) be
defined by xo € C,

Tpr1 = (1 —an) xy + 0 Ty, (2.9)
Yo = (1= Bp) &n + BuTxn, n=1 (2.10)

where (ay,) and (B,) are real sequences satisfying the following conditions:

1. 0<a, <@, <1 foralln>1;

2. Y pen Oy = 00;
3. lim, 3, = 0.
Then (z,,) converges strongly to a fized point of T

Remark 2.0.36. 1t is clear that the recursion formulas (2.9) and (2.10) of the Ishikawa
scheme are more cumbersome than the Mann formula. However, since it was not known
whether or not the simpler Mann sequence would always converge to fixed points of
Lipschitz pseudocontractive mappings, the sophisticated Ishikawa algorithm was applied
for this class of mappings. The question of whether or not the simpler Mann sequence
had actually failed for this class of mappings remained open for many years. This was
resolved in 2001 by Chidume and Mutangadura [85] who produced an example of a
Lipschitz pseudocontractive mapping defined on a compact convex subset of R? with a
unique fixed point for which no Mann sequence converges.

Remark 2.0.37. We first observe that if we set 3, = 0 for all n in the recursion formula
(2.10) then condition (1) in Theorem 2.0.35 shows that a,, = 0 for all n and so (2.9)
and (2.10) reduce to z,11 = z, for all n. Therefore (z,) converges to xg, the initial
approximation which may not be a fixed point of 7. Since the Ishikawa formulas were
used successfully in approximating a fixed point of 7" in Theorem 2.0.35, several authors
started studying a modification of it in which condition (1) i replaced by the condition
(1)*: 0 < a, B < 1, and condition (2) is modified accordingly. In thi modification, ay,
and [, are independent and it is permissible to set 3, = 0 for all n. They still called
such a modified formula an Ishikawa-type formula. But this is questionable. In fact, to
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see this, it suffices to set (5, = 0 for all n and see that the sequence obtained from the
modified scheme will not converge to a fixed point of T" in Theorem 2.0.35. In particular,
if 5, = 0 for all n, the modified formula generally reduces to the Mann formula and then
the example of Chidume and Mutangadura [85] shows that the modified formula will not
converge to a fixed point of T in the setting of Theorem 2.0.35.

Remark 2.0.38. The order of convergence of the Picard sequence is that of a geometric
progression, that of the Mann sequence is of the form O(%), while that of the Ishikawa
sequence is of the form O(Ln) Furthermore, whenever Picard sequence converges, it is
preferred to the Mann sequence which itself is preferred to the Ishikawa formula whenever
it converges, because the preferred recursion formula is simpler (consequently, it requires
less computation and therefore reducing cost of computation).
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Chapter 3

Applications

3.1 Variational inequality problems

In this paragraph we assume that the involving space H is a Hilbert space and C' C H is
a closed convex set. Given a monotone operator A : H — H, the variational inequality
problem VIP(A,C') consists of finding p € C' such that

(Ap,p—x) <0, VzeCl. (3.1)

Variational inequalities were initially studied by Stampacchia [43] and there after
the problem of existence and uniqueness of solutions of VIP(A,C) has been widely
investigated by many authors in different disciplines as partial differential equations,
optimal control, optimization, mechanics and finance.

If f: H— Ris a lower semicontinuous convex function, a necessary and sufficient
condition for the constrained convex minimization problem

min f (), (3.2)
is the VIP(A, (), where the operator A is the subdifferential of f. This means that
solving the minimization problem (3.2) is equivalent to finding a solution of a varia-
tional inequality. Thus, in order to solve a broad rouge of convexly constrained non-
linear inverse problems in real Hilbert spaces, Yamada [13] presented an hybrid steep-
est descent method for approximating solutions to the variational inequality problem
VIP(g, Fixz(T)), for an operator g and the fixed point set of a nonexpansive mapping
T : C — C. In particular, he proved that, when ¢ is strongly monotone and Lipschitz
continuous, the sequence (x,) defined by the algorithm

Tpi1 =Tz, —ang (Tx,), n >0, (3.3)

converges strongly to the fixed point g of T, which is the unique solution to the
inequality
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(9(q),x—¢q) >0 VzeFix(T). (3.4)

Let us consider now the following particular variational inequality problem. Let
T : H — H be a nonexpansive mapping with Fix(T) # (), ¥ : H — H be a contraction

and A be a Lipschitz self operator on H wich is strongly monotone. Then the
VIP(A —~V, Fiz(T))

(A= ~9)q.q—2) 0, Ve Fia(T), (3.5)
where v > 0 is the optimality condition for the minimization problem

min_ f(z) — h(z),

z€Fix(T)

where f is a differentiable function with subdifferential 0f = A and h is a potential
function for ¥ (i.e. h'(x) = y¥(x) for x € H). Marino and Xu [52] presented an
iterative method to solve the VIP(A — 4V, Fiz(T)) for a linear bounded operator:

Theorem 3.1.1. Let H be a Hilbert space, let A be a bounded linear operator on H, and
let T be a nonexpansive mapping on H. Assume the set Fix(T) of fixed points of T is
nonempty, and assume that the operator A is strongly positive with constant 7. Let f be
a a-contraction on H and let v such that 0 < v < g Let (x,) generate by the algorithm

Tpi1 = —anA) Ta, + anyf (), n>0,
where o, is a sequence in (0,1) that satisfying the following conditions:
o o, — 0;
® > lo0n = +00;
Qni1

o cither 377 o |ant1 — ap| < +00 or <25 =1,

Then (x,) converges strongly to a fized point T of T which solves the variational
mequality:
(A=~f)z,7—2) <0, ze Fix(T).

3.2 Multiple-set split feasibility problem
The multiple-sets split feasibility problem requires finding a point closest to a family of
closed convex sets in one space such that its image under a linear transformation will be

closest to another family of closed convex sets in the image space. It can be a model for
many inverse problems where constraints are imposed on the solutions in the domain of
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a linear operator as well as in the operator’s range. It generalizes the convex feasibility
problem as well as the two-sets split feasibility problem. This problem referred as the
multiple-sets split feasibility problem (MSSFP) is formulated as follows:

Find an = € Y, X; such that Az € ﬂ]]\/il Hj,

which was first investigated by Censor et al. [20]. There are a great deal of literature on
the MSSFP, see e.g., [20], [21], [22], [23].

Next, we focus on the multiple-set split feasibility problem (MSSFP) which is to find a
point x* such that

vt € C =N, Cand Az* € Q =L, Q; (3.6)

where N, M > 1 are integers, the C;(i = 1,2,--- , N) are closed convex subsets of Hj,
the Q;(j = 1,2,---, M) are closed convex subsets of Hy and and A : H; — H, is a
bounded linear operator. Assume the MSSFP is consistent, i.e., it is solvable, and S
denotes its solution set. The case where N = M = 1, called split feasibility problem
(SFP), was introduced by Censor and Elfving [24], modeling phase retrieval and other
image restoration problems, and further studied by many researchers.

We use I' to denote the solution set of the SFP. Let v > 0 and assume that z* € T.
Thus, Az* € 1 which implies the equation (I — Py, )Az* = 0 which in turns implies the
equation YA*(I — Pg,)Az* = 0, hence the fixed point equation
(I — vA*(I — Py,)A)z* = z*. Requiring that 2* € C, we consider the fixed point
equation:

Pe,(I —~yA*(I — Pg,)A)z* = 2. (3.7)

We will see that solutions of the fixed point equation (3.7) are exactly solutions of the
SEFP. The following proposition is due to Byrne [25] and Xu [26].

Proposition 3.2.1. Given z* € Hy. Then x* solves the SFP if and only if x* solves the
fized point equation (3.7).

This proposition reminders us that (MSSFP) (3.6) is equivalent to a common fixed
point problem of finitely many nonexpansive mappings, as we show below.
Decompose (MSSFP) into N subproblems (1 <i < N):

rieC; and AzfeqQ:= ﬂj\il Q- (3.8)
For each 1 <1i < N, we define a mapping 7T; by
M
T = Po1 =29 )0 = P (1= Y A1~ o)A ) (39)
j=1
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where f is defined by
M
1
= 53" BillAz — Po, Au?
j=1

with 8; > 0 for all 1 < j < M. Note that the gradient of V[ is

M
r) =Y BA(I - Py,)Az
j=1

which is L-Lipschitz continuous with constant

M
L=Y BllA= (3.10)
j=1

It is known that if 0 < ; < 2/L, T; is nonexpansive. Therefore fixed point algorithms
for nonexpansive mappings can be applied to (MSSFP) (3.6).
The Picard iteration for MSSFP:

Tpy1 = TN T Tlxn

M M
= P, ([ —> BATI — PQj)A> . Pg, (1 —v> BAI - PQJ,)A)@S,M)
=1 j=1
Theorem 3.2.2. ([22]) Assume that the MSSFP (3.6) is consistent. Let {x,} be the
sequence generated by the Algorithm 3.11, where 0 < vy < 2/L with L given by (3.10).
Then {x,} converges weakly to a solution of the MSSFP (3.6).

Note that the above algorithm only have weak convergence. Here, we will show an
algorithm with strong convergence
The Halpern iteration for MSSFP:

Tor1 = oapu+ (1 —ay)Thax,

M
= auu+ (1 — an)Pogny (I — Z B A (I — PQ].)A) Tp,m > 0. (3.12)
j=1
Theorem 3.2.3. Assume that the MSSFP (5.6) is consistent, 0 < v < 2/L with L given
by (3.10), and {a,} satisfies the conditions (for instance, oy, = 1/n for alln > 1)
(C1) : limy, oo vy = 0,
(C2): >0 oy, = 00, and
(C3): >0 o s — an| <00 orlimy, 0 2 = 1.
Then the sequence {x,} generated by the Algomthm 3.12 converges strongly to a so-
lution of the MSSFP (3.6) that is closest to u from the solution set of the MSSFP (3.6).
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Chapter 4

Results for Mann’s type iterations

As we mentioned earlier, the problem of finding fixed points of nonexpansive mappings
via Mann’s algorithm [7]-[8] has been widely investigated in literature (see e.g.[60]).
Mann’s algorithm generates, initializing with an arbitrary x, € C, a sequence according
to the recursive formula

1 €C, Tpiy =apx, + (1 —a,)Tx,, Yn>1, (4.1)

where (a)nen C (0,1).
If T:C — C is a nonexpansive mapping with a fixed point in a closed and convex
subset of a uniformly convex Banach space with a Frechet differentiable norm, and if the
control sequence (ay,)en is chosen so that > 02 | a,,(1—a,,) = oo, then the sequence (z,)
generated by Mann’s algorithm converges weakly to a fixed point of 7' [60]. However,
this convergence is in general not strong (there is a counterexample in [55]).

On the other hand, iterative algorithm for strict-pseudocontractions, are still less
developed than those for nonexpansive mappings, despite to the fact that the pioneering
work of Browder and Petryshyn [69] dating 1967. However, strict pseudo-contractions
have many applications, do in solving inverse problems [68] and their ties with inverse
strongly monotone operators [67].

Marino and Xu [59] proved that the Mann algorithm, has weak convergence also in
the broader setting of strict pseudo-contractions mapping, containing the nonexpansive
mappings:

Theorem 4.0.4. (Marino and Xu [59], 2007, Mann method)

Let C' be a closed and convexr subset of a Hilbert space H. LetT' : C'— C' be a k-strict
pseudo-contraction for some 0 < k < 1. Assume that T admits a fixed point in C. Let
(x,) be the sequence generated by xy € C' and the Mann’s algorithm

Tpi1 = p + (1 — ) Ty
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Assume that the control sequence (o) is chosen so that k < o, <1 for all n and

“+o00

Z(an—k)(l — oy,) = +00.

n=0
Then (x,) converges to a fixed point of T

It is not possible, in general, to obtain strong convergence, thanks to the celebrated
counterexample of Genel and Lindenstrauss [55].
So, to obtain strong convergence, one can try to modify the Mann’s algorithm and
strengthen the hypotheses on the mapping.
We recall here some obtained results:

Theorem 4.0.5. (Li et al. [66], 2013, Modified Halpern method)

Let C' be a closed and conver subset of a real Hilbert space H, T': C' — C' be a k-strict
pseudo-contraction such that Fix(T) # 0. For an arbitrary initial value xg € C' and fized
anchor u € C, define iteratively a sequence (x,,) as follows:

Tni1 = QplU + ann + ’)/nTxny

where (o), (Bn), () are three real sequence in (0,1) satisfying o, + By + v = 1 and

0<k<3 i"w . Suppose that (o) satisfies the conditions:

+oo
lim o, =0 g o, = +o00.
n=1

n—oo

Then (x,) converges strongly to x* = Prigryu, where Ppyr) s the metric projection
from H onto Fix(T).

Theorem 4.0.6. (Marino and Xu [59], 2007, CQ method)

Let C' be a closed convex subset of a Hilbert space H. Let T : C' — C be a k-strict
pseudo-contraction for some 0 < k < 1 and assume that Fixz(T) # 0. Let (x,) be the
sequence generated by the following (CQ) algorithm :

xg € C

Yn = Ty + (1 —ay) Ty,

Co={2€C Iy — 2l < lm — 2P + (1 — ) (k — ) 00 — T]*}
Qn={2€C:{(xy,— 2,20 —x,) >0}

Tnt1 = Po,np, To-

Assume that the control sequence (ov,) is chosen so that a,, < 1 for all n. Then (z,)
converges strongly to Priz()To.
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Theorem 4.0.7. (Shang [65], 2007, Viscosity method)

Let C' be a closed convex subset of a Hilbert space H and let T : C' — C be a k-strict
pseudo-contraction with Fix(T) # (0. Let f: C — C be a contraction. The initial value
xo € C is chosen arbitrarily, and given sequences (ay,) and (B3,) satisfying the following
conditions:

1. im0 vy, = 0, Zzg oy, = +00;
2. 0<a<fB, <~ for somea€ (0,7] and v = min {1, 2k};
3. Z:z ‘O‘n+1 - Oén‘ < 400 and :ﬁ ’ﬁn+1 - ﬁn’ < +00.

Let (x,,) be the composite process defined by

Tnt1 = Oznf($n) + (1 - an) Yn-

Then (z,,) converges strongly to a fized point p € Fix(T).

Theorem 4.0.8. (Osilike and Udomene [64], 2001, Ishikawa type method)

Let H be a Hilbert space. Let C' be a nonempty closed convex subset of H, T : C'— C' a
demicompact k-strict pseudo-contraction with

Fix(T) # 0. Let (o) and (B,,) be real sequences in [0,1] satisfying the following condi-
tions:

1.0<a<o,<b<(1—-k)(1—-p,) Vn>1and for some
costants a,b € (0,1);

2. :z < +00.

Then the sequence (x,) genereted from an arbitrary x1 € K by the Ishikawa iteration

method
Tp1 = (1 —ap)x, +a,Tx,, n>1,

converges strongly to a fized point of T'.

The recalled results are probably neither the most general, nor the more recent, but

certainly they represent very well some of the different modifications of the original
Mann’s approximation method, made to get strong convergence.
We like to point out that the differences with the original method are remarkable. So it
is quite surprising that recently, in [70] was obtained a strong convergence method for
nonexpansive mappings that is ’almost’ the Mann’s method (the difference is given only
by a smaller and smaller amount). In [70] was proved the convergence of this method
only for nonexpansive mappings:
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Theorem 4.0.9. (Hussain, Marino et al. [70], 2015)
Let H be a Hilbert space and T : H — H a nonexpansive mapping. Let (a,), (j1,) be
sequences in (0,1] such that

e lim, . o, =0;
. Z:g Qp by = +00;
® |pins1 = pn| = 0lpin);
® i1 — an| = o(anpin).
Then the sequence (x,) generated by
Tpi1 = pp + (1 — o) Ty — appiney,
strongly converges to a point z* € Fix(T) with minimum norm

l2*|l = min_-fl]].
z€Fix(T)

We would like to emphasize that:

1. In general, the mapping T cannot be defined on a closed convex subset C' of H,
since x,.1 is not a convex combination of two elements in C'. However, since we
can write

Tl = (1 — pp) 2 + (1 — ) Ty,

then z,1 is meaning full if T': C' — (' is a self-mapping defined on a cone C', that
is a particular convex set, closed with respect to linear combinations with positive
coefficients.

2. The proof of Theorem 4.0.9 use easily the properties of nonexpanive mappings
and cannot be adjusted to the strict pseudo-contractive mappings. Purpose of the
present paper is to show that the result is true also for strict pseudo-contractions.
The proof uses completely different techniques, as well as the assumptions on coef-
ficients. For all we know, this is the algorithm most similar (and the most easy to
implement) to the original iterative Mann’s method, providing strong convergence.

3. Our techniques can also be used to clarify the proofs of main results in [48] and
63].

Now we can prove our theorem. We use the notation w;(x,,) to denote the set of weak
limit points of (z,,).
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Theorem 4.0.10. Let H be a Hilbert space and let C' be a nonempty closed cone of H.
Let T : C — C be a k—strict pseudo-contractive mapping such that Fix(T) # (. Suppose
that (au)nen and (pin)nen are real sequences respectively in (k,1) and in (0,1) satisfying
the conditions:

1. k <liminf o, < limsup o, < 1,

n—0o0 n—00

2. lim p, =0,

n—oo

3. i,un = 00,
n=1

we define a sequence (T,)nen as follows:
1 € C, Tpr1 =0 (L —pp)xy + (1 —a,)Tx, neN. (4.2)

Then (z,)nen converges strongly to x € F(T), that is the unique solution of the
variational inequality

Proof. We begin to prove that (z,)nen is bounded.

First of all, observe that from the conditions u, — 0 and
k < liminf o, < limsup a,, < 1, it follows that there exist an integer ny € N such that

k
,ungl__ VnZnoa

n

le.
k—ap, (1—p,) <0. (4.3)

Let be p € F(T) and put r = max {||z,, — pl, ||p||}. We have

Tp41 — P = Qp [(1 - Nn> Tn —p] + (1 - an) [Txn —p]
= an [(1 = ptn) (T — p) + pn (=p)] + (1 — ) [Tz, — p],
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Regarding lemma 1.6.22 (iz), we derive that

|zn1 = plI* = an [|(1 = ) (20 = p) + pn (D) I* + (1 = @) | Tz, — p|”
—ay (1= ap) [[(1 = ) = Ty
< [(1 = ) [l2n = P17 + g 1PN = ptn (1 = p2) |20 ]]
+ (1 =) [[lzn = plI* + k|2 — T”]
—ap, (1 =) [[(1 = ) (0 = Tw) + i (_Txn)“Z
= an [(1 = pn) n = DI + pta lp1* = b1 (1 = pi) Il ]|”]
+ (1 — ay) [Hxn - p”2 + k||, — T*TnHz]
—an (1= ap) [(1= ) |20 = Twnll” + g | Tnl|* = pon (1= prn) [|20]|°]
< ap (1= pi) [[2n = plI* + ctnpin [plI* + (1 = @) |z — p|”
+ (1= an) k|zn = Tan|* = an (1= an) (1= pp) [l — Ty
= (1= anpin) |20 = pII* + anpin " + (1 = an) [k = cn (1 = )] |2 = Tz
(from 4.3) < (1 = appy) [[2n — p||* + cnpin plI*
< max { [z, — p||*, [Ip|*} < max {||za, —pl*, [pl[*} = r*.

Thus, we conclude that the sequence (z,,) is bounded.

Now we shall prove that, for p € Fix(T):

(1= ) (an = k) 20 = Taal* < (20 = pI” = 201 = pII")
— 20 i (T, Tl — D) - (4.4)
Regarding (4.2) , we easily observe that
Tpy1 —p=an (L= pn) 2p + (1 — ) Ty, — p

=1-01—-a, (1 —p))]xn+ (1 —ay)Tx, —p
= (zn —p) — (1 — ) (Tn — Tzp) — A finTn,

and so

|1 = plI* < (by 1.6.22) < [|(@0 = p) = (1 = @) (@0 — T2a)|I” = 200pt0 (@0, Zas1 — )
= [|lzn = p|* = 2(1 — @) (& — Tn, 2, — 1)
+ (1 - an)2 |20 — Tmn”2 — 20 fin (Tp, Tng1 — D)

(from 1.27) < ||z — plI* + (1 — an) (k — @) [|Tn — Tl|* — 20 fin (Tns Tpst — p) |
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so (4.4) is proved. Moreover, since o, € (k, 1):

Hanrl _p”2 < Hxn _pH2 - 2anﬂn<xnvxn+1 _p>-

Now we prove the strong convergence of (x,) concerning two cases:
CASE 1 suppose that |z, — p|| is monotone non increasing. Then ||z, — p|| con-
verges and hence
T flzss — pl” — i — gl =0

From this and from the assumptions lim,, u,, = 0, and
k < liminf, oy, <limsup, o, < 1, by (4.4) we get

lim ||z, — Txz,| = 0;
n—oo

from this and boundedness of (x,), thanks to demiclosedness of I — T we deduce
wi(z,) C Fix(T).

Now we put
Zn =Xy + (1 —ap)Ta, = (1—(1— )z, + (1 —ay) T,

from which we have
Zn—xn = (1 —ay) (Tx, — x,) . (4.5)
Hence, we find that
Tpt1l = Zn — QulinTy

= (1 — anpin) 2n + Qppin (2 — )
(from (4.5)) = (1 — appin) 2n + Qnpin (1 — ) (T, — x4) . (4.6)

Let & = Ppiy(1)(0) € Fiz(T) the unique solution of the variational inequality
(—z,y—7) <0 Vye Fiz(T). (4.7)

From definition of z,,
|20 — j”Q =z, =7 — (1 - ay) (v, — Txn)HQ
= ||z, — a_:||2 —2(1—ap){xy —Trp,z, — ) + (1 — ) ||z — Txn||2
(from(1.27)) < [z — 2> — (1 — o) [(1 = k) = (1 = )] || — T )?
S Hxn - jH2 . (48)
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So,

|41 — 2" = (from (4.6)) = [[(1 = aptn) 20 + npin (1 = @) (T — ) — 7|
= [1(1 = anptn) (20 — @) + tnptn [(1 = @) (T — ) — 7|
(from lemma 1.6.22) < (1 — apuptn)” |20 — Z||* + 200 pin (1 — ) (T — 20) ) Ty — Z)
+ 200 b (=T, Ty — T)
(from (4.8)) < (1= anp) |00 — 7|1

+ 2aupn (1 — ) (Txy, — T, Tpy1 — T) + (T, 21 — )  (4.9)

Now, since (x,) is bounded and w;(z,) C Fiz(T), there exists an appropriate subse-
quence z,, — po € Fiz(T) such that

limsup (=Z,z,11 — T) = liin (—x,xn, —T) = (=T,po — ) < 0. (4.10)

From this, it follows that all the hypothesis of Lemma 1.5.1 are satisfied and finally by

(4.9) we can conclude

lim ||z, —Z|| = 0.
n—oo

Let now z € Fiz(T') defined by the variational inequality (4.7).
CASE 2 If ||z, — Z|| does not be monotone non-increasing, there exist a subsequence
(@n,) such that ||z, — Z|| < ||#n,+1 — Z|| V& € N. So by Lemma 5.33 37(n) 1 +o0 such
that

L fere = 2l < erm - 2|
2 New = 2] < llz7e+ - 2]

Now, we have

0< lin;inf (H:UT(n)H - i’H - HxT(n) - fH)
< limnsup (Hﬂfr(n)ﬂ - fH - er(n) - fH)
< lim sup (||$n+1 -z - Hxn) - jH)

< limsup (||, — Z| + /ptnM — ||z, — Z|[) = 0.

Thus, we derive that

2

e — 2P — 0,

[y 1 — 2

from which
||$T(n) — T:UT(H)H — 0. (4.11)
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Now, from (4.9), we get that

|21 = 2 < (1= aruytiriny) |22y — 2|

+ 20y (1 = Qo)) (T o) = Tr(n)s Tr(my1 — T)
+ 207 (n) for(n) (=T, Tr(n)41 — T)

12 _
- H‘TT(”) - IH + 2a7(n)“7(n) (1 - O‘T(ﬂ)) <Tx7(n) — Lr(n)s Tr(n)+1 — I>
+ 20‘7’(71)/1'7(71) <_j7 Tr(n)+1 — ‘f>

_n2
— 207 (n) hr (n) (M) : (4.12)

Putting in (4.12)

AT(n) = (1 - aT(n)) <T‘T7’(n) — Tr(n)s Tr(n)+1 — j>
_ R
+ )

we have

|2 — Z||° < (2o — B[] + 2000y torny Arny (4.13)

Notice that we can not use Lemma 1.5.1 as in the case 1 (or in [48], [63]) since
we could not guarantee that Zzz Hrn) = +00. So, we change reasoning. Assume by
contradiction that ||xT(n) — :EH does not converge to 0. Then there exist (n;) and a € > 0
such that

|27 ny) — Z|| > 2. (4.14)
(n5)
By (4.10) and (4.11) we know that there exist ng,n; € N such that
_ €
(1 — aT(n)) <Tx7(n) — Tr(n)s Tr(n)41 — :L’> < 3 Vn > ng (4.15)
and .
<—£f,[E.,-(n)+1 — :E> < 3 Vn > n;. (4.16)

Hence, if we take n;, > max {ng,n:} one obtain by definition of A,

€ € €
Af(n)<§+§—e:—§<0, Vn > nj,.

So, by (4.13) we have ||xT(n)+1 - EHQ < H:L‘T(n) — :EH2 that contradicts
HxT(n) — sz < er(n)ﬂ — :E” Vn. This implies that

|27y = 2] — 0,
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and so, using ||z, — Z|| < ||z-@)+1 — Z|| , we finally obtain

|z, — Z|| — 0.
L]

Example 4.0.11. The mapping T : R — R defined by Tx = —2x is %—stm’ct pseudo-
contractive. Taking o, = %, Lo = %, our algorithm becomes

In+1
Tpy1 = — 3 n Tn

2

that goes to 0 = Fix(T) swinging around it.

OPEN QUESTIONS

1. Holds the result in Banach spaces?
2. Holds the result for families of strict pseudo-contractive mappings?

3. Holds the result for Lipschitzian pseudo-contractive mappings?
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Chapter 5

Results for Halpern’s type iterations

Let E be a real Banach space, C a closed convex subset of £ and T : K — K a
nonexpansive mapping. For fixed ¢ € (0,1) and arbitrary u € C, let z, € K denote the
unique fixed point of T} defined by Tyx := tu + (1 — )Tz, x € C. Assume Fiz(T) # 0.
Browder [10] proved that if E = H, a Hilbert space, then lim; .o 2; exists and is a fixed
point of T'. Reich [11] extended this result to uniformly smooth Banach spaces. Kirk [12]
obtained the same result in arbitrary Banach spaces under the additional assumption
that 7" has pre-compact range. For a sequence («y,) in [0, 1] and an arbitrary u € C| let
the sequence (x,,) in C be iteratively defined by z € C,

Tpi1 = au+ (1 —ay) Tz, n>0. (5.1)

Concerning this process, Reich posed the following question.

Question. Let E be a Banach space. Is there a sequence (a;,) such that whenever a
weakly compact convex subset C' of E has the fixed point property for nonexpansive
mappings, then the sequence (x,) defined by (5.1) converges to a fixed point of T" for
arbitrary fixed v € C' and all nonexpansive T : C' — C?

Halpern [14] was the first to study the convergence of the algorithm (5.1) in the framework
of Hilbert spaces. He proved the following theorem.

Theorem 5.0.12. Let C be a bounded, closed and convex subset of a Hilbert space H
and letT : C' — C be a nonexpansive mapping. For any initialization x1 € C and anchor
u € C, define a sequence (x,,) in C by

Tpp1 =n ut+ (1 —n"NTx,, Vn>1,
where § € (0,1). Then (x,) converges strongly to the element of Fix(T) nearest to u.

An iteration method with recursion formula of the form (5.1) is now referred to as a
Halpern-type iteration method. Lions [15] improved the theorem above, still in Hilbert
spaces, by proving strong convergence of (x,) to a fixed point of 7" if the real sequence
(cv, )satisfies the following conditions:
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1. lim, o a, = 0;

2.3 % a, =00;

lon—om 1| _ 0

3. limy, o0 =3
n

Reich gave an affirmative answer to the above question in the case when F is uniformly
smooth and a,, = n™%, with 0 < a < 1. It was observed that both Halpern’s and Lions
conditions on the real sequence (a,) excluded the natural choice, o, = (n+1)"".
This was overcome by Wittmann [16] who proved, still in Hilbert spaces, the strong
convergence of (x,,) if (a,,) satisfies the following conditions:

1. lim,, o 0, = 0;
2. ) 7 a, =00
3. > 07 o — ap| < o0,

Reich [17] extended this result of Wittmann to the class of Banach spaces which are
uniformly smooth and have weakly continuous duality maps (e.g. I,,1 < p < 00), where
the sequence (a,) is required to satisfy the Wittmann'’s conditions and to be decreasing.

Xu [18],[19] showed that the result of Halpern holds in uniformly smooth Banach

spaces if condition (3) of Lions is replaced with condition lim, lan—ana] g,

REMARK. Halpern showed that the conditions

(1) nlggoa":() . (2) Z;an:oo
are necessary for the convergence of the sequence (x,,) defined by (5.1). It is not know
if generally they are sufficient. Some authors have established that if in the recursion
formula (5.1), Tz, is replaced with

n—1
1
Tox, = (—) E Tkxn,
n
k=0

then Halpen’s conditions (1) and (2) are sufficient.

lemoto and Takahashi [30] approximated common fixed points of a nonexpansive
mapping T and of a nonspreading mapping S in a Hilbert space using Moudafi’s iterative
scheme [45]. They obtained the following Theorem that states the weak convergence of
their iterative method:
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Theorem 5.0.13. Let H be a Hilbert space and let C be a nonempty closed and convex
subset of H. Assume that Fix(S) N Fix(T) # 0. Define a sequence (z,)nen as follows:

e C
Tp+1 = (1 - an)xn + &n[ﬂnsxn + (1 - ﬂn)T‘In]a
for allm € N, where (a)nen, (Bn)nen C [0,1]. Then, the following hold:
(1) If liminf o, (1 — cv,) > 0 and Z(l — Bn) < 00, then (x,)nen converges weakly to
n—oo

n=1

p € Fix(9);

(i) If Zan(l — ) = 00 and Zﬁn < 00, then (x,)nen converges weakly to p €
n=1 n=1
Fix(T);
(i) If liminf o, (1 — a,) > 0 and liminf 8,(1 — 5,) > 0, then (x,)nen converges weakly
n—00 n—00
to p € Fiz(S) N Fix(T).

Here, we show an iterative method of Halpern’s type to approximate strongly fixed
points of a nonexpansive mapping 7' and a nonspreading mapping S. A crucial tool to
prove the strong convergence of our iterative scheme is the use of averaged type mappings
Ar and Ag which have a regularizing role.

Theorem 5.0.14. Let H be a Hilbert space and let C' be a nonempty closed and convex
subset of H. Let T : C — C' be a nonexpansive mapping and let S : C — C be a
nonspreading mapping such that Fix(S) N Fix(T) # 0. Let Ar and Ags be the averaged
type mappings, i.e.

Ar =(1=00)I+40T, As = (1—=0)I+4S,4 € (0,1).
Suppose that (o, )nen is a real sequence in (0,1) satisfying the conditions:

1. lim o, =0,
n—oo

o0
2. g o, = 00.
n=1

If (Bn)nen is a sequence in [0,1], we define a sequence (T,)nen as follows:

T € C
Tpi1 = apu+ (1 — ) [BnArx, + (1 — B,)Asx,], neN.
Then, the following hold:
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(i) If Z(l — Bn) < 00, then (x,)nen converges strongly to p € Fix(T);

n=1

(i1) [fZﬁn < 00, then (T,)nen converges strongly to p € Fix(S);

n=1

(i5i) If liminf 5,(1 — B,) > 0, then (x,)nen converges strongly to p € Fix(T) N Fiz(S).
n—oo

Proof. We begin to prove that (x,),en is bounded.
Put
Up = BnAr + (1 — 5,)As. (5.2)

Notice that U, is quasi-nonexpansive, for all n € N.
For ¢ € Fiz(T) N Fiz(S), we have

[Znir =gl = llom(u =) + (1 = an)(Unzn = )
< amflu = gll + (1 = an)[|Unzn — gl
< anflu = gll + (1 = an)llzn — 4| (5:3)

Since
|21 — ql| < max{|lu —ql|, [[z1 —qll},

and by induction we assume that

[z — qll < max{|[u —q], [lz1 — qll},
then
anllu = gl[ + (1 — o) max{||lu — gl|, |1 — q|}

apmax{|[u —qlf, |z = gll} + (1 = ) max{fu — g, [l — gl[}
max{|lu — gl [[1 = qll}-

[zn+1 — qll

VARVAN

Thus (2,)nen is bounded. Consequently, (A7z,)nen, (As®n)nen and (U,z,)nen are
bounded as well.
Proof of (i) We introduce an auxiliary sequence

Zne1 = apu + (1 — o)Az, n €N

and we study its properties and the relationship with the sequence (z,)nen-
We shall divide the proof into several steps.
Step 1. lim |z, — z,|| = 0.
n—oo
Proof of Step 1. Observe that

lim ||zp41 — Arx,|| = lim ay|ju — Arx,|| = 0. (5.4)
n—00 n—00
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Then we get

1znt1 = Znall = flowmu + (1 = @n) Apzn — anu = (1 = an)Uz, |
(1 — o) || Aray — Uzy||

(1 — ap)||Arzy — BpArz, — (1 — Bn)Aszy||
= (1= )1 = B)l[Arzy, — Asz].

Since Z(l — B,) < oo, we have

n=1

lim ||z, — z,|| = 0.
n—oo

So, also (2, )nen is bounded.
Step 2. lim ||z, — Arz,| = 0.
n— oo
Proof of Step 2. We begin to prove that lim |z, — Txz,| = 0.
n—oo
Let p € Fiz(T) = Fiz(Ar). We have

|2n+1 — pH2 = Jlayu+ (1 —an)(1 =)z, + (1 — ay)dTx, — sz
(1 = an)d(Txy — ) + 20 — p| + i (u — xn)“2
(1 — )6(Txy — ) + 20 — pl|?

20, (U — Ty, Zpy1 — P)

(1- O‘n)252“Txn - xn||2 + l|lzn — p”2

2(1 — )0y, — pyxy — Ty)

200 [|u — 2| [|zn1 — P

(1- O‘n)252’|xn - Txn”2 + l|lzn — p”2
(I=T)p=0) — 21 —an)d{xyn—p,({ =T)zy — (I —T)p)

( by Lemma 1.6.22)

VAN SR VAN

+

+ 20]ju — 2, ||| 2041 — D]

(by Lemma 1.6.9) < [l — pl* + (1 = a0)?0 |2 — Tz, ||?
— (1= a)d|(I = T)a, — (I —T)p|?
+ 204 |lu =z |||| 2041 — Pl

= Jzn —pl* = (1 = an)d[l = 6(1 — )] [lwn — Ty

+ 2an”“ - mn,‘||zn+l - p”
and hence
(1= an)d[l = 6(1 — ap)]|lzn — TanQ — 2an||u =z ||| 21 — Dl

< Al =plI* = llznr — plI*
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Set
Ly = (1= 0a,)d[1 = (1 = ap)l|zn — Tal|* = 200 [lu — ][l 2041 — pll;

let us consider the following two cases.
a) If L, <0, for all n > ng large enough, then

(1= an)o[l = 6(1 = an)]llzn — Tal* < 200w — 24| 2041 — p.

So, since lim a,, =0 and lim (1 — a,)d[1 — §(1 — )] = 6(1 = §),

n—oo n—0o0

lim ||z, —Tz,| =0.
n—oo

b) Assume now that that there exists a subsequence (L, )yen 0of (Ly)nen taking all
its positive terms; so L,, > 0 for every k € N, then

0 < Ln, < [l@n, = plI* = 201 — pII* (5.7)

Summing (5.7) from k£ = 1 to N, we obtain

N N-1
Sl = low =P+ D (Foness = 2l = lzmss = #l) = g1 = ol
k=1 k=1
N—-1
< Jloms =l + D (Iomers = 2l + l2ness = 2l gt = 2o
k=1
< o, — ol
N-1
by (5:3) + (1= )= Bu) ([t = Pl + Nomss = pl) [ Aran, = Asn|
k=1

S pH2+KZ — By

where K= supey {21 = 2l + lznger = pIDI AT, — Aswn, ||}
Since Z — Bp,) < 00,

Z 1 o ank 1 - 5(1 - ank)]Hxnk B T$nk||2 - 2ank||u - xnk”“’znk"rl _pH) < 0.
k=1

Thus,

lim (1 = o, )0[1 = 6(1 = )|z, = Tn,I* = 200, [lu = 2, [[12n, 0 — pll) =

k—o0
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and since lim a,, = 0 and lim (1 — a,, )d[1 — 0(1 — )] = 6(1 — 0), also in this case

k—o00 k—o00
we get

lim ||z, — Tz, || = 0.
k—o0

Since the remanent terms of the sequence ||z, — Tz, || are not positive, from the case a)

we can conclude that

lim ||z, — Tz,| = 0.
n—oo
Consequently,
lim ||z, — Arz,|| = lim ||z, — (1 —0)x, — 0T x,||
= lim 0|z, — Tx,|| = 0.
n—oo

Furthermore, from (5.6) and (5.8) and

||Zn - an + ||xn - ATan + HATxn - ATZn”

|20 — Tl + |70 — Apz, || + (|2, — 24|

HZn - ATZn” <
<

we get

lim ||z, — Arz,|| = 0.
n—o0

Now, define the real sequence

tn = l|zn — Arza||, n€N.

Let z;, € C be the unique fixed point of the contraction V;, defined su C by

Vi, x = tyu+ (1 —t,)Arx.
From Browder’s Theorem, lim z;, = py € Fiz(Ar); now we prove that:
n—oo
Step 3. limsup(u — po, 2, — po) < 0.

n—oo

Proof of Step 3. From (5.11), we have

2, — Zn = tp(u— z,) + (1 —t,)(Arze, — 2n)-
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We compute

2, — 2all® = lltu(u = 20) + (1 = tn) (Ar2r, — 20)|°

(by Lemma 1.6.22) < (1 —t,)?||Arzr, — 2n|® + 2ta{u — 20, 20, — 2n)
< (1= t)2 (| Arze, — Arznll + || Azza — 20ll)”
+ 2t (u — 2z, 21, — 2n)
= (1—t.)*[|lArze, — Arzal)® + | Ar2zn — 20
+ 2| A7z, — z|l|| Arze, — Arzal]
+ 2t,(u— 2z, 21, — Zn) + 2tn {21, — Zny 21, — Zn)

(A7 nonexpansive) < (1 —t,)[||z, — 2al® + [[ A7z — 20
+ 2| Arz, — zalll20, — zall]
+ 2tallze, — zall® + 2t {u — 21, , 20, — 2n)
= (L4120, — 2l
+ HATZn_ZnH(”ATZn_ZnH +2||Ztn _ZnH)
+ 2t (u— 2, 2, — Zn)-

Hence
(u—zy,,2n — 2,) < %Hztn — 212

- ”AT"';t—_z””(nATzn — 2ol + 22, — zal)-

From (5.10) and by the boundedness of (z;, )nen, (2n)nen and (Azzy,)nen we have

lim sup(u — 2, 2, — 2t,) < 0. (5.12)
n—o0
Furthermore,
(U= 2, 20 = 2t,) = (U= D0, 20 — 2t,) T (P0 = 2,5 Zn — 21,)
= (u—"po,2n — Po) + (U — Po; Po — 2t,) + (Po — 2t Zn — Z1,,)
(5.13)
Since lim 2z, = py € Fiz(Ar), we get
n—oo
lim (po — 2t,,, 2n — 21,,) = lim (u — po, po — 21,) = 0. (5.14)
n—o0 n—oo

We conclude from (5.12), (5.13) and (5.14)

lim sup(u — po, 2, — po) < 0. (5.15)

n—o0
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Step 4. (z,)nen converges strongly to py € Fix(T).
Proof of Step 4. We compute

2041 — pol|?
(by Lemma 1.6.22)

(A7 nonexpansive)

(by (5.5))

+ N+ +IN+ + +F I+ + A+ IANIANIA

lev (1 = po) + (1 — ) (Ara, — po)||*

(1 — an)?||Arzn — pol|* + 20 {u — Do, Zns1 — Po)

(1 = an)l[zn = pol|* + 20 (u — po, 2041 — po)

(1= an) (2w = zall + 120 = poll)’

200, (U — Po, Znt1 — Po)

(1 —an)lzn — Zn||2 + (1= ay)llzn — pOH2

2(1 — an)|an — znlll[2n — pol|

200, (U — Po, Znt1 — Po)

(1= an)llzn — pol®

(1 —an)(1— O‘nfl)Q(l - anl)ZHATxnfl - Asl’n—lHQ
2(1 = o )(L = 1) (1 = Bt [Ar@n—1 — Aszn—1]|l|zn — pol|
200, (U — Po, Znt1 — Do)

(1= an)llzn — poll* + (1 = Bn1) [|[Apan—1 — Asn|?
2(1 = B[ Arxn1 — Asznall[lzn — poll

200, (U — Po, Znt1 — Do)

(1= an)ll2n = poll® + M (1 — Bur)

2an<u — Do, Zn+1 — p0>a

where M := sup,,cy {||ATa:n_1 — Asp_1||* + 2| A1 — Aszn_1]|||zn — p0||}.

Since by hypothesis Z o, = oo and Z(l — f,) < 00, from (5.15) we can apply Lemma

n=1 n=1
1.5.1 and conclude that
lim ||z,41 — pol| = 0.
—00
By lim ||z, — z,|| = 0, we have
n—oo
lim ||z, — po|| = 0.
n—o0
Hence, (x,)nen converges strongly to py € Fix(T). O]

Proof of (ii)

Again we introduce an other auxiliary sequence

Spi1 = ot + (1 — ) Agy, (5.16)
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and we study its properties and the relationship with the sequence (z,,)nen.
Recall that Ag = (1 —§)I + 45, with § € (0,1).
We shall divide the proof into several steps.

Proof. Step 1. lim ||z, — s,| = 0.
n—oo
Proof of Step 1. We observe that

lim ||sp41 — Aszy| = lim a, [Ju — Agz,|| = 0. (5.17)
n—00 n—00
We compute
|Zni1 = snall = flanu+ (1= a)Uzp — au — (1 — o) Ay ||

(1 —a)||Ux,, — Asxy||
(1 - an)”ﬂnATxn + (1 - ﬁn)AS:Cn - AsmnH

= (1 — an)BnllArz, — Aszy,||. (5.18)
Since Y7 | B, < 00,
lim ||z, — s,|| = 0. (5.19)
n—oo

This shows that also (s,)nen is bounded.
Step 2. lim ||z, — Asz,|| = 0.
n— o0

Proof of Step 2. We begin to prove that lim ||z, — Sz,|| = 0.
n—oo

Let p € Fiz(S) = Fiz(As). We compute
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[$n+1 _pH2 = |lanu+ (1 —a,)(1 = 0)x, + (1 — an)dSz, — p“2
1[(1 = an)d(Szn — ) + Tp — p] + an(u — xn)Hz
(1 — ,)6(Szy — 2,) + 2, — p|?

200, (U — Xy, Spi1 — D)

(1- O‘n)252“‘sxn - anQ + ||z, — p”2

2(1 — a)0(xy, — p, &y — Sy)

200 [|u = zp|||$n41 — |

(1- O‘n)252”xn - an”Q + ||z _pH2

(I =5p=0) — 2(1—an)d{zy—p,I = S)zs— (I = S)p)

200 [|u — zp|||$ns1 — |

(by Lemma 1.6.11) < flz — pl|* + (1 = o) 0% ||z — S|

( by Lemma 1.6.22)

I IAN + IA

+

+

~ ol {n(l e — (I — S

1
= 5 (1w = ol 41 - 5012

+ 20n[lu =yl llsna1 —pl

= Hxn_pHQ‘{'(l_O‘n)252||$n_SmnH2

— (L= ag)dllen = Sz||* + 205 [[u — @[l sns1 = b
= Jlon = pl* = (1 = ag)d[1 = 0(1 — a)]l|lwn — Sz *

+ 2an|u — 2, [[|$n+1 — p|
and hence
(1= 0n)d[1 = 6(1 — a)]llzn — Szall” = 20 lu — 24 l|| 5011 — Pl
< lan = pl* = l[sn1 — 2l

Set
L,=(1- O‘n>5[1 —0(1— an)]”‘rn - Smn||2 - 2an”u - "EnH”Sn—i—l - pH;

let us consider the following two cases.
a) If L,, <0, for all n > ng large enough, then

(1= an)o[1 = 6(1 = an)]llzn — Szal* < 20l — 2| [[sn1 — pll-

So, since lim «a,, =0 and lim (1 — a,)d[1 — §(1 — )] = 6(1 = 6),

n—o0 n—o0

lim ||z, — Sz,| = 0.
n—oo
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b) Assume now that there exists a subsequence (L, )ren Of (Ly)nen taking all its
positive terms; so L,, > 0 for every k£ € N, then

0 < L, < ll2n, = plI* = lIsn1 = plI* (5.20)

Summing (5.20) from k£ =1 to N, we obtain

N N—-1
ZLnk < ||{L‘n1 _pH2 + Z (”xnk‘f'l _pH2 - ||Snk+1 _p”2) - ”SnN-i-l _p”2
k=1 k=1
N-1
< llany = 2P+ ) (lner = 2l 4 Isner = pl) 1,1 = Smyea
k=1
< lwn, —pll?
N-1
(by(5.18))  + > (1= ) B, (Insr = I+ 501 = pI) [ Arn, — Asn, |
k=1
N-1

S ||xn1 _p||2+KZBnk7
k=1

where K = suprey { ([[#n+1 = Pl + I8n,41 = pID | AT20, — Aszy, |1}
Since Zﬁnk < 00,
k=1

D (1= )oll = 0(1 = an)llln, — S|P = 200, u = 2o | sn1 = pll) < 0.

00
k=1

Thus,

lim ((1 - ank)5[1 - 5(1 - a”k)]”'xnk - ankHQ - 2ank||u - xnk||||snk+1 _pH) = 07

k—o00

and since klim a,, = 0 and klim (1 — ay, )0l —0(1 — ay, )] = d(1 —0), also in this case
— 00 —00
we get

lim ||z, — Sz, || = 0.
k—o0

As in i), we can conclude that

lim ||z, — Sz,| = 0.
n—oo
Consequently,
lim ||z, — Agz,|| = lim ||z, — (1 =)z, — ISz,
n—o0 n—oo
= lim 6|z, — Sz,|| = 0. (5.21)
n—oo
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Moreover, from (5.19) and (5.21),

lim |[sn — Agsn|| = lim 8|[s, — Ssn|| = 0.
n—oo n—oo

Step 3. limsup <u — Ppig(s)U, Sp — Ppix(s)u> <0.
n—oo
Proof of Step 4. We may assume without loss of generality that there exists a subsequence

(8n;)jen Of (Sp)nen such that s,, — v and

limsup (u — Priysyt, $n — Prizsyu) = jlim (u = Ppig(s)U, Sn; — Pris(syu)
n—o00 S

= (u — Prig(s)t, v — Prig(s)u)
Since lim ||s, — Ss,|| = 0 and from I — S is demiclosed at 0, v € Fiz(S) = Fiz(Ag).
n—oo
Then by (1.3), we have

lim sup <u — Priz(s)t, $p — Ppw(g)u> = <u — Prig(syu,v — Ppm(g)u> <0. (5.22)

n—oo

Step 4. (s,)nen converges strongly to Ppig(s)u.
Proof of Step 5. We compute

I

|otn (U = Prig(syu) + (1 — o) (As®y — Prizs))
(1 = an)?[[Aszn — Prigs)ull®

200, (U — Ppig(s)U, Snt1 — Pria(s)u)

(1= an)l|zn — Priosyull®

200, (U — Ppig(s)U, Sn41 — Pria(s)u)

(1= a)(llzn = sull + lIsn = Prussyull)*

200, (U — Ppig(s)U, Snt1 — Pria(s)u)

(1 —an)llzn — Sn||2 + (1 —an)llsn — PFix(S)UH2
2(1 — ap)[|zn, — snl|llsn — PFix(S)u”

200, (U — Ppig(s)U, Snt1 — Pria(s)u)

(1= an)llsn — Prissyul|?

(1 —an)(1— O‘n—l)2 Z—l”ATxn—l - Asxn—le
2(1 — an)(1 — ape1) B |Arzn—1 — Astp1|||$n — Priz(syu||
200, (U — Ppig(s)U, Snt1 — Pria(s)u)

(1 = aw)lsn = Prizsyull® + Ba-all Aran—1 — Aszna|?
2Bn-1l|Arzn-1 — Astn-1||llsn — Priz(syul|

200, (U — Ppig(s)U, Sn1 — Pria(s)u)

(1 —an)||sn — PFiﬂn(S)uH2 + M B,-1

Qan<u — PFi:r(S)ua Sp+1 — PF@I(S)”)?

||Sn+1 - PF’LI(S)UHQ
(by Lemma 1.6.22)

(As nonexpansive)

by (5.18)

+ N+ +IN+ + +FIN+ + AN+ IN F+ N+ DA
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where M := sup, ey {||Ar@n—1 — Aszn_1|* + 2| Aran1 — Aszp_i||[sn — Prissyull}-
Since Zozn = oo and Zﬁn < o0 and from (5.22) we can apply Lemma 1.5.1 and we
n=1

n=1

conclude that

lim ||s,41 — Prizsyu|| = 0.
n—oo

S0, (Sn)nen converges strongly to Ppiysyu € Fiz(S). Since lim ||z, — s,|| = 0, we have
n—oo
lim HCCTL — Ppm(s)uH = O,
n—oo

i.e. (@p)nen converges strongly to Ppiysyu € Fix(S). O

Proof of (iii)

Proof. Let q € Fix(S)N Fix(T).
Since in this last case, the techniques used in i) and ii) fail, we turn our attention on the
monotony of the sequence (||z, — ¢||)nen. We consider the following two cases.

Case 1. ||z,41 — ¢|| < ||zn — ]|, for every n > ng large enough.

Case 2. There exists a subsequence (||2,, — q||)jen of (|7 — ¢l[)nen such that

||xnj —q|l < ||$nj+1 —q|| for all j € N.

Case 1. lim ||z, — ¢ exists finite and hence
n—o0
Jim (2 — gl [l — ql}) =0. (5.2)

We shall divide the proof into several steps.
Step 1. lim ||z, — Agz,|| = 0.

n—oo
Proof of Step 1. Consider

Tpi1 = auu+ (1 — )b, (ATxn +(1- Bn)Agxn). (5.24)
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We compute

18u(Arzn — q) + (1 = Ba)(Aszn — OI* = BullArz, — gl
+ (1= Ba) | Aszn — qff?
— Bl = B Arn — Agnl|?
(A7 nonexpansive and by (1.25)) < Bullz, — ¢|* + (1 = B) ||z — ¢l
— (1= 8)(1 = 0)||zn — Asz,|”
- Bn(l - 6n)||ATxn - ASZEn||2
= lzn —ql? = (1= 8,)(1 = §)[|2n — Asza|?
- ﬁn(l - Bn>||ATxn - ASQS"”2
We recall that U, = 8, Ar + (1 — B,)Ag.

So, we get

HUnxn—QHz < ”xn_‘JHQ_(l_ﬁn)(l_5)H$n_AanHz_6n(1_5n)HAT$n_AS$nH2'
(5.25)
We have

2011 _q||2 = [[Uptn — q+ ap(u — Unxn)||2
< Unwn = ql? + an(anllu = Unanl* + 2| Unzy — ql|lu — Upza)
(by (525)) < lza —qll* = (1 = Ba)(1 = 8) |20 — Asza|?
Bu(1 = Bl Aran — Agzn|| + an M, (5.26)

where M := sup {o,||u — Upz,|]* + 2||Unzn — g|||u — Upzy||}. From (5.26), we
derive "<
|z = all* < llzw = all* = (1= Ba) (1 = 0)l|2wn — Aszall® + anM,
hence
(1= Bu) (L = O)lzn — Aszal® < [z = gl* = 2 — ql* + an M. (5.27)

From (5.23) and lim o, =0, we get

n—o0

lim (1= B,)(1 = 8)]l2 — Asaal|?) = 0.

n—oo

Since liminf ,,(1 — ,,) > 0, we have

n—

lim ||z, — Asz,| = lim 6|z, — Sz,| = 0. (5.28)
n—00 n—00
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Step 2. lim ||Apz, — Asz,|| = 0.
Proof of g?eoz 2. Moreover, from (5.26), we also can derive

lznsr = gll* < llww = qlI” = Ball = Bu) | Ar@, — Aswal|* + 0 M,
hence

Ba(l = Ba)|[Arzn — Aswnll” < llzn — all* = lznss — all* + an M.

As above, we can conclude that

h_)m |Arz, — Agz,| = li_>m 0Tz, — Sz,| = 0. (5.29)
From (5.28) and (5.29), it follows that
lim ||z, —Txz,| =0. (5.30)
n—o0

Let F' = Fiz(T) N Fiz(9).

Step 3. limsup,, ., (v — Pru,x, — Pru) < 0.

Proof of Step 3. We may assume without loss of generality that there exists a
subsequence (,,;)jen of (2, )nen such that x,, — v and

limsup (u — Pru,z, — Pru) = lim <u — Ppu, oy, — Ppu>
n—o0 J—o0
= (u— Ppu,v — Ppu). (5.31)

By (5.30) and (5.28) and by the demiclosedness of I — T at 0 and of I — S at 0,
v e F = Fiz(T)N Fiz(S). Then we can conclude that

limsup (u — Pru, x, — Pru) = (u— Ppu,v— Ppu) <0.

n—o0

Step 4. (z,)nen converges strongly to Pru.
Proof of Step 4. We compute

|an(u — Ppu) + (1 — o) (Upzyy — PFU)H2

|Zns1 — Prul?

(by Lemma 1.6.22) < (1 — ay,)?|Unxn — Prul|®
+ 2a,(u — Pru,x,11 — Ppu)
(U, quasi-nonexpansive) < (1 — ay,)||z, — Ppul?
+ 20,(u — Ppu,x,1 — Pru). (5.32)

Since Z a, = 00, we can apply Lemma 1.5.1 and conclude that
n=1

lim ||z,+1 — Prul| = 0.
n—oo

Finally, (z,)nen converges strongly to Ppu.
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Case 2. Let ¢ = Ppu. Then there exists a subsequence (||z,, — Prul|)jen of (||2n — Pru||)nen
such that
|2n, — Prul| < ||#n;41 — Ppul| for all j € N.

By Lemma 5.33, there exists a strictly increasing sequence (my)geny of positive

integers such that klirn my = +oo and the following properties are satisfied by all
—00

numbers k € N:

|m, — Prul| < ||@me+1 — Pru|| and ||z — Ppul| < ||€m,+1 — Pru|l.  (5.33)
Consequently,
0 < Jim (lmes = Pl = 2, — Prul)
< limsup (lzns1 = Prull — [lzn — Prul])
(by (5.42)) < liﬁsogp (an”u — Prul| + (1 — a)||®n — Prul| — ||z, — Ppu||)
(a, > 0) = lim_}sup a (|lu = Ppul| = ||, — Prull) = 0.
Hence,
l}i{{}o (|41 — Ppul| = [|@m, — Prul|) = 0. (5.34)

As in the Case 1., we can prove that
lim ||z, — STm, || = im ||z, —TTm,| =0
k—o00 k—o00
and by the demiclosedness of [ — T at 0 and of I — .S at 0, we obtain that

lim sup (v — Pru, x,,, — Pru) < 0. (5.35)

k—o0

We replace in (5.64) n with my, then
mekJrl - pFuH2 < (1 - amk)mek - pFuH2 + 2amk<u — Pru, S PFU>
In particular, we get

W [|Tmy, = Prul® < |l@m, — Prull® = |2m,+1 — Prull®

<
+ 2ay,, (u — Ppu, Ty, 11 — Pru)
<

(by (5.33)) 20, (U — Ppu, T, 11 — Pru). (5.36)

Then, from (5.35), we obtain

lm sup |2, — Prull* < 2limsup(u — Ppu, ¥, 11 — Pru) < 0.
k—o0 k—o0
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Thus, from (5.33) and (5.34), we conclude that

limsup ||z — Prul|* < limsup ||z, 41 — Prul|* = 0,
k—o0 k—o0

i.e., (n)nen converges strongly to Pru.

5.1 Viscosity type method

If the constant vector u in the Halpern-type recursion formula is replaced by f(z,), where
f: K — K is a contraction, an iteration method involving the resulting formula is called
the wviscosity method. We make first the following remarks concerning this method.

Remark 5.1.1. The recursion formula with f(z,) involves more computation at each
stage of the iteration than that with v and does not result in any improvement in the
speed or rate of convergence of the scheme. Consequently, from the pratical point of
view, it is undesirable.

Remark 5.1.2. When a Theorem has been proved using a Halpern-type iterative formula
with a constant vector, say u, the proof of the same Theorem with u replaced by f(z,),
the so-called viscosity method, generally does not involve any new ideas or method. Such
a proof is generally an unnecessary repetition of the proof when the vector u is used.

Remark 5.1.3. The so-called viscosity method may be useful in other different iteration
processes, which involve for example, family of operators or combinations of different
operators as we shall see. But for the approximations of fixed points of a nonexpansive
operator, there seems to be no justification for studying it.

Given a nonexpansive self-mapping 7" on a closed convex subset C, a real number
t € (0,1] and a contraction ¥ on C, define the mapping 7; : C' — C by

Tix =t (x)+ (1 —t)Tz, ze€C.

It’s easy to see that T; is a contraction; hence T; has a unique fixed point which is
denoted by x;. That is, x; is the unique solution to the fixed point equation

The explicit iterative discretization of (5.37) is
Tpr1 = Q) (x,) + (1 —ay) Ty, n >0, (5.38)

where (ay,) € [0,1]. Note that these two iterative processes (5.37) and (5.38) have
Halpern iteration as special case by taking ¢(z) = w € C for any x € C. The con-
vergence of the implicit (5.37) and explicit (5.38) algorithms has been the subjects of
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many papers because under suitable conditions these iterations converge strongly to the
unique solution ¢ € Fiz(T') of the variational inequality

(I—=v)g,x—q) >0 Vae Fiz(T).

This fact allows us to apply this method to convex optimization, linear programming
and monotone inclusions.
G. Marino and L. Muglia in [46] considered a viscosity type iterative method:

20 € H, zpy1 = an(l — D)z + (1 — ) Wiz

where W, is an appropriate family of mappings and they proved the strong convergence
to the unique solution of the variational inequality (?7?) on the set of common fixed points
of a family of mappings.

Inspired by [46] and [48], in we introduce the following viscosity type algorithm

e’
Tp+1 = an([ - ,U/nD)xn + (1 - O‘n)[ﬂnT&%n + (1 - ﬂn)séxn], n e N7

where Ts = (1 —0)I + 0T, Ss = (1—9)1 +65, 6 € (0,1) are the averaged type mappings
with 7T is a nonexpansive mapping and S is a L-hybrid mapping and D is a [-strongly
monotone and a p-Lipschitzian operator.
The introduced iterative scheme is very interesting because some well known iterative
methods can be obtained by it.
For example, if p,, = p and D = I’T“, where u is the constant contraction, we obtain the
algorithm proposed in [48].
Instead, if we consider u,, = pand D = %, where f is a contraction, we have a viscosity
method

Tpi1 = O f(Tn) + (1 — an)[BuTszn + (1 — Bn)Ssan). (5.39)

For (, = 1 this scheme (5.39) was proposed by A. Moudafi in [45]. He proved the
strong convergence of algorithm (5.39) to the unique solution z* € C' of the variational
inequality

(I = flz*, 2" —2) <0, VreCl,

where f is a contraction, in Hilbert spaces.

In [42] Xu extended Moudafi’s results in a uniformly smooth Banach space. -
Moreover, for D = (I —~f), where f is a contraction with coefficient o and 0 < v < Z,
we have

Tp+1 = Opln + (1 - an)[BnTéxn + (1 - Bn)S(an]

where v, = pnyf(xn) + (1 — ).
If A: H — H is a strongly positive operator, i.e. there is a constant ¥ > 0 with the
property

(Az,z) >7||z||>, Vre€ H.
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and f is a contraction, we can take D = A — ~f that is a strongly monotone operator
(see, [52]).
In [47], [52], [35], the authors consider iterative methods approximating a fixed point
of nonexpansive mappings that is also the unique solution of the variational inequality
problem

(A—=~f)z",z* —2) <0, VreCl. (5.40)

(5.40) is the optimality condition for the minimization problem

1
Ixnelé’l §<ASL’7 I> o h(x))

where h is a potential function for vf, i.e., h'(z) = vf(z) for x € H.

Depending on the choice of controll coefficients «,, and ,,, we prove the strong conver-
gence of our iterative method to the unique solution of a variational inequality (?7) on
the set of common fixed points of 7" and S or on the fixed points of one of them. As
in [48], the regularization with the averaged type mappings plays a crucial role for the
strong convergence of our iterative method.

In all calculation below, (8,)nen C [0, 1] denotes a real sequence and U,, : C' — C
denotes the convex combination of T and S, i.e.

Un = ﬁnTéxn + (1 - 5n)56$m n € N.
Further we assume that
e Fiz(S)N Fix(T) # 0;

e (ap)nen C (0,1) a real sequence such that lim «,, = 0;
n—oo

e O(1) is any bounded real sequence;
e D: H — H is a -strongly monotone and p-Lipschitzian operator;
® (fin)nen is a sequence in (0, u) such that p < f)—fj.
We start with the two following Lemmas.
Lemma 5.1.4. Let (z,)nen be the sequence defined by
Tpr1 = (1 — D)z + (1 — ay) Upzy,

where

Then
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1. U, is quasi-nonexpansive for all n € N.
2. (Tn)nen, (STn)nen, (Txn)nen, (Sstn)nen, (Tsn)nens (Unn)nen are bounded sequences.

Proof. (1)
To simplify the notation, we set

By =1 — p,D. (5.41)

We observe that U, is quasi-nonexpansive, for all n € N, since Ty is a nonexpansive
mapping and Ss is a quasi-nonexpansive mapping.

@)

First we prove that (x,),en is bounded.

Moreover, we recall that B,, is a contraction.

For ¢ € Fiz(T) N Fix(S), we have

|01 —all = llon(Bazn —q) + (1 — ) (Unzn — q)|
< O‘n”ann - q” + (1 - an)HUnxn - q”
(Un quasi-nonexpansive) < || Bz, — gl + (1 — a2, — ¢
< || Bawy — Bugll + anl|Brg — qll + (1 — o) [lzn — 4|
(B contraction) < an(l = pn7) [0 — qll + o[ Bag — gl + (1 = o) || — 4]
= (I = anpn7)llzn — gl + anl| Bng — 4l
D
(by (5.41)) = (1 —anpa7)||zn —qll + OénﬂnTHT—QH (5.42)
Since 1Ddl
q
o =l < o { 20y — g1},
and by induction we assume that
| Dy
o~ all < meax { 1290,y — g
then
D D
st —all < max{ 28 oy = g+ 1220
T T
Dq Dq
< max {120, oy — g 4 ma {1221, o, - 1}

Dq
= Qmax{u, |z — qH}
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Thus (2, )nen is bounded. Consequently, (75, )nen, (Ss@n)nens (UnZn)nen and (B, )nen
are bounded as well.

Now, we prove our main Result.

Theorem 5.1.5. Let H be a Hilbert space and let C' be a nonempty closed and convex
subset of H. Let T : C'— C be a nonexpansive mapping and let S : C — C be a L-hybrid
mapping such that Fiz(S) N Fix(T) # 0. Let Ts and Ss be the averaged type mappings,
1.e.

T§:(1—5)1+5T, S5:(1—5)]+5S,5€<0,1)

Let D : H — H be a [-strongly monotone and p-Lipschitzian operator. Suppose that
(tn)nen 1s a sequence in (0, 1), p < i—é, and (o )nen 18 a sequence in (0, 1), satisfying
the conditions:

1. lim o, =0,
n—oo

2. lim 2% — o,

n—o0 I[/Ln

3. ianun = 0.
n=1

If (Bn)nen is a sequence in [0,1], we define a sequence (T, )nen as follows:

x| € C
Tpi1 = (I — pp D)y + (1 — ) [BnTsn + (1 — B)Ssxn], n € N.
Then, the following hold:

(i) If Z(l — Bn) < 00, then (z,)nen converges strongly to p € Fix(T) which is the
n=1
unique solution in Fix(T) of the variational inequality (Dp,p — z) < 0, for all
x € Fix(T).

(1) [fZBn < 00, then (zp)nen converges strongly to p € Fix(S) which is the unique
n=1
solution in Fix(S) of the variational inequality (Dp,p—x) < 0, for all x € Fiz(S).
(117) If iminf B, (1 — B,) > 0, then (x,)nen converges strongly to py € Fix(T) N Fix(S)
n—oo

which is the unique solution in Fix(T) N Fix(S) of the wvariational inequality
(Dpo,po —x) <0, for all x € Fiz(T) N Fiz(9).
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Proof. Proof. of (i)
We rewrite the sequence (z,11)nen as

Tptl = OéanZL'n + (1 - an>T5xn + (1 - Bn)Enu (543)

where E,, = (1 — a,)(Ssx,, — Tsz,,) is bounded, i.e. ||E,| < O(1).
We begin to prove that lim ||z, — Tsx,| = 0.
n—oo

Let p the unique solution in Fiz(T) = Fixz(Tys) of the variational inequality
(Dp,p—1x) <0, Vze Fiz(T).
We have

et Bun + (1 = ) (1 = 8)a + (1 — )0Tx, + (1 = o) E — Bf?
I(1 = an)d(Tn — 20) + 2n = D] + [an(Bnn — 20) + (1 = B,) Eu]|I”
1(1 = n)o(Txy — 20) + 20 — B

2{a,(Bpzy — o) + (1 — Bn) En, Tny1 — D)

11 = )d(Tzy — xn) + 20 — B

20, (Bpxy — Ty i1 — P) + 2(1 — Bo)(En, Tpi1 — P)

(1 = )| T2n — za|* + [lz — B

2(1 — an)0(xy, — Py xy — Ty)

20| Buzn — wn|l|wne — DIl +2(1 = Bl En |01 — Dl

[z =Bl + (1 = an)?6%||n — Ty

— (1= an)8||zn — Tan|)* + 2, O(1) + (1 — B,)O(1)

= |, — ﬁ|l2 — (1 =)l = 6(1 — )] |z — Txn”Q

anO(1) + (1 = 5,)0(1)

2n+1 — Bl

( by Lemma 1.6.22)

[N+ I+ IA

IN +

(by (1.19))

+

and hence

0< (1= 0ap)d[l =6(1 — ap)llzn = Tzal* < lzg = DII° = [l#n —DII* +
+ a,0(1) + (1 - B)O(1).  (5.44)

We turn our attention on the monotony of the sequence (||z,, — P||)nen-
We consider the following two cases.

Case A. ||z,41 — P|| is definitively nonincreasing.

Case B. There exists a subsequence (z,, Jren such that

|Zn, — DIl < [|Zn,+1 — Pl for all k € N.
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Case A. Since (|2, —D||)nen is definitively nonincreasing, lim ||z, —p||* exists. From (5.44),
n—oo

n—00
n=1

0 < limsup

n—o0

< limsup
n—oo

lim «,, = 0 and Z(l — Bn) < 00, we have

(1= auolt = 301 = s, — 7o )

<Wm—ﬂV—W%H—ﬁW

+ a,0(1)+ (1 — ﬁn)0(1)> =0,

so, we can conclude that

lim ||z, —Tx,| =0,
n—oo
and
lim ||z, — Tsx,| = lim ||z, — Tx,| = 0. (5.45)
n—o0 n—oo
Since lim ||z, — Tx,|| = 0 and from I — T is demiclosed at 0, we can use Lemma
n—o0
1.5.2 (i), so we get
lim sup(Dp,p — z,,) < 0. (5.46)
n—oo

Finally, we prove that (z,)nen converges strongly to p.

We compute

|2n+1 = BI?
(by Lemma 1.6.22)

(Ts nonexpansive)

(B,, contraction)

(Bp := (1= pnD))

IN + + IN + IN + IAN + INIA

+

|atn(Brayn — ) + (1 — o) (Tszn — D) + (1 — Bn)EnHQ
(1 — ) (Ts2y — ]_9)||2

2((1 = Bu)En + an(Bpzy — D), Tns1 — D)

(1 = )| Tsn — BII* + 200 (Bnn — B, Tns1 — P)
(1-5,)0(1)

(1 — an)?||zn — DII* + 200 (Bpn, — BuP, Tpi1 — D)
20, (BnD = D, Tpia1 — p) + (1 = 3,)O(1)

(1 = an)?[|lzn — BII°

20 (1 = pn7) |20 = Pl |#ns1 = DI

20 (BpP — D, Tna1 — D) + (1 = B,)O(1)

(1 = an)?[|lzn — BII°

(1 = pn7) 120 = DI* + [|2011 — P12
2an#n<DZ_97 Tp+1 — p> + (1 - Bn)O(l)?
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Then it follows that

fowes =gl < AT Oy, g
1 (ia—n[:;ﬂan (DP: &ni1 = D)
1B,
+ 1-(1- iﬂ)ano(l)
< I el
1 (iOﬁI/:LZT)an (DP: nt1 = P)
+ =0 on)+ , 0(1)

1— (1= ppm)ay, 1— (1= pp7)v,

20 Tt 2
< 1 — n—
< (- oo Yl -l

20 Tt 1, _ Qp,
— —(Dp, Tps1 — 1
1- n
+ a O(1)

1 — (1= ppm)ay,

Notice that by
2 T v,

li =0
nhoe 1 — (1—ppr)a,

it follows that

20, T,

0< 1— (1= ppr)a,

<1, definitively.

Moreover, using Zan,un = 00, Z(l — Bn) < 00, (5.46) and lim n _ 0, we can

n—oo lu’TL

n=1 n=1
apply Lemma 1.5.1 and conclude that
lim [|z1 — 71| = 0.
n—oo

Case B. There exists a subsequence (x,, )ren such that
%0, — Pl < ||Zngs1 — || for all k € N.

Then by Maingé Lemma 5.33 there exists a sequence of integers (7(n)),en that it
satisfies
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a) (7(n))nen is nondecreasing;

(
(

)
b) lim 7(n) = oc;
n—ro0
(©) lerm) =Pl < ll@rm+1 = DI;
(d) [lzn =Pl < 741 — DIl
Consequently,

n—oo

0 < liminf (H:cT(n)H =Dl = llzrm) —T?H)

< limsup (Hl‘T(n =PIl = |z7(m) — Dl
n—oo
< limsup (Han —pll — l|zn —I_?H)
n—oo
(by (5.43)) = limsup (||Ozn (Bpan — Tsan) + Tsxy — D+ (1 = Bo) Enll — ||z _1_9||>
n—oo

(Ts nonexpansive) < limsup (anO(l) + ||len — P+ (1 — 5,)01) — ||z, — 2_9”) =

n—oo

SO

n—oo

i (741 = 7l = o ~ 71 ) =0 (5.47
By (5.44), we have

O S (1 — aT(n))5[1 — 5(1 — O"r(n))]er(n) — TJIT(n)HQ
< ey = BI* = [#rye1 = BII° + @nO(1) + (1 = Br))O(1),

A

from (5.47), lim «,, = 0 and Z (1—5,) < oo we get

n—00
n=1

lim ||z — T2l = 0. (5.48)

n—oo

By (5.48), as in the Case A, we have

thUP<D1_9»ﬁ - x‘r(n)> <0
n—oo
and
lim H"ET (n) —pll =0;

n—oo

then, in the light of property (d) of Maingé Lemma 5.33 and (5.47) we conclude
that

lim ||z, —p| = 0.

n—o0
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Proof. of (ii)

Now, we rewrite the sequence (z,11)nen as

Tp41 = Oéan.Tn + (1 - Oén>S6$n + BnEna (549>

where E,, = (1 — a,)(Tsx, — Ssx,,) is bounded, i.e. ||E,| < O(1).
We begin to prove that lim ||z, — Ssz,| = 0.
n—oo

Let p the unique solution in Fixz(S) = Fix(Ss) of the variational inequality (Dp,p —
x) <0, for all x € Fiz(S). We have

lnes = BI* =

( by Lemma 1.6.22) <
_|_
<
+
<
+

(by 1.22) <
and hence

e Bun + (1 — ) (1 = 8)y + (1 — 2)3S2, + BBy — Pl
H[(l - an)5(51’n - xn) + Ty _ﬁ] + [O‘n(ann - l‘n) + BnEn]Hz
11 = an)d(Sxn — 20) + 0 — PII°

2{an(Bpxy — ) + BnEny Tnv1 — D)

[(1 = )d(Szn — ) + 20 — fﬂ|2

200, (Bpy — Ty Tpi1 — P) + 260 (En, T — D)

(1- O‘n)252||sxn - xn||2 + lzn — ﬁ”Q

2(1 — an)0(xy, — P, Ty, — Sxy)

a,0(1) + 5,0(1)

|z — ]/9\”2 +(1— an)252”‘73n - SmnHQ

(1 — an)dl|x, — Szu|]* + @, O(1) + B,0(1)

Iz = BII* = (1 = a)d[1 = 6(1 — )]l — Sz ®

a,O(1) + 5,0(1)

0< (1= )0l =8(1 = aw)]llzn — Szall® < Naw = PII* = [lwnss — PI* +

+ a,0(1) + B,0(1). (5.50)

Again, we turn our attention on the monotony of the sequence (||z,, — pl|)nen. We con-
sider the following two cases.

Case A. ||z,41 — p|| is definitively nonincreasing.

Case B. There exists a subsequence (z,, )ken such that

|Zn, — DIl < [|Zn,+1 — P for all k € N.
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Case A. Since (|2, —P||)nen is definitively nonincreasing, lim ||z, —p||* exists. From (5.44),
n—oo

Case B.

lim «,, = 0 and Zﬁn < 00, we have

n—00
n=1

0 < limsup ((1 —0y,)0[1 = (1 — )] ||y, — anHQ)

n—oo

n—oo

< limsup (||xn —DI> = |1Znss — DI

+ a,0(1) +5n0(1>> —0,

hence
lim ||z, — Ssz,|| = lim d||z, — Sz,|| = 0. (5.51)
n—oo n—oo
Since lim ||z, — Sx,|| = 0 and from I — S is demiclosed at 0, we can use Lemma
n—oo
1.5.2 (i) and we have
lim sup(Dp,p — z,,) < 0. (5.52)
n—oo

Finally, we can prove that (z,),en converges strongly to p as in the proof (7).

Using Zan,un 00, Zﬁn < 00, (5.52) and lim n 0, we can apply Lemma

1 n—oo /’LTL
1.5.1 and conclude that
im0~ 5] = 0.

There exists a subsequence (x,, )ken such that
|Zn, — Dl < ||Tn,+1 — P|| for all & € N.

Then by Maingé Lemma there exists a sequence of integers (7(n))nen that it satisfies

(a) (7(n))nen is nondecreasing;
(b

lim 7(n) = oo;
n—oo

)
)
(©) [z =PIl < l#zmy+2 = PlI;
(d) flzn =PIl < 742 = PII-
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Consequently,

0 < hminf(HxT(n)H—ﬁH—er(m—m)

n—o0

< limsup <||:UT m)+1 — DIl = |zrn) —ﬁ”)
n—oo
< limsup (||xn+1 Pl — llzn —ﬁ”)
n—oo
(by (5.49)) = limsup (||an (Bpxy, — Ssxn) + Ssy — D+ BBy — ||2n _ﬁH)
n—oo

(Ss quasi-nonexpansive) < limsup (anO(l) + ||zn — Pl + 8,O(1) — ||z, — 1/9\||> =0

n—oo
SO
i (o1 =1 = vy = 71) =0 (5.59)

By (5.50), we obtain

0 < (1= crmw)d[l =01 = cri)l|rimy = Strmy*

<
< M) = BI” = 2y = BI” + 00 O(1) + B O(1),

from (5.53), lim «a, =0 and Zﬁn < o0 we get
n—oo

n=1

lim ||2;) — S| = 0. (5.54)

n—oo

By(5.54), as in the Case A, we get

lim Sup<Dﬁ7ﬁ_ mT(n)) < Oa

n—oo
and

lim ||z-@m) —pl| =0,

n—oo

then, from property (d) of Maingé Lemma and (5.53) it follows that

lim ||z, — p|| = 0.
n—oo
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Proof. of (iii) We recall that the sequence (Z,11)nen is defined as
Tpi1 = @ Bpx, + (1 — a,) Uy, (5.55)

where U,, = 5, Tsx, + (1 — 5,)Ssx,, .
We first show that lim ||z, — Tsx,| = 0 and lim ||z, — Ssz,|| = 0.

Let pg € Fixz(T)NFix(S) is the unique solution of the variational inequality (Dpg, po—
x) <0, for all x € Fiz(T) N Fiz(S). We compute

|Unzn — p0”2 = |[|Ba(T52n — po) + (1 — Bn) (Sszn — pU)H2
( by Lemma 1.6.22) = B.||Tszn — pol|* + (1 — Bu) || S5 — pol|?
— Bu(l = B) || T52 — S5xn||2
(Ts nonexpansive and by (1.25)) < Bullzn — poll* + (1 — Bo)||lzn — pol|?
(1 - /Bn)(l - 5)”1% - SéanQ
— Bu(l = Bu)||T57, — S5an2
= [Jzn —poll* = (1 = B)(1 = )[|l2n — S5z ”
Ba(1 = B Tszn — Ssa?.

So, we get

HUnxn _pOH2 < Hxn _pOH2 —(1- 5n>(1 - 5)”1% - SéanQ - ﬁn(l - ﬁn)HTéxn -5 5$n||2'
(5.56)
We have

|UnZn — Do + atn(Bnrn — Unxn)Hz

< |Unzn — pOH2 + an (| Bon — Unxn||2 + 2[|Unxs — polll| Bnn, — Unal|)
< N Unzn = poll” + a,0(1)

< lwn = pol* = (1 = Ba) (1 = 8) ||z — S5z ®

— Bu(1 = Bo)||Tszn — Ssanl? + 0, O(1), (5.57)

H5’3n+1 —po“2

(by (5.56))

From (5.57), we derive
(1= B)(1 = 0)llzn — Sszall® < llzn — poll* = lzas1 = poll* + @ O(1). (5.58)
and
Ba(1 = Ba)l| Tswn — Ss2all® < |z = poll* = |20s1 = poll* + 0nO(1). (5.59)

Now, also we consider two cases.
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Case A. ||z,41 — pol| is definitively nonincreasing.

Case B. There exists a subsequence (z,, )ren such that

|z, — poll < |€n,+1 — pol| for all k € N.

Case A. Since (||, — pol|)nen is definitively nonincreasing, lim ||z, — pol/* exists. From
n—oo

(5.58), lim a,, = 0 and since liminf 3, (1 — £,) > 0 we conclude
n—oo n—oo
lim ||z, — Ssz,|| = lim §||z, — Sz,|| = 0. (5.60)
n—oo n—oo

Furthermore, from (5.59) we have
lim || S5z, — Tsx,| = lim 6||Sz, — Tx,|| = 0; (5.61)
since
|20 = Tanl| < llzn — Sall + [|Szn — Tza,
by (5.60) and (5.61) we obtain
lim ||z, — Tsx,| = lim 6|z, — Tx,| = 0. (5.62)
n—oo

n—o0

By (5.62) and (5.60) and by the demiclosedness of I — T at 0 and of [ — S at 0,
we can conclude using Lemma 1.5.2 (i7)

lim sup (Dpy, po — z,,) < 0. (5.63)

n—oo

Finally, (x,)nen converges strongly to py.

We compute

||an<Bn$n - pO) + (1 - an)(Unxn - p0)||2

12041 = pol?

(by Lemma 1.6.22) < (1 — a,,)?||Upzn — pol?
+ 20, (Bnn — Po, Tnt1 — Po)
= (1- O‘n)2”Unxn - pOH2
+ 20 (Bpn — Bupo, Tni1 — po) + 200 {Bppo — Po, Tnt1 — Po)

(U, quasi-nonexpansive) < (1 — ay,)?||z, — pol?
(B, contraction) + 2a,(1 — pn7)||zn — polll|Tns1 — pol|

+ 20, (Bnpo — Po, Tnt1 — Po)

(Bp:=(1-wD) < (1 _O‘n)2|lxn_p0”2+an(1 — pnT) ([0 —p0||2+ |Tnt1 —p0||2)

2@nljln<Dp07 Tn+1 — p0>
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Case B.

Then, it follows that

1—(1—Mn7)@n

241 = pol* < - II% poll®

20, iy,
_ D il —
1—(1— MnT)Oén< Po; Tnt1 — Do)
1 - (1 + NnT)an 2
< —
T 1= (1= pam)ay, lzn = pol
+ i 0(1) 20kn iy )
JE— x JE—
1 - (1 . ILLnT)O[n 1 . (1 . [j,nT)Oén p07 n+1 pO
2Un T, 9
< (1= -
< (- i
2Upn T, 1 (o7
——(D il — O(1)]. (5.64
* 1—(1—/1”7')04”{ 7'< £0; Fntl p0>+2un7' ()] (5:64)
Using g Qplln, = 00, (5.63) and lim &% = = (0, we can apply Lemma 1.5.1 and
n—oo Nn
n=1
conclude that
Tim |41 = pol| = 0.

S0, (xn)nen converges strongly to a fixed point of Fiz(T) N Fixz(S).

(|lzr, — pol| )nen does not be definitively nonincreasing. This means that there exists
a subsequence (z,, )ren such that

| Zn, — poll < |€n,+1 — pol| for all k € N.

Then by Maingé Lemma 5.33 there exists a sequence of integers (7(n)),en that it
satisfies some properties defined previous.

Consequently,
0 < hmmf (er(n +1 = Dol = [|z7(n) po”)
< llinj;ip ( |Zrmy+1 — Poll = |T7n) — pOH)
< hf@njogp (Hﬂfnﬂ —poll — llzn — poH)
(by (5.55)) = hf@nj)lip <||Ozn (Bntn = po) + (1 = o) (Unzy — po)|| = llzn — po||>
(U, quasi-nonexpansive) < limsup <ozn0 + |lzn = poll = llzn — pO”) -
n—00



hence

n—oo

i (121 = poll = - = ol ) =0 (5.65)
By (5.58) we get

(1_67(71))(1_5)”]77(71)_SﬁmT(n)HZ < HJ;T(n) _p0||2_||xn+1_p0H2+O‘T(n)O(1>a (5'66>

and by(5.59) we have

Brny (L= By N T52r () — Ss2r(m) 1> < |2y —Pol1* = |Zn1—pol|*+0rmyO(1), (5.67)

As in the Case A., we get

(a) nhiglo fo(n) - Sxf(n)H =0,
(b) 1 |2y — Tr(my|| = 0.

n—oo

By (a) and (b), as in the Case A, we have

lim sup(Dpo, po — Zr(n)) < 0. (5.68)

n—o0
Finally, we prove that (x,)neny converges strongly to py.
o0

As in the Case A., using Zanun = 00, lim Gn _ 0, and (5.68) we can apply

n—o0 /’L?’L

n=1
Xu’s Lemma 1.5.1 and we yield that

lim ||z-@m) —pl| =0,

n—oo

then, from property (d) of Maingé Lemma and (5.65) we can derive

lim ||z, — po|| = 0.
n—oo
O]
O]
Example 5.1.6. The sequences
1
Qn = —3, Hn = 517 VTLGN,
= 2 =
n3 pns

satisfy the conditions:
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1. (ap)nen is a sequence in (0, 1),

28

2. (Hn)nen is a sequence in (0, 1), p < 27,

3. lim o, =0,
n—o0

4. lim 2 —,

n—oo /"LTL

5. ianun = 00.
n=1

Remark 5.1.7. We remark that (i) and (i7) of Theorem 5.1.5 actually hold for a wide
class of nonlinear mappings. In fact, in (i) we can substitute a L-hybrid mapping S with
a quasi-nonexpansive mapping because we use only the boundedness of (Ssz,)nen-

For the same reason, in (i) we can replace a nonexpansive mapping 7' with a quasi-
nonexpansive mapping.

Now, consider again the lemoto-Takahashi theorem and we proceed in another direc-
tion.
The concept of W,,-mappings was introduced in [57], [58]. It is one of the main tools in
studying convergence of iterative methods to approach a common fixed point of nonlin-
ear mappings, see [54], [47], [56], [62]. Atsushiba and Takahashi, [54], defined a mapping
W,, as follows:

Definition 5.1.8. Let C' be a nonempty convex subset of a Hilbert space and let
Mty Aan €]0,1],n € N. Let (T;)Y, be a finite family of nonexpansive mappings of C
into itself. We define the mappings U, 1, ..., U, n, for each n, by

Un,l = >\n,1T1 + (1 - >\n,1)]7
Un,? = )\n,QTZUn,l + (1 - )\n,2)[7
Upn-1 = MnaaTnvaaUpn—o+ (1= Non-1)],
Wn = Un,N = )\n,NTNUn,Nfl -+ (1 - )\n,N)I- (569)

Such a mapping W, is called the W, -mapping generated by 71, ...,Tx and A\, 1, ..., \pn-

The next properties of W,, and W are crucial in the proof of Theorems (5.1.15) and
(5.1.16).
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Lemma 5.1.9. ([54])Let C be a nonempty closed convex set of strictly convex Banach
space. Let Ty, ..., Tn be nonexpansive mappings of C into itself and let A, ..., A\n be a real
numbers such that 0 < X <1 for everyi=1,...,N. Let W be the W-mapping, i.e., the
mapping of C into itself generated, following the previous scheme (5.69), by Ty, ..., Tn
and \i,...,An. Then, Uy,...,Un_1 e W are also nonexpansive.

Lemma 5.1.10. ([5/]/)Let C' be a nonempty closed convex set of strictly conver Banach
space. LetTy, ..., Ty be nonexpansive mappings of C' into itself such that ﬂfil Fix(T;) #0
and let Ay, ..., \y be a real numbers such that 0 < \; < 1 for everyi=1,.... N —1 and
0 < Ay < 1. Let W be the W—mapping of C into itself generated by Ti,...,Tn and

N
Moo An. Then F(W) = (1) Fia(T;).
=1

Lemma 5.1.11. ([/7])Let C' be a nonempty closed convex set of strictly conver Banach
space. Let Ty, ..., T be nonexpansive mappings of C into itself and (M,;)X, be a sequences
in [0,1] such that A\,; — X\(i = 1,...,N). Moreover for every n € N, let W and W,,
generated by Th, ..., Ty and Ay, ..., An and T, ..., Ty and A\, 1, ..., Ay N, Tespectively. Then
for every x € C, it follows that

lim |[W,z — Wz|| =0.
n—oo

Let E be a Banach space and K be a nonempty closed convex subset of E. Let
(Ty)nen : K — K be a family of mappings. Then (7),),en is said to satisfy the AKTT-
condition, see [53], if for each bounded subset B of K, one has

Zsup{HTnHz —T,z||: z€ B} <. (5.70)

n=1

The following is an important result on a family of mappings (7, ),en satisfying the
AKTT-condition.

Lemma 5.1.12. Let K be a nonempty and closed subset of Banach space E, and let
(T)nen be a family of mappings of K into itself which satisfies the AKTT-condition
(5.70). Then, for each v € K, (T,x)nen converges strongly to a point in K. Moreover,
let the mapping T : K — K be defined by

Tr = lim T,x, Ve K,
n—oo

for each bounded subset B of K,

lim sup{||Tz — T,z||: =z € B} =0.
n—oo
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If a family of mappings (7}, )nen satisfy the AKTT-condition, then it is unnecessary
that Fiz(T) = (.o, Fiz(T;).

Example 5.1.13. Let E =R and K = [0,2]. Let (T)nen : K — K a family of mapping
defined by

1
Twre=0, T,x=—-(1+z), n>2.
n

We compute

Zsup{|Tn+1x—Tnx|: re€K} = sup{|The—Tiz|: ze€K}

n=1

+ Zsup{|Tn+1:U—Tn3:| . x € K}

n=2
= sup{%(qux): z €K}
G —1
+ sup {| ———=(1+2)|: z€K}
; n(n+1)
3 «— 3
- §+;n(n+1)<oo

Then (Ty,)nen satisfy the AKTT-condition (5.70).
For each x € K, lim T,,x = 0.

n—oo
If we define T : K — K as follows: Tx = lim T,x, we get Tax =0, for all x € K.
n—oo
We conclude Fix(T) # (.-, Fiz(T,).

Definition 5.1.14. ((7),)nen, T') satisfy the AKTT-condition (5.70) if (T),)nen satisfy
the AKTT-condition with Fix(T) = (2, Fiz(T;).

Therefore, our results improve and generalize the Iemoto and Takahashi’s Theorem
in two directions:

e We get strong convergence;

e Strong convergence holds for a finite family of nonexpansive mappings and for a
countable family of nonspreading mappings.

Theorem 5.1.15. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let (Sj)j-vzl : C — C be a finite family of nonexpansive mappings and
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let (T;)2, : C — C be a countable family of nonspreading mappings such that F =

N o
[ﬂ Fiz(S;)] N [ﬂ Fix(T;)] # 0. Let (x,)nen be a sequence generated by:
j=1 i=1

(21 =x€C chosen arbitrarily,
Yn = (1 — )y, + B Wi, + Z(ﬁi,l — Bi) Ty,
Co= €0yl < fleu = ol
D,=()C;,

j=1

Tp+1 = PDnl', n e N,

\

where () nen, (Bn)nen C [0,1], W, is generated by Sy, ..., Sn and M\p1,...; Ao, as in the
scheme (5.69). Assume that (3, is strictly decreasing and o = 1. Then, the following
hold:

i) Ifliminf a,, > 0 and lim 3, = 0, then (x,)nen converges strongly to q € ﬂ Fix(T;);
n—oo

n—00 g
=1

it) If liminf a,,(1 — o) > 0 and liminf 8, > 0, then (z,)nen converges strongly to

n—oo n—o0

qgeF.
Proof Since C,, is closed and convex, D, is closed and convex. To show that F' C D,,

for all n € N, we prove that F' C C, for all n € N. Indeed, noting that 3, + Z(ﬁi_l —

=1
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B;) = 1, by the nonexpansivity of W,, and T;, for i = 1,..., N, we have, for each p € F,
i=1

i=1

= H(l - O‘N)(xn - p) + oy [ﬁn(ann - p) + Z(ﬁi—l - 5z)(szn _p)} H

=1
< (1 - Oén)Hxn - pH + ap, [BnHann - p“ + Z(ﬁi—l - Bz)Hﬂ«xn - p|”

=1
=1

= |z, —pll. (5.71)

This implies that p € C,, Vn € N. Hence, C), is nonempty for all n € N.
From z,4+1 = Pp,x, we have

|zps1 —zf| < |lv—2z|, YveD,, VneNl.
Since Prx € F C D,,
|Zni1 — 2| < ||Prz — 2|, VneN. (5.72)

S0, (Zy)nen is bounded and from (5.71), also, (Yn)nen is bounded.
Since D, 1 C D,, for all n € N,

Tny2 = PDn_HiIZ' € Dn+1 C Dn, Vn € N.

This implies that
|z — || < ||Xnie — |, VneN. (5.73)

It follows from (5.72) and (5.73) that the limit of (z,, — ),en exists.
From z,,+1 = Pp,,x € D,, C D,, for all m > n and by Lemma (1.3), we deduce

(Tpi1 — T, Tyt — Tpar) >0, Vm > n. (5.74)
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From (5.74) il follows that

[ _xn—H“2
= s — 7 (T — )
|Tm41 — 33H2 + | 041 — xHQ — 2(Tnt1 — T, Ty — T)
| Tmy1 — :IJ||2 + | Tngr — IHQ — 2{Tpg1 = T, Tmg1 — Tpgr + Tnp — ) (5.75)

= ||Tms1 — 17H2 — || Zn41 — tz — 2(Tp41 — T, g1 — Tng)

I*

< lamar — @l = ||z — 2.
(5.76)
So, since the limit of ||x,, — z|| exists, we have
lim ||z, —x,] = 0.
m,n—00
It follows that (z,)en is a Cauchy sequence and there exists ¢ € C' such that
Tp —q, as n — oo. (5.77)
Putting m =n + 1 in (5.75),
lim ||zp42 — zpi1] =0,
n—oo
ie.,
lim ||zp41 — 2| = 0. (5.78)
n—oo
So, from the fact that x,,1 = Pp,z € D,, C C,,, we have
o — sl < ln — Zaall 20, as - oo,
and we derive
[n = Zall < [Jn — Tpga || + [[Tn1 — 20l =0, as n — oo. (5.79)

It follows, from (5.77) and (5.79), that
lim |ly, —pl = lm [y, — 20 + 2, — pl| = lim [lz, —p| = |l¢ —pll, VpeF. (5.80)
n—00 n—00 n—o0

We prove (7). We compute

=1

i=1

n

= (1 - anﬂn)xn + anﬁanxn + oy, Z(ﬁifl - ﬁz)(ﬂxn - xn)a

i=1
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we deduce

n

679 Z(ﬁi—l - ﬁz)(irzxn - an) = Yn— (1 - anﬂn)xn - anﬁanxn

i=1

= (1= anB)WUn — Tn) + @ Bn(Yn — Wazy,). (5.81)

N
For all p € ﬂ Fix(T;), by the quasi-nonexpansivity of T;, for i = 1,..., N,
i=1
lzn = plI* = | Tiwn — Tpll* = | Tiwn — plI* = | Tizn — 20 + (20 — )|
- ||T;1En - anQ + Hxn - p”2 + 2<T’lxn — Tn, Tpn — p>7
and so, we have
| Tizn — zo|* < 2(x, — Tixp, 2, —p), Vi€ N, (5.82)
Since (B )nen is strictly decreasing and from (5.82) and (5.81), we obtain

n

an(ﬂi—l - ﬁz)”ﬂxn - -Tn”2 S 679 Z(ﬁi—l - 57,)"711',1 - xn”z
i=1

< 2ay, Z(ﬁi—1 — Bi){(wn — TiTn, T — D)

i=1

= 2((1 - anﬁn)(@/n - xn) + an/Bn<yn - Wn$n),$n - p>7

S0,

| Tin — 2l < ° (=08~ ana,—T) (559)

Oén(@;—l - 61
+ O‘nﬁn@/n - ann7$n _p>]> Vi e N.

Since liminf o, (1 — o) > 0 and lim 3, = 0, it follows, from (5.79) and (5.83),
n—oo

n—o0

lim || Tz, — x,]| =0, VieN. (5.84)

n—oo

From (5.77) and (5.84) and since (7;);°, are nonspreading,
HTiq_Tian2 S Hxn_Q|‘2+2<q_7—’i%$n_7’iwn>> Vi EN,

it implies that

lim ||T;q — Tixn|| =0, VieN. (5.85)
n—oo
Hence, we conclude
0<llg=Tigll <llg = @nll + l2n — Tiwnll + [|Tizn — Tigll, Vi €N, (5.86)
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i.e. ||l¢ — Tiql| = 0. Hence,
g € [ Fix(T)).
i=1
Now, we prove (ii). We need show that

lim ||z, — W,x,| = 0.
n—oo

For every p, using again Z(ﬁi—l — Bi) + B = 1, we compute
i=1

Hyn - p”2 = H(l - O‘nﬁn)xn + anﬁanIn + (7% Z(ﬁi—l - B@)(Exn - xn)

=1
n

= (Q_(Bir = B) + Bl

=1

= ”(ﬁn + Z(ﬁi—l - Bz) - anﬁn)xn + Bn(anwnxn - p)
i=1

n n

+ ap Z(Bi—l = Bi)(Tizn — x,) — Z(ﬁi—l — Bpll?

i=1 i=1

= 1811 — o)z + Wiz, — p] + Z(ﬁi_l = B)[(1 — a)xp + @, Tixy, — p]||2

Bull (1= @)z + Wz = pl* + Y (B = B)I[(1 = @)z + anTiz,

=1

IN

- (I—a,+ an)pH|2

IN

Bn”(l - an)xn + OéanZL'n _pH2 + Z(/Bi—l - Bz)[(l - O[n)HIn - p”2
i=1

+ o[ Tiwn — pl|’]

< Bull(1 = )z + Wz = plI* + D (B — Bi) |z — plI?

=1
< Bull(1 = an)wy + Wz, — (1 — i + O‘n)pH2 + (1= Bu)llzn — p”2 (5.87)
< Bl = an)llen = plI* + Bl [Wawn — plI* + (1 = Bu) |2 — plI? (5.88)
<l — I,

Since, by (5.87), we have

”?Jn - p”2 - ”xn - p||2 < 571”(1 — Q) Ty + Wiy, — p||2 - 571”5571 - p||2>
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then, from (5.88), we obtain

< lzn = pl® = [lyn — plI> = 0.

Since liminf 3, > 0, we get, from (5.89),

n—o0
Tim (|| — pl — (1~ @)z + Wz, — pl]?) = 0. (5.90)

By (5.90) and (5.83)

11— )t Waa—plI? = (=) [20—p| >+l | Wit =Pl = (1) = Woaea

we conclude

an(l - O‘n)”xn - annHQ = (”wn - pH2 - ||(1 - O‘n)mn + a,Wyr, — pH2)
- an”xn_p||2+an||ann_pH2
< (”xn - pH2 — (1 = an)zn + Wz, — pHQ)
— apllzn = pl* + anllz, - plf?
= |lzn —pl* = ||(1 — o)z + Wy, — p||*> — 0.

Since liminf o, (1 — o) > 0, we have
n—oo

lim ||z, — W,x,| = 0. (5.91)
n—oo

Since ||y, — z,|| = 0, as n — oo, and for (5.91), we have
lim |y, — Wya,| = 0.
n—oo

Since x,, — q € ﬂ Fix(T;), as n — oo, and for (5.91), we derive

i=1
lg = Waall < llg =zl + llzn = Woza|| + [[Wazn — Wagll < 2llq — zall + [len — Wazn|,

which implies that
q € Fiz(W,),

and we conclude that g € F'.
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Theorem 5.1.16. Let C' be a nonempty closed convex subset of a Hilbert space H. Let
(Sj)j-vzl : C'— C be finite family of nonexpansive mappings and let (1;);2, : C — C be a

N oo
countable family of nonexpansive mappings such that F = | ﬂ Fiz(S;)]N[ ﬂ Fiz(T;)] #
j=1 i=1

(0. Let (xn)nen be a sequence generated by:

(

x1 =x € C chosen arbitrarily,
Yn = (1 - Oén)xn + an[ﬁnwnxn + (1 - Bn)Tnxn]v
Co={veC: lyn—vll < llon — v},

D, =()C;,
j=1

Tpy1l = Pan7 n e N7

\

where () nens (Bn)nen C [0,1], W, is generated by Sy, ..., Sn and A\p1, ..., An.n, as in the
scheme (5.69). Assume that either ((T),)nen, T') satisfies the AKTT-condition. Then the
following hold:

lim 3, =0, then (z,)nen converges strongly to q € ﬂ Fix(T;);

n—00 a
=1

i) ]fligg'ggfan >0 and

ii) If liminf o, (1 — ay,) > 0 and iminf 5, > 0, then (x,),en converges strongly to

n—oo n—o0

qge l.

Proof By a similar process as in the proof of Theorem (5.1.15) we can say that
(n)nen is bounded, converges strongly to some ¢ € C' and

|lTn — yull = 0, as n — oo.
We first prove (i). We compute

Yn — Tp = an(l - 6n)<Tnxn) + an/Bn(ann - xn)7

1 B
Tnxn —Tp = ——7 5~ UYn — Tp) — ann — Tn
SO
ITan — all € — g — ] + 2" W, H
(679 (1 - Bn) 1 - Bn
Since liminf o, > 0 and lim S, = 0, we obtain
n—oo n—0o0

lim || Tz, — x| = 0. (5.92)
n—oo
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Furthermore, by Lemma (5.1.12) and (5.92) we have

|20 — Ty |2n — TnZn|| + [ TnTn — Ty ||

<
< Nwp — Tuzp|| +sup {||Tnz — Tz|| : 2 € (Tn)nent s

S0
lim ||z, —Txz,| =0. (5.93)
n—oo

Since each T,, is a nonspreading mapping, Lemma (??) shows that 7" is a nonspreading
mapping, so

ITq = Tol* < ||z — I +2(q = Tq, 20 — Ta,), ¥n €N,
nlg& |Tq — Tz,| = 0. (5.94)
Now, from (5.92) and (5.94) we get
lg = Tqll <llg = @nll + llzn = Twn|| + | T2n = T4l (5.95)

this shows that ¢ € Fixz(T'). Since ((1),)nen, ') satisfies the AKTT-condition, follows
that ¢ € ;2 Fiz(T;) = Fiz(T). This completes (7).

Now we show (ii). Using a similar process as in the proof of Theorem (5.1.15) and by
(5.93),(5.94),(5.95), we can say that

lim ||z, — Wyz,|| =0, lim |z, — T,x,|| =0, lim | Tz, —Tq| =0, lim ||z, — Tx,| = 0.
n—oo n—oo n—oo n—oo

Finally, from

lg = Wagll < llg = znll + lzn = Waan|l + [[Wazn = Wagll < 2|20 — gl + [0 = Wanl],

we get
lim g = Wa[ =0
n—oo

i.e. ¢ € Fix(W,). Moreover,

lg = Tall < llg = @all + l#n = Txn|| + [T = T4l

where the last terms go to zero as n go to infinity, so ¢ € Fiz(T"). Whereas ((7),)nen, 1)
satisfies the AKTT-condition, ¢ € (;2; Fiz(T;). Then, we conclude that ¢ € F'.
This complete (ii).

Putting 7; = T for all i € N in Theorem (5.1.15) and Theorem (5.1.16), we obtain
the following.
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Corollary 5.1.17. Let H be a Hilbert space and let C' be a monempty closed convex
subset of H. Let (Sj)évzl : C'— C be a finite family of nonexpansive mappings and let

N
T :C — C be a nonspreading mapping such that F' = [ﬂ Fix(S;)| N Fiz(T) # 0. Let
j=1

(Tn)nen be a sequence generated by:

(2, =2 € C chosen arbitrarily,

Cn:{gec: [yn — o[ < |lzn — v},

D,=()C;,
j=1

Tnt1 = PanL’, ne N7

\

where (o) nens (Bn)nen C [0,1], W, is generated by Sh,...,Sn and A1, ..., \nn, as in the
scheme (5.69). Then, the following hold:

i) If li}g?gf an, >0 and lim B, =0, then (x,)nen converges strongly to q € Fiz(T);

n—oo

ii) If liminf a,,(1 — o) > 0 and liminf 8, > 0, then (z,)nen converges strongly to

n—o0 n—oo

qge F.

Putting S; = I, for j =1,..., N, in Theorem (5.1.15) and Theorem (5.1.16), we have
the following.

Corollary 5.1.18. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let (T;);2, : C' — C be a countable family of nonspreading mappings such

that ﬂ Fix(T;) # 0. Let (x,)nen be a sequence generated by:

i=1

x1=x € C chosen arbitrarily,
n

Yn = (]— - an(l - ﬁn))xn + (67% Z(ﬁi—l - ﬁi)j—‘ixn7

=1
Co={€C: g =0l < 7 — v}

D,=()C;,
j=1

xn+1:Pan7 neN?

\
where (a)nen, (Bn)nen C [0, 1]. Assume that B, is strictly decreasing and By = 1.

If liminf o, (1 — av,) > 0, then (x,)nen converges strongly to q € ﬂ Fix(T;).
n—o0
i=1
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Corollary 5.1.19. Let H be a Hilbert space and let C' be a monempty closed convex
subset of H. Let (T;);2, : C' — C be a countable family of nonspreading mappings such

that ﬂ Fix(T;) # 0. Let (x,)nen be a sequence generated by:

=1

x1=x € C chosen arbitrarily,

Yn = (1 — (1 = Bp)xn + an(1 — Bn) Thn,
Cp = {g €eC: Nyn—v|l < lzn — |},

D,=()C;,
j=1

Tnt1 = Pp,x, neN,

\
where () nen, (Bn)nen C [0,1]. Assume that ((T,)nen, T') satisfies the AKTT-condition.

If liminf o, (1 — o) > 0, then (z,)nen converges strongly to q € ﬂ Fix(T;).
n—oo
i=1
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