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ABSTRACT

A Lévy Walk approach to the propagation of solar energetic particles

Dr. Enrico Maria Trotta

Department of Physics - Doctorate School B.Telesio

Physics of Complex Systems (FIS/05 - Astronomy and Astrophysics)

This thesis is dedicated to the problem of energetic particle propagation in the solar wind, with

special emphasis on the propagation of solar energetic particles (SEPs). Those particles are ac-

celerated either in the low corona by flares, usually giving rise to so-called impulsive SEP events,

or in the higher corona by the shock driven by coronal mass ejections, giving rise to the so-called

gradual SEP events. In either case, energetic particles propagate in the solar wind along the spi-

ral magnetic field, and then reach the Earth’s environment, where they can intensify the auroral

emission and downgrade or even damage spacecraft operations. Indeed, SEPs represent one of the

major hazards of the research programme known as space weather, which aims at reducing the

risks associated with the solar and space activities.

The fluxes of energetic particles measured in the Earth’s environment depend both on the source

strength and on the propagation properties. Traditionally, two limiting transport regimes are con-

sidered, that is, di�usive transport and scatter-free, i.e., ballistic, transport. However, in the last two

decades, anomalous transport regimes in which the mean square displacement grows nonlinearly

with time have become more and more common. An anomalous transport regime, either subdi�u-

sive or superdi�usive, would influence in a fundamental way the flux of solar energetic particles

reaching the Earth. To study this problem we have developed two approaches, one based on the

analysis of SEP fluxes measured by spacecraft in the solar wind, and the other on the numerical

simulation of SEPs in the case of superdi�usive transport.

In the first approach, we considered SEPs measurements by ACE, Wind and other spacecraft for

the case o� mpulsive SEP events, and compared the time profile of the energetic particles with that

corresponding to the di�erent forms which the propagator assumes in the case of superdi�usive

transport. The comparison gives direct information on the transport regime, showing that electrons

propagate in a superdi�usive way with anomalous di�usion exponent alpha running from 1.2 to

1.75. For protons, quasi-ballistic transport regimes are also found.

In the second approach, the statistical mechanism giving rise to superdi�usion, namely the Lévy

random walk, is investigated numerically. We developed a new numerical code which simulates

the Lévy walk while changing the parameters which determine the pace of transport, that is the

exponent of the power law tails of the jump probability distribution. This code reproduces well

the anomalous transport predictions for the mean square displacement and for the propagator of

Lévy walks, while allowing a clear and simple identification of the parameters determining the

transport regime. Therefore this code represents a powerful tool to compare the simulation results

to spacecraft data.

Comparison with the data has been considered both for impulsive and gradual SEP events. In this

thesis, we show that the numerical code reproduces well the observations o� mpulsive events for

the various transport regimes. Additional work is required to apply the code to the propagation of

gradual SEP events, as modeling of the shock source is required. While this will be implemented

in the near future, the e�ectivitiy of the numerical code will allow an important improvement in

the understanding of SEP propagation and in the prediction of space weather perturbations.

Keywords: Solar Energetic Particles propagation, Transport theory in solar wind, Lévy walks,

Anomalous Di�usion
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Chapter 1

Introduction

The Sun is an active star and is a powerful source of energetic particles, which are accelerated in

short time, to energies from a few MeV to a few GeV. These particles propagate from the Sun to

the Earth moving along the solar wind magnetic field. The study of the propagation of energetic

particles from the sun is of particular importance in the discipline of space weather, which aims

to prevent/predict the effects of solar activity and disturbances in the interplanetary space on the

terrestrial environment and on those high technology structures that may be affected by the phe-

nomena described below. The theoretical framework used to describe the motion of particles is the

theory of diffusive transport, which builds on the formalization of random events by using the laws

of probability.

In 1905, the journal Nature published a famous exchange of letters between Karl Pearson and

Lord Rayleigh on the possibility to study the rate of spread of malaria. In particular, Pearson was

studying the phenomenon hoping to solve this problem by integrating the probability of being at

a certain distance from a starting point taking steps of equal length in random directions. Having

failed to obtain an explicit expression beyond the second step, he decided to ask for help from the

readers of the magazine coining, for the occasion, the famous example of a drunk man who moves

unsteadily, and with it the expression of random walk. Among the many responses he received,

1
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there was that of Lord Rayleigh, who claimed to have already studied and solved the equivalent

problem of the propagation of a sound wave in a homogeneous medium, obtaining the explicit

solution in the limit of infinite steps. This led to reconsider the approach attempted so far in the

study of random walks. A similar operation of limit is applicable to the way in which light prop-

agates: on its way from the Sun through the Earth’s atmosphere it encounters a huge number of

atoms, molecules and particles distributed in a homogeneous and disorderly manner and that com-

plicate the propagation, otherwise straight, with phenomena of reflection, refraction, diffraction,

absorption and re-emission. In this way, the perceived light can usually also have very different

characteristics from those of departure and, with their study, it is possible to infer a lot of physical

information on the emitting and propagation media.

The random walks that are obtained in this way have been studied for over a century in areas

that go far beyond the simple propagation of light, as with this model it is possible to take into

account, using suitable assumptions, many properties of complex systems. These assumptions

concern substantially the probability that the increments have certain characteristics, expressed by

their distribution function. For a long time, the necessary assumptions to be made on the distri-

bution of "steps" of the random walk have remained the same, as they were general enough to be

able to describe and find application in a wide range of situations. If, for instance, as in the case

of Pearson’s drunk man, the increments are independent and all more or less of the same entity,

the resultant random walk still has apparently surprising characteristics: because there are no pref-

erential directions for the various shifts, the position reached after a number of steps will tend to

coincide with that of departure. Nevertheless, with the passage of time, following this type of path

it will be possible to explore all the surrounding space passing infinite number of times for each

point on the surface where the motion occurs. The trajectory described above is generally referred

to with the name of Brownian motion, and, the slow growth of the distance explored on average

by the walker that runs it, arises from general assumptions that take the name of normal diffusion.
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Starting from the concept of random walk as the sum of identically distributed independent vari-

ables, it is feasible to describe the phenomena of normal diffusion. Referring to the generalization

of the Lévy and Gnedenko of the Theorem of the central limit, the normal diffusion becomes a

limiting case of the broader class of phenomena of anomalous diffusion. This category includes

the possibility of spreading in a much faster way, and is linked to a type of trajectories called Lévy

flights and Lévy walks which, also having very different characteristics from those of the Brownian

motion, are finding application in the description of an increasing number of systems.

The aim of this thesis is to analyze both the mode of propagation of energetic particles generated

by impulsive events in the solar corona, and the definition of a numerical model for the study of

Lévy distribution properties (Lévy Random Walk). In particular, in the first part of the paper we

analyze purely impulsive events, or rather referable to individual physical phenomena (flare), in or-

der to show the characteristics of the transport regimes of impulsive isolated events. In the second

part, we have developed an algorithm for the simulation of the distributions of Levy. The analysis

of the diffusive regimes for impulsive events was carried out by developing a methodology, based

on the analysis and integration of various experimental data (data from several satellites) and on

the verification of theoretical models describing the different transport regimes through the use of

propagators.

1.1 Space Weather

The energetic particles play an important role in relation to the effects of their interaction with

equipment in orbit and the Earth’s magnetosphere. Because of these effects, it has been formed

a research field called Space Weather, whose objective is the study of the conditions of the Sun,
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the solar wind, the magnetosphere, ionosphere and thermosphere for forecasting their effects on

human activities (U.S. National Space Weather program). The geomagnetic storms, the destruc-

tion of satellites due to their interaction with very energetic particles, and also the very frequent

problems in the communication system during the maximum of the solar cycle, are largely caused

by Coronal Mass Ejection (CMEs). This is why the interest in CMEs, flares and phenomena asso-

ciated with the release of energetic particles, goes beyond the astrophysics field, and also aims at

the possibility to predict their occurrence to, eventually, limit any effects on Earth.

In other words, the mass expulsion of the corona along with the flares can disrupt radio trans-

missions, creating power cuts (blackouts), damage to satellites and electric transmission lines. To

summarize the objectives and terms of reference for the space weather, it can be described in rela-

tion to the following categories:

• Main physical parameters involved

– Number of sunspots

– Solar flow in radio band

– Geo-magnetism

• Phenomena under study

– Sun (emission of radiation and coronal mass)

– Terrestrial Magnetism

– Ionosphere, Thermosphere

– Interplanetary space

– Solar Cycle
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• Impacts on human activities

– Telecommunications

– Electricity Distribution

– Commercial flights of long duration

– Mining and oil exploration

– Tourism

– Health

1.2 Propagation of energetic particles

There are many phenomena that generate fluxes of energetic particles in the interplanetary space:

the flares in the low solar corona, Coronal Mass Ejection (CME) and the shock waves in Corotating

Interaction Regions (CIR). The flare is a loud explosion that involves a huge amount of energy.

The phenomenon was observed for the first time in on the sun, by the British astronomer Richard

Carrington, in 1859. In more recent times, the flares have been observed on many other stars. These

phenomena, which represent the most "eye-catching" between the solar activity (Figure 1), are

eruptive events that start in the area between the lower corona and the photosphere, then extending

towards the corona. The explosions occur mainly above sunspot groups, areas of high magnetic

activity, and are probably caused by the release of energy on the occasion of the phenomenon

of reconnection of magnetic field lines. The flare is manifested at the level of the chromosphere

through the loops, tubes of magnetic flux shaped as an arc representing the typical structure of the

solar magnetic field of the active zones of the sun. Mass expulsions, called Coronal Mass Ejection

(CME), are produced instead at the level of the corona, that may reach the interplanetary scale,

the Earth’s magnetosphere and extend up to the regions furthest from the Sun, giving rise, among
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other things, to northern and southern Lights.

Figure 1.1 Solar Energetic Particles related to a CME

1.2.1 Flares

Figure 1.2 UV image of a flare from SOHO

The flares have a variable frequency: from many per day, when the Sun is particularly active,
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to about one per week, when it is quiet. The flare takes many hours or even days to charge,

but the blast itself takes a few minutes to release its energy. The resulting shock waves travel

laterally through the photosphere and upward through the chromosphere and the corona, at speeds

of 1000−2000Km/s. The flares are classified according to their power in A,B,C,MorX , normally

solar activity is between classes AandC. In particular, the classification is built in relation to the

intensity of the emission at the wavelength of X-rays emitted (from 1 to 8 Angtrom) and measured

in Earth orbit. Each class A,B,C,MandX is divided into nine sub-categories (i.e. from A1 to

A9, M1 to M9, etc..). Classes are on a logarithmic scale, hence a flare of class M is 10 times

stronger than a flare of class C. The flare of class A - C produce little effects on the Earth, while

Class Intensity (W/m2)

A < 10−7

B >= 10−7and < 10−6

C >= 10−6and < 10−5

M >= 10−5and < 10−4

X >= 10−4

Table 1.1 Summary Table for the power of the Flare.

the more powerful, M and X, have more serious consequences, even perceptible from our planet.

The cycle of development of the flare can be summarized as follow: the plasma is heated up

to temperatures of millions of degrees, while some particles reach relativistic energies, some of

these particles collide with the heavy ions of the solar plasma and slow down, producing X-rays,

which are then observed from the satellites. This phenomenon of braking radiation is known as the

collisional bremsstrahlung of the electrons with the ions of the plasma, and results in an emission of

electromagnetic energy. We may ultimately distinguish four subsequent phases in the development

of a flare, in relation to the radiation emitted:
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• the pre-flare phase of the duration of ten minutes, characterized by the emission of soft X-

rays, or rays with energy less than 10keV. At this stage, it is also detectable a powerful

heating of the plasma in the solar corona;

• the impulsive phase, which has a duration of about one minute. In this phase electrons

and ions are strongly accelerated, it follows, therefore, an increase of emission of harsh X

radiations and microwaves;

• the flash phase, of an average duration of five minutes, in which there is a rapid increase of

the intensity of the radioactive emissions and of the solar area in which such emissions take

place;

• the last stage, the longest, is the main phase characterized by a slow decrease in intensity

which can last from an hour to a day, depending on the size of the event.

1.2.2 Coronal Mass Ejection (CME)

Figure 1.3 CME Halo Event (Images from SOHO - LASCO c2 and c3 )
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Another phenomenon which gives rise to the emission of fluxes of energetic particles is the

Coronal Mass Ejection (CME). CMEs are phenomena that originate from the explosion of mag-

netically confined structures, and their effect is to expel plasma, at speeds up to 1-2 thousand km /

sec, in the solar atmosphere and into interplanetary space. It is thought that they have an important

role in the reconfiguration of the solar magnetic field. Their frequency varies during the solar cycle

from one event every two days at least, up to three events per day in the phase of maximum activity.

The phenomenon has its origin in the solar corona and is observed by means of special instruments

called coronagraphs. The ejected material, dragged by the magnetic field of the corona, mainly

consists of electrons and protons in addition to small amounts of heavier elements such as helium,

oxygen and iron.

The clouds of plasma ejected interact with the magnetosphere when they reach the earth, causing

the phenomenon of the aurora borealis. Although the corona of the Sun was observed during total

solar eclipses for thousands of years, the existence of CME has been discovered only recently.

So that while the flare is a loud explosion that involves a huge amount of energy, Coronal Mass

Ejection (CME) are produced instead at the level of the corona, that may reach the interplanetary

scale, the Earth’s magnetosphere and extend up to the regions furthest from the Sun, giving rise,

among other things, to northern and southern Lights.

The phenomena described above are of particular relevance for the generation of SEP (Solar En-

ergetic Particles). These particles, which may be accelerated to energies up to 1000 MeV, give

information about the nature, composition and location of their source. High-energy particles from

the Sun have been observed for the first time in February and March 1942 ie before the discovery

of CME. For this reason, it was natural to assume that the sources of these particles were the only

flare. The study of the SEP was then conditioned by this hypothesis, modeling the phenomenon in

terms of particles injected at a certain moment in a point in space. The analysis of the phenomenon

was conducted in terms of transport from a source point rather than as a feature of the acceleration
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of the source at a certain instant. The change of perspective had with the discovery of the CME is

well summarized in the figure below (Figure 1.4):

Figure 1.4 Change of perspective: from flare to flare + CME (Reames 1999)

The first evidence that two distinct acceleration processes contribute to the formation of SEP

events came thanks to the observations of radio waves (Wild et al., 1963). The emission frequency

in the radio explosions ("radio bursts") is related to the frequency of the local plasma, which varies

as the square root of the electron density. For this reason, the fast frequencies shift of the radio

burst of type III is linked to the electron beams from 10-100 keV from the corona, at speeds of

about 0.1c, generated by impulsive flare crossing plasma of decreasing density. On the other hand,

radio burst of type II have the lowest rate of frequency shift, which correspond to acceleration of

electrons to speeds of the order of 1000 km / s generated by shock waves that move through the

corona. Wild hypothesized that electrons were accelerated in the impulsive phase of an event which

produces radio burst type III, while the acceleration of protons occurs subsequently, i.e. during the

expansion of the shock wave. In the years following the discovery of CMEs, SEP events were

studied using X-ray data taking, in 1970, to a classification of events in impulsive and gradual
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(Pallavicini et al, 1977): the first associated with the flare, the second with the CME. The evidence

that allow to distinguish the two types are different: analysis of X-rays which show, for the two

types of events, different ratios electrons/protons (Cane et al. (1986)) analysis of the abundances of

isotopes 3He and 4He that show a peak in the abundance of 3He for impulsive events (Hsieh and

Simpson (1970)) advent of observation from artificial satellites. The first evidence of these events

were obtained from observations made with a coronagraph from 1971 to 1973. A coronagraph

produces an artificial eclipse of the Sun through a record of concealment superimposed on the

image of the sun. Differently from natural events, the use of the coronagraph offers the possibility

to observe the corona for long times, hence being able to appreciate the coronal changes at the base

of the phenomenon of CME. Among the tools that contributed to the observation of CME, we can

mention LASCO (Large Angle and Spectrometric Coronograph) installed on SOHO (Solar and

Heliospheric Observatory). Using this tool it is possible to see "halo event", or else CME events

directed towards the ground.

1.3 Aims of the works

The aim of this work is the analysis of the different transport regimes related to the propagation

in the solar wind of solar energetic particles (SEPs) generated by impulsive events like solar flares

and to compare the experimental energetic particle fluxes with the numerical simulation in order

to investigate the different transport regime of energetic particles. A numerical implementation of

a Lévy random walk for parallel particle transport is developed, which allows to obtain superdif-

fusive transports. These anomalous regime are important for the mechanism of energetic particle

acceleration and for space weather predictions. A first set of numerical simulations show how non-

diffusive motion can be generated by probability distribution of jump lengths in power law form.

This probability distribution will be included into test particle simulation to study the propagation
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of energetic particles in the heliosphere. The comparison between the flows measured by satellites

and fluxes extracted from the numerical simulation, will contribute to a deeper understanding of

the mechanisms underlying the presence of superdiffusive regimes of SEP transport in interplane-

tary medium. We carry out an analysis of the different transport regimes related to the propagation

of solar energetic particles (SEPs) generated by impulsive events like solar flares (e.g., Reames

(Reames 1999)). The analysis of experimental data (e.g., particle fluxes observed by SOHO and

ACE satellites) carried out by Trotta & Zimbardo ((Trotta and Zimbardo 2011)) shows that the

propagation of protons and electrons, can correspond to nondiffusive regimes. The experimental

energetic particle fluxes will be compared with the numerical simulation, based on a model derived

from the theory of Lévy random walk described below. The thesis is structured in such a way to

retrace the research done over the course of the PhD, while respecting their chronology hence the

intrinsic relations among the various activities. In this introduction we have framed the context

and the problems at the basis of our work by highlighting the objectives and characteristics of

the work performed. The second chapter is devoted to issues related to the propagation of Solar

Energetic Particles (SEPs) with special reference to the characterization of the events related to

the gradual and impulsive phenomena of flares and CMEs and the theoretical apparatus used for

their description. The activity was conducted by analyzing a large amount of information avail-

able from satellites such as ACE and SOHO in reference to the detection of energetic particles

(electrons, protons and ions). In particular, we reported the characteristics of the formalism of

propagators as an approach to the solution of the diffusion equation. In the same chapter, there is a

selection of pulse events for which the characteristics of the anomalous transport have been shown

(superdiffusion). The need to further develop a numerical model for the superdiffusive transport is

shown in Chapter 3, in which are shown the characteristics of the turbulent transport in the solar

wind combined with the formalization of the paradigm of Levy Random Walk. Starting from the

formal description for Levy Random Walk, Chapter 4 is devoted to a description of the numerical
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model for the simulation of propagation based on Levy Random Walk with a detailed description

of the methodology used, as well as its implementation. The simulation results are shown also in

chapter 4, with particular reference to both the determination of the trajectories and the calculation

of statistical quantities useful for the validation of the model itself. Furthermore, next chapter de-

scribes the approach used for the construction of the transport model of the particles in the solar

wind based on a test-particle approach. The conclusions of the work and some consideration on

possible future developments are given in Chapter 6.
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Chapter 2

The propagation of Solar Energetic

Particles

This chapter provides in-depth issues related to the propagation of Solar Energetic Particles (SEPs)

based on analysis of data collected by the ACE and SOHO satellites, with particular reference to

the classification of gradual and impulsive events, according to the characteristics of the transport

of energetic particles themselves. The analysis will focus, then, on impulsive events (typical of the

particles emitted by explosive phenomena such as flares). Of particular importance are the theo-

retical aspects used to describe the transport of energetic particles, the description is carried out by

focusing on the characteristics of the statistical approach based on the propagators. The chapter

is divided into 3 sections: the first summarizes the characteristics of the classification between

impulsive and gradual events, defining the criteria for classifying events as impulsive; the second

shows the details of the theoretical approach used for the analysis of the events, i.e. the solution

of the diffusion equation through the use of propagators; the third presents the results of data anal-

ysis performed on a set of impulsive events for which different types of anomalous transport are

recorded (super-diffusive), in relation to the physical characteristics of the particles involved.

15
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The solar corona is a powerful particle accelerator, because it is able to accelerate ions to ener-

gies of the order of 1 GeV, and electrons to energies of tens of MeV. These particles escape the

coronal plasma and propagate in the solar wind along the spiral magnetic field. Understanding the

propagation of energetic particles accelerated at solar flares, coronal mass ejections (CMEs), and

interplanetary shocks in the presence of a turbulent magnetic field is one of the main objectives

of plasma astrophysics. Indeed the transport properties are crucial for assessing shock acceler-

ation mechanisms (e.g., Duffy et al. 1995; Sandroos and Vainio 2009), for interpreting extreme

UV observation of filaments in coronal loops (e.g., Bitane et al. 2010; Galloway et al. 2006) and

in coronal hole jets (e.g. Nisticó et al. 2009), and for forecasting the arrival of harmful energetic

electrons and protons accelerated near the sun on Earth (Dalla et al. 2003; Ippolito et al. 2005). Be-

cause of a background magnetic field B0, parallel transport and perpendicular transport can have

different properties, owing to particle gyromotion, as particles gyrate in the plane perpendicular

to the magnetic field and move “freely” along the magnetic field. However, in the presence of

magnetic fluctuations, magnetic field lines are distorted, giving rise to a field line random walk

(e.g., Shalchi and Kourakis 2007). In addition, resonant wave particle interactions cause pitch-

angle diffusion and decoupling of particles from field lines. For the turbulence levels typical of

the solar wind, δB/B0 ∼ 0.5–1, several transport regimes have been considered for the parallel

transport of solar energetic particles (SEPs): scatter-free propagation is usually found for elec-

trons (Lin 1974), while proton propagation is often assumed to be diffusive, 〈∆z2〉 = 2D||t (e.g.,

Giacalone and Jokipii 1999; Teufel and Schlickeiser 2002; Zhang et al. 2003). However study of

many proton events, based on the onset time analysis, shows that scatter free, i.e. ballistic, transport

is also possible for first arriving protons (Dalla et al. 2003; Krucker and Lin 2000). We note that

diffusive transport in the direction parallel to the average magnetic field is described by a diffusion

coefficient D||, and is associated to a parallel mean free path given by λ|| = 3D||/v, where v is the

particle speed. The value of λ|| is very important in the theory of diffusive shock acceleration;
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however, its value, even for protons propagating from the Sun to the Earth, is not well known,

with estimate that range from about 0.01 AU to several AU (e.g., Chollet et al. 2010; Reames

1999; Teufel and Schlickeiser 2002). The large variability of the inferred values of λ|| may reflect

that diffusive transport is not the only possibility for parallel propagation in the solar wind. In

other words, besides diffusive transport and scatter-free (i.e. ballistic) propagation, other transport

regimes can be found, in which the particle mean square deviation grows nonlinearly with time,

that is, 〈∆z2〉 ∼ tα .

When α < 1, we have subdiffusion, and we have super diffusion when α > 1. Recently,

Perri and Zimbardo (2009a) have shown that energetic ions accelerated at the solar wind termi-

nation shock propagate superdiffusively, with 〈∆z2〉 = 2Dα
|| t

α and α ≃ 1.3, with ∆z the field line

length upstream of the shock. A parallel superdiffusive behaviour is the result of weak pitch-

angle diffusion, so that the particle parallel velocity does not change sign very frequently, and

very long parallel displacements, called Lévy flights, happen. Weak pitch-angle diffusion can

came from low turbulence levels or from the wave particle resonance condition being difficult to

satisfy. At the same time, parallel motion is not completely scatter-free, so that an intermedi-

ate, superdiffusive transport results. It is interesting to notice that several, independent numerical

simulations of particle transport in the presence of magnetic turbulence have shown that, depend-

ing on the simulation parameters, perpendicular transport can be subdiffusive (Qin et al. 2002a;

Shalchi and Kourakis 2007; Zimbardo et al. 2006), while parallel transport can be superdiffusive

(e.g., Pommois et al. 2007; Shalchi and Kourakis 2007; Tautz 2010; Zimbardo et al. 2006). These

recent result are therefore at variance with the traditional results of the so-called quasi linear theory

(Giacalone and Jokipii 1999; Teufel and Schlickeiser 2002), which predicts normal diffusion both

parallel and perpendicular to the average magnetic field. In this chapter we analyse a number of

impulsive solar energetic electron and proton events, we study the temporal profile of the particle

fluxes in order to determine the transport regime. Different transport regimes are characterized
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by different propagators (Perri and Zimbardo 2007; 2008a;b; Ragot and Kirk 1997; Webb et al.

2006), and we show that the observed energetic particle time profiles correspond to quasi-ballistic

and superdiffusive regimes.

2.1 Impulsive and gradual events

The right characterization of impulsive events associated with flare and responsible for super-

diffusive regimes for the emitted particles was of fundamental importance for the work carried out.

In particular, from the work of Reames, 1999 it is possible obtain a very precise characterization

of impulsive events in relation to a series of parameters such as the duration and the abundance

of certain types of particles. The methodology used in the work of Reames, 1999 starts from the

comparison between impulsive events and gradual events, and then it gives a detailed description

of the two types of phenomenon. The terminology impulsive or gradual event originates from

the analysis of X-ray time-scale associated with the event, but now more generally qualifies the

different time scales of diffusion of SEP of few MeV. Before describing the typical parameters of an

impulsive event, we report the comparison between some characteristics of gradual and impulsive

events. This comparative analysis was used in part to select events and, in particular, to isolate the

purely impulsive events. The most important parameter comes out from the analysis of trends over

time of the particle stream intensity. Figure 2.1 shows the time-intensity charts (variation of flow

over time) of protons and electrons in impulsive and gradual events. The fundamental peculiarity

of the graphs is that, for the comparison, there have been selected to compare two "pure" events:

a CME without flare, and a flare without an associated CME. The gradual event (Figure 2.1(a)) is

dominated by protons of about 1 MeV, which form a small peak in the proximity of the passage of

the shock. The impulsive event (Figure 2.1(b)) is dominated by electrons, which form a peak by

far higher than the gradual phenomenon. The time extension of the gradual event is generated by
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the continuous acceleration of the particles by the shock, while the peak of the impulsive event is

determined by the scattering of particles that pass through the interplanetary space.

Figure 2.1 Time-intensity Graph for gradual event(a) and impulsive event(b).

Another point of comparison is given by the longitude distribution of gradual events and im-

pulsive events. Figure 2.2 shows the distribution on the longitudes of flare associated to impulsive

or gradual events: gradual events are distributed more evenly compared to the solar longitude. The

impulsive events are also distributed around the longitude of the best magnetic connection to the

viewer. Most of the dispersion in the distribution of the longitude is derived from changes in con-

nection resulting from the speed variation of the solar wind. The remaining dispersion is linked to

the random walks of the magnetic field lines that create paths for the particles that connect small

portions of the solar surface in distributions till to 1 AU. The width of the distribution for the grad-

ual events suggests the presence of a shock wave which easily propagates through the field lines,

and which accelerates the particles along its path.

A further parameter of comparison is linked to the abundance of some isotopes in correspon-

dence of a certain event. Figure 2.3 shows a comparison between the abundances of the various

isotopes at about 5 MeV amu-1 in gradual and impulsive events. The higher values of Fe / O are
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Figure 2.2 Distribution of gradual (a) and impulsive (b) events in relation to the longitude
on the solar disk

present in gradual events especially for short time intervals.

Figure 2.3 Abundances of Fe/O in comparison with Ne/O

A further difference is the abundance of 3He with strongly characterizes impulsive events.

The choice to study impulsive events is motivated by the fact that the impulsive events correspond

to an injection of particles localized in space and in time, therefore the transport of the particles

is described by the shape of the propagator. In other words, the Dirac delta shape of the source
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enables the use of the propagator avoiding integration in space and time. The comparison of

impulsive and gradual events, help defining, more rigorously, the parameters that characterize the

impulsive events. A first characterization can be derived from the study of photons emitted during

a solar flare. The emissions of flare are mostly related to thermal emissions of hot plasma or from

of non-thermal electrons (i.e. hard X-rays and radio bursts). The observations relating to Îş rays

and, in particular, to their temporal profiles, have shown that the ions are actually accelerated also

by impulsive flare rather than only from shock waves. In a study of Cliver et al. (1989) has been

made a comparison between events SEP and X-rays from the flare in a period of 5 years in the

vicinity of the maximum solar activity. In this context, a number of projects have been carried out

to show the strong connection between impulsive events, such as flares, and the abundant presence

of 3He particles. In particular (Mandzhavidze et al. (1999) and Share and Murphy (1998)), the

comparative analysis between the lines produced by 4He and 3He with the γ rays emitted in the

bombardment with 3He of He, O and Fe and in particular with lines to 0.957 MeV dropout of

18F through 16O, it was noticed that in 7 flare, on the 20 examined, the ratio 3He/4He > 0.1 and

in some cases the ratio 3He/4He ∼ 1. Furthermore, the authors stressed the independence of the

phenomenon of the flare duration, making it even more evident that impulsive events (flare) in the

low corona are 3He-rich events. The measurements made by the satellite ISEE-3 have shown the

connection between events rich in 3He with the presence of non-relativistic scatter-free electron

beams (10 - 100 keV) that generate radio burst of type III. The dispersion of the velocity of the

particles is consistent for electrons and ions (the particles are detected in reverse chronological

order with respect to their speed). This can be used to determine the initial standing on the sun of

the accelerated particles in a few minutes. The association between the stream of electrons and the

radio bursts of type III (of the order of both meter and kilometer) coincides with the time necessary

for the association with the flare Hα and X-rays. Immediately after the discovery of the events rich

in 3He associated to the flare, hence to impulsive events, it has been discovered that in these events
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is unusual the presence of elements other than Fe. In the analysis of our events, all the parameters

described above were taken into account in such a way as to identify precisely the events purely

impulsive to be used for the study of the diffusion of energetic particles.

2.2 Diffusion equation and propagators

The method that we use is based on the propagator formalism. The propagator P(~r−~r′, t − t ′)

is the probability density function that a particle injected in ~r′ at time t ′ is found in ~r at time t,

and is obtained as the solution of the appropriate transport equation for the sharp initial conditions

P(~r, t = 0) = δ (~r)δ (t) (e.g., Metzler and Klafter 2000). For the case of particles injected in a

homogeneous system at different positions and times, the number density n(~r, t) can be obtained

as

n(~r, t) =
∫

P(~r−~r′, t− t ′)q(~r′, t ′)d3r′dt ′ (2.1)

where q(~r′, t ′) is the particle number density per unit time at the injection places and times. We

can assume that for each given energy E the flux of particles is proportional to the number density

of particles with that energy. The propagator describes the transport properties, and it can be seen

that for different transport models and different particle injections at the source, a wide variety of

particle densities at the observer in~r can be obtained as a function of time. Let us consider a few

limiting cases.

Sharp localized injection at the origin: in such a case q(~r′, t ′) = Aδ (~r′)δ (t ′), where A is a

normalization constant with appropriate physical dimensions, and the integration of Eq. (1) imme-

diately yields

n(~r, t) = AP(~r, t) (2.2)

in agreement with the fact that the propagator is the solution of the transport equation for δ -function

initial conditions.
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Ballistic propagation: in such a case, particles move freely away from the source at a constant

speed. We consider the one-dimensional (1D) case for clarity, so that the propagator is given by

Webb et al. (2006)

P(z− z′, t− t ′) =
1
2
[δ (z− z′− v(t− t ′))+δ (z− z′+ v(t− t ′))], (2.3)

where the δ functions describe the propagation at constant speed in the two opposite directions.

Considering a particle injection localized in space but not in time, q(z′, t ′) = Aδ (z′) f (t ′), and

inserting the above expression into Eq. (1), we obtain upon integration over z′

n(z, t) =
A

2

∫

[δ (z− v(t− t ′))+δ (z+ v(t− t ′))] f (t ′)dt ′ (2.4)

whence, assuming that the observer is at z > 0,

n(z, t) =
A

2|v| f (t− z

v
). (2.5)

(For t > t ′, v> 0 the second δ function is always zero). It can be seen that, for ballistic propagation,

the time profile of particle emission at the source is translated to the observer in z undistorted and

backshifted in time by a lag z/v—the time of flight. If, on the other hand, the transport is not purely

ballistic, the time profile at emission f (t ′) will be modified by propagation (for instance, it will be

smoothed).

Particle emission at a traveling planar shock: we assume that the observer–shock distance is

much less than the size of the shock, as in the case of interplanetary shocks. In such a case the

particle source can be assumed to be an infinite plane, say the xy plane, which moves along the z

direction with velocity Vsh. The problem is then 1D, and the source of particles can be described

as q(z′, t ′) = Aδ (z′−Vsht ′), so that the particle number density at the observer will be

n(z, t) = A

∫

P(z− z′, t− t ′)δ (z′−Vsht ′)dz′dt ′. (2.6)

This is the case considered by Perri and Zimbardo (2007; 2008a) for analysis of energetic par-

ticles accelerated at corotating interaction region (CIR) shocks, where the scale size of the CIR
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shock, about 5–10 AU, is much greater than the spacecraft-CIR distance, below 1 AU for the

considered shocks. Perri and Zimbardo (2007; 2008a) used the above expression to show that,

if a Gaussian propagator is assumed, corresponding to normal diffusion, an exponential profile

exp(−Vshz/D) is obtained for the accelerated particle fluxes, in agreement with the classical view

(e.g., Lee and Fisk 1982). Conversely, if a power-law propagator is assumed, corresponding to

superdiffusion, a power-law particle profile is obtained.

In the following, we analyse the observed particle profiles for a number of SEP events. The

particle time profiles are fitted by power laws: considering propagators with asymptotic time pro-

files, the transport regime for the particles is determined from the fit. To proceed, we make the

following assumptions:

1. localized injection of energetic particles, described by δ (~r)δ (t), so that Eq. (2) holds. In

such a case, the observed particle profile corresponds to the propagator. This restricts our

analysis to impulsive SEP events, where energetic particles are injected at once in a localized

region, probably by a flare.

2. No multiple injections of energetic particles for the same event. This requires a careful

selection of the analysed events.

3. Normal perpendicular transport, i.e., diffusive, so that the propagator for perpendicular trans-

port has the well known Gaussian form. Therefore, we only investigate the possibility of

anomalous transport for propagation along the magnetic field.

We now consider a localized injection of energetic particles at time t ′ = 0 and position ~r′ =

(0,0,0). The transport properties can be described by the probability P(~r, t) of observing the

injected particles at~r = (x,y,z) at time t. For normal diffusion in the presence of a magnetic field,
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this can be written as (e.g., Metzler and Klafter 2000; Ragot and Kirk 1997; Webb et al. 2006)

P(~r, t) =
N0

(4πt)3/2
√

D2
⊥D||

exp

[

−x2 + y2

4D⊥t
− z2

4D||t

]

(2.7)

where N0 is the total number of injected particles, while D⊥ and D|| represent the diffusion coef-

ficients perpendicular and parallel to the average magnetic field ~B0, respectively, with ~B0 = B0êz.

For magnetic turbulence levels δB/B0 ∼ 0.5–1.0, typical of the solar wind, D|| is usually much

larger than D⊥ (Giacalone and Jokipii 1999; Pommois et al. 2007). In what follows, we will select

impulsive SEP events, which approximate the localized injection well at the origin of coordinates.

In such a case the observed particle flux is proportional to the propagator, which describes the

space-time distribution of the particles injected at the origin of space and time. In our analysis, we

consider the observed particle fluxes for late times, that is, for times such that the absolute value of

the argument of the exponential functions in Eq. 2.7 is much less then 1 , e.g. z2/4D||t << 1. In

such a case, the exponential functions tend to limx→0 exp [−x2] = 1, and the long time behaviour

of the particle flux is given by the factor

N0

(4πt)3/2
√

D2
⊥D||

. (2.8)

Therefore, a power law decay of the energetic particle time profile proportional to t−3/2 is indica-

tive of normal Gaussian diffusion.

On the other hand, in the case of anomalous, superdiffusive transport, the propagator can be

obtained in the framework of continuous time random walks (Friedrich et al. 2006; Klafter et al.

1987; Zumofen and Klafter 1993) in Fourier-Laplace space. Superdiffusion is characterized by a

space-time, coupled probability of jumps by the random walker of the form ψ(l,τ) = Cl−µδ (l−

vτ), which is valid for large l, where l is the jump length, v the walker velocity, and τ the jump

time. Such a probability defines a Levy random walk whose distinctive property is a power-law

distribution of jump lengths with exponent µ (Klafter et al. 1987), and should not be confused with
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the propagator itself. The power-law distribution of jump (i.e., free displacement) lengths means

that long jumps have a small but non-negligible probability. These long jumps make transport

faster than normal, and long jumps are frequent enough for 2 < µ < 3 to enforce superdiffusion.

It is important to notice that the mean square value of l is diverging for µ < 3 , so that no mean

free path can be defined, and the central limit theorem, which would imply normal diffusion, does

not apply. The power-law distribution of jump lengths in the Lévy random walk implies (by means

of a proper statistical treatment) a power-law probability density function for the random walker

position, or, in other words, a propagator with power law tails (Zumofen and Klafter 1993). For

a full discussion, see the reviews by Bouchaud and Georges (1990); Metzler and Klafter (2000;

2004). Therefore, while normal diffusion is related to a Gaussian propagator and, usually, a Gaus-

sian distribution of jump lengths, which corresponds to Brownian motion, anomalous diffusion is

related to propagators and distribution of jump lengths having power-law tails.

We then consider superdiffusion along the z direction, which is the direction of the average

magnetic field, while perpendicular transport here is assumed to be normal. In a few limiting

cases, the Fourier-Laplace transform of the propagator can be inverted

1. for long times (near the source), that is for |z| ≪ k
1
2
µt1/(µ−1), we have

P(z, t) = a0t1/(1−µ) exp
[

− z2

kµt2/(µ−1)

]

; (2.9)

2. for short times (far from the source), that is for |z| ≫ k
1
2
µt1/(µ−1), we have for z < vt

P(z, t) = b
t

zµ
, (2.10)

and P(z, t) = 0 for z > vt, where a0, b, and µ are constants and kµ is an anomalous diffusion con-

stant (Zumofen and Klafter 1993). The value of µ determines the type of transport: superdiffusion

is obtained for 2< µ < 3, transport is diffusive for 3< µ < 4 even if the propagator is non-Gaussian

but a power law, and transport is ballistic (i.e. scatter-free) for 1 < µ < 2 (Zumofen and Klafter
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1993). Superballistic regimes can also be obtained, see Klafter et al. (1987) and Zimbardo et al.

(2000b). For 2 < µ < 3, the following diffusion law is valid:

〈∆z2(t)〉= 2Dαtα (2.11)

where the exponent of anomalous diffusion α is related to the exponent µ in the propagator by

α = 4− µ . In our analysis of impulsive SEP events, the propagator form related to superdiffu-

sive transport is used, in particular, its form calculated in real space in the approximation of long

times (i.e. | z |≪ k
1
2
µt1/(µ−1)). In such a case the exponential term of (2.9) stretches to 1, and the

propagator assumes the form

P(z, t)∼ a0

t1/(µ−1)
. (2.12)

We note that the comparison between power-law propagators and tracer particle distributions is also

used in laboratory plasmas to determine the transport regimes (del-Castillo-Negrete et al. 2004).

We now make the assumption that perpendicular transport is normal in most cases: although

subdiffusive and sometimes superdiffusive transport have been found for perpendicular transport

(Qin et al. 2002a; Shalchi and Kourakis 2007; Zimbardo 2005; Zimbardo et al. 2006), numeri-

cal simulations show that perpendicular transport is normal in most cases of strong turbulence

(Pommois et al. 2007; Tautz 2010). In particular, Qin et al. (2002a) show that perpendicular subd-

iffusion is obtained in the case of a prevailing slab turbulence, while Qin et al. (2002b) show that

normal diffusion is recovered in the case of prevailing two dimensional turbulence, as may occurs

in the solar wind. Also, perpendicular subdiffusion is usually the result of particles tracing back the

magnetic field lines, a phenomenon called compound diffusion; however, this does not happen if

enough field line stochasticity is present. Recently Zimbardo et al. (2009) and Bitane et al. (2010)

have shown that field line stochasticity grows with the quasi-2D anisotropy and that perpendicular

transport is usually diffusive in space plasmas. Therefore, we assume that, even in the case of

parallel superdiffusion, perpendicular diffusion is described by the Gaussian propagator, that the



28 Chapter 2 The propagation of Solar Energetic Particles

3-D propagator is the product of the propagators for perpendicular transport P⊥(x,y, t) and that for

parallel transport P||(z, t)

P(~r, t) = P⊥(x,y, t)×P||(z, t). (2.13)

We notice that this expression implies that the probabilty for perpendicular transport is independent

of the probability for parallel transport; this may not be the case in a magnetized plasma due to

compound diffusion, (see, Webb et al. 2006; Zimbardo 2005; Zimbardo et al. 2009). However,

once the transport regime is known, the probability of being at a given position can be described

in the same way as above, the probability being a statistical quantity. More in detail, we have

P(~r, t) =
N0

4πtD⊥
exp

[

−x2 + y2

4D⊥t

]

× a0

t1/(µ−1)
exp

[

− z2

kµt2/(µ−1)

]

. (2.14)

Again considering the limit for long times, we are left with

P(~r, t)≃ N0a0

4πD⊥t1+(1/(µ−1))
∼ 1

tµ/(µ−1)
= t−m (2.15)

where m = µ/(µ − 1). We have super diffusion for 2 < µ < 3, while ballistic regimes where

〈(∆z)2〉 ∼ v2t2 are found for µ < 2 (Zumofen and Klafter 1993), and normal diffusion is found for

µ > 3. Therefore, the slope of the particle flux decay for long times should be m = 3/2 for normal

diffusion, m= 2 for nearly ballistic transport, and 3/2<m< 2 for superdiffusive transport. In other

words, a slope of the particles flux decay greater than 3/2 is indicative of either superdiffusive or

ballistic transport. Also, for 3/2≤ m≤ 2, we obtain µ = m/(m−1), and the anomalous diffusion

exponent is α = 4−m/(m−1).

We note that, in the case of strictly ballistic transport, the propagator is given in terms of delta

functions, as seen in the Introduction. However, Zumofen and Klafter (1993) have shown that

anomalous quasi-ballistic transport with some scattering, which may correspond more closely to

the observed scatter-free events, may also be described in terms of CTRW, provided the exponent

µ in the jump probability ψ(l,τ) =Cl−µδ (l−vτ) satisfies 1 < µ < 2. In such a case, particles are

moving back and forth, but long free displacement have such a high probability that 〈(∆z)2〉 ∼ v2t2
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results (Klafter et al. 1987; Zumofen and Klafter 1993). For 1 < µ < 2, the analytical inversion

of the Fourier-Laplace transform is not known in general; that is, Eq. (2.9 - 2.10) do not hold.

However, we suggest that, when m = µ/(µ − 1) > 2, this may correspond to µ < 2, that is, to

quasi-ballistic transport, which, including some scattering, may be a more realistic and complete

description of scatter-free events. In particular, (Perri and Zimbardo 2008b) suggest that the spike

in the propagator obtained for µ = 3/2 corresponds to the observed electron profiles for scatter-

free events. Finally, other forms of the propagator for non Gaussian transport have been given by

Ragot and Kirk (1997) and by Webb et al. (2006)..

2.3 Impulsive events selection

All the dataset we consider were obtained from the CDAWeb service of the National Space Science

Data Center (cdaweb.gsfc.nasa.gov). The selection of the events starts with identifying those peri-

ods with no influence on transient events like CMEs, so that the background conditions remained

relatively unperturbed and the event profiles are very well defined and easily recognized.

The characterization of the impulsive events follows the criteria proposed by Reames (1999):

intensity-time profiles of electrons and protons with a prevalence of electron intensity and a du-

ration of tens of hours. Besides this, they are 3He-rich events. Normally impulsive events came

from a flare (or a series of flares) without associated CME (pure event). Event selection starts from

examining electron fluxes from ACE/EPAM datasets. Events that exhibit a characteristic intensity-

time profile, i.e. fast rise and smooth decay, were selected for 3He analysis. The 3He data are from

ACE/ULEIS (Ultra Low Energy Isotope Spectrometer) instrument and are related to the same time

interval of the chosen event: only 3He-rich event were chosen. Impulsive SEPs event are also char-

acterize by the short [< 1hr] duration of the associated soft X-ray (SXR) burst. To test the SXR

burst duration we inspected data from the GOES-8 Space Environment Monitor for the same time
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Data Emax Satellite t0 t1 tmax m α µ χ2 Flare-coords

MeV h h h h

2000 June 10

Protons 16.40 SoHO 17:00 1.00 2.00 2.09 2.00 1.92 0.20 N22W38

33.00 SoHO 17:00 2.00 2.00 2.19 2.00 1.84 0.22

Electrons 0.05 ACE 17.00 1,00 1,00 1.56 1.22 2.78 0.36 N22W38

0.10 ACE 17.00 1.00 1.00 1.69 1.56 2.44 0.24

0.18 ACE 17.00 1.00 1.00 1.76 1.69 2.31 0.12

0.32 ACE 17.00 1.00 1.00 1.79 1.73 2.27 0.09

2001 July 19

Electrons 0.05 ACE 4:00 5.00 10.00 1.74 1.64 2.36 0.08 N13W72

0.10 ACE 4:00 5.00 10.00 1.72 1.61 2.39 0.02

0.18 ACE 4:00 5.00 10.00 1.61 1.36 2.64 0.01

0.32 ACE 4:00 5.00 10.00 1.23 1.00 - 0.03

2002 Feb 20

Protons 0.112 ACE 5.55 2.00 18.00 1.30 1.00 - 0.28 N12W72

0.187 ACE 5.55 2.00 18.00 1.11 1.00 - 0.15

0.310 ACE 5.55 2.00 18.00 0.99 1.00 - 0.08

0.580 ACE 5.55 2.00 18.00 0.97 1.00 - 0.05

Electrons 0.05 ACE 5.55 1.00 2.00 1.97 1.97 2.03 0.09 N12W72

0.10 ACE 5.55 1.00 2.00 2.12 2.00 1.89 0.07

0.18 ACE 5.55 1.00 2.00 2.16 2.00 1.87 0.04

0.32 ACE 5.55 1.00 2.00 2.03 2.00 1.97 0.03

Table 2.1 Main parameters of selected event. Emax is the maximum value of the energy
channel. The columns t0, t1, and tmax are the start time in corona, the time delay from
start to instrument detector, and time delay from start to of particle-flux maximum. The
columns m, µ , and α are related to the transport regime, see text. The column χ2 shows
the value of the χ2 test for m fit.
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interval. We analysed the time profile in the long time approximation looking for those events that

exhibit a superdiffusive (ballistic) appearance either for proton and/or for electron flux.

To analyse the characteristic of intensity-time profiles (e.g. the diffusion properties), we in-

spected each event to determine the origin in the corona, i.e. the start time of the event. To do

that we looked for a type III radio burst related to impulsive SEPs event. Type III radio burst data

are from WIND Waves RAD2. The occurrence of radio type III bursts, starting in the corona and

traveling into interplanetary space, are related to the flare-accelerated electrons at the origin of the

event. The analysis was made using 10 minute averages and time-intensity graphics. Assuming

that the spacecraft is connected well to the flare site, the event’s start time coincides with the type

III onset time (e.g. the electron release coincides with radio type III burst (see also Krucker and Lin

(2000)).

Many studies have focused on the role of the heliographic longitude of the source by analyz-

ing SEPs data from near-earth spacecraft (Dalla et al. 2003; Ippolito et al. 2005; Krucker and Lin

2000; Reames 1999). Those studies find that impulsive SEPs event can be observed when the

source region is in the well-connected longitudinal range (that is, from W20 to W90). The po-

sitional data of the flare (e.g. coordinates) associated to the event is compared with intervals in

the well-connected longitudinal range. The flare data are from National Geophysical Data Center

(NGDC) solar data. Among the many events that have been identified we report here three events

that serve to exemplify the different transport regimes. The event characteristics and the obtained

transport regimes are given in Table 2.1.

2000 June 10

The 2000 June 10 impulsive event is shown in Fig. 2.4. This is associated with an M 5.2 class

GOES flare at heliographic position N22W38. In the left column of Figure 2.4 from top to

bottom are shown, on a lin-log scale, the proton fluxes measured by SoHO in the energy chan-
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Figure 2.4 2000 June 10 impulsive event. On the left: lin-log graph of fluxes data; from
top to bottom: proton flux from SoHO, electron flux from ACE/EPAM, 3He flux from
ACE/ULEIS and X-rays from GOES/SEM. On the right: electron and proton log-log
graph with linear fit in the descending zone.
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nels 16.4 MeV and 33.0 MeV, the electron flux from ACE/EPAM in the energy channels 0.038-

0.053Mev, 0.053-0.103MeV, 0.103-0.175MeV, 0.175-0.315MeV, and the 3He fluxes measured by

ACE/ULEIS in the energy channels 0.072-0.160MeV, 0.160-0.320MeV, 0.320-0.640MeV, 0.640-

1.280MeV, and the X-Rays flux from GOES/SEM in the wavelengths 1-8 Å(HXR) and 0.5-3

Å(SXR). In the graphs, the data are averaged hourly and are synchronized with the start time

at the source. The 3He peak is delayed ∼ 20h owing to the lower 3He speed. Indeed, considering

the speed as a function of energy and mass of particles and assuming that the distance traveled

along the magnetic field spiral is about 1.2 AU (e.g., Krucker and Lin 2000), we find that the 3He

flux should be shifted at least 15 hours with respect to the proton. The flare is shown by the peak

present in X-rays, and is highly synchronized with the peak flux of protons and electrons. All this

properties indicate that this is an impulsive event. The event start time is determined by analyzing

radio type III burst in order to determine the origin of the time axis, as explained above.

The proton and electron fluxes suddenly rise simultaneously because we are using hourly aver-

ages, thus loosing the evidence of velocity dispersion for electrons of different energies (e.g., Lin

1974; 2005). At the same time, the spiky profiles themselves indicate a fast, nearly scatter-free

propagation and a good magnetic connection with the acceleration site. The characteristics of the

transport of SEPs are linked to form of the propagator during the decay phase, as explained in

Sect. 2. To determine the power-law scaling of the energetic particle fluxes, we plot them on log-

log axes (Figures 2.4, right panels). The origin of the time axis is determined using the event start

time, and the linear fit was performed on the decay phase of the event. To respect the condition

that the propagator form for long times is valid, we fit the flux starting at about ten hours after the

event start time, that is, well after the peak in the particle fluxes. The electron and proton graphs

(Fig. (2.4) are on a time range of ∼ 50 hours for all energy channels. The onset time (origin) was

set to 2000 June 6 at 17:00. The peak of the event is seen at ∼ 4 hours from the origin. The fit was

made on 25 points after ∼ 10 hours from the event’s start time.
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The quality of the fit was evaluated using the χ2 test which shows that the fit is usually very

good. Also, visual inspection of time profiles in the right hand panels of Figure 2.4 shows that

the particle flux decay is represented well by power laws. The power-law index is given by m =

µ/(µ − 1), see Eq. (2.15). The slope (reported in Table 2.1) and the calculation of the exponent

µ indicate superdiffusive transport with α = 1.56− 1.79 for electron, ballistic (e.g. scatter-free)

transport, α ∼ 2 for protons. This type of transport is consistent with the rapid rise and decay in

the energetic particles profile, typical of scatter-free events (e.g. Lin (1974))
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Figure 2.5 Same as Figure (2.4), but for the 2002 February 20 impulsive event.
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This event, shown in Figure 2.5, is characterized by different transport regimes for protons

and electrons. As above, proton and electron fluxes are compared with 3He flux and SXR to

characterize the event as an impulsive event. The 2002 February 20 impulsive event is associated

with an M 5.1 class GOES flare at heliographic position N12W72. The prompt arrival of the

electrons shows that a good magnetic connection between the spacecraft and the acceleration site

is present. The start time t0 has been set 2002 February 20 at 5:55. The peak of the event is seen at

∼ 1 h from t0 for electrons and∼ 18 h from t0 for protons. This long delay of the proton maximum

is due to the lower proton energies measured by ACE, 0.11 - 1.06 MeV, compared to those of SoHO

in Figure 2.5, 16.0 - 33.0 MeV. As with the previous event, to determine the power-law scaling of

the energetic particle fluxes, we plot them in log-log axes (Fig. 2.5). The origin of the time axis

is determined using the event start time, and the linear fit was performed on the decay of the event

excluding the peak, but starting the fit at 20 h delay for protons and at 10 h for electrons.

The quality of the fit was evaluated using the χ2 test. The electrons and protons (Figure 2.5 on the

left) profiles have different time ranges: ∼ 52 h for all energies channels of electrons and ∼ 72 h

for all energies channels of protons.

Because of the different intensity-time profiles between electrons and protons, the parameters of

fit were different in a number of features. The slopes of the particle profile are reported in Table

2.1. For protons we find m = 0.97−1.3, that is, values lower than 3/2, so that normal diffusion is

obtained for protons in this event. We recall that the relation µ = m/(m−1) only holds for 3/2 <

m < 2, so that the value of µ is not given in this case in Table 2.1. Conversely, for electrons m =

1.97−2.16, that is, the value nearly equal to two or larger than two. This implies ballistic or quasi-

ballistic transport, i.e., α = 2. We note that such a ballistic regime is consistent with the scatter-free

electron propagation considered by Lin (1974; 2005), and the very spiky electron profiles of this

event are not very different from those considered by Lin (1974; 2005). However, introduction of

the propagators corresponding to superdiffusive transport or to quasi-ballistic transport allows the
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decaying part of the electron profile to be interpreted as the result of scattering of a limited number

of particles and not as the effect of continued electron acceleration at the source.
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Figure 2.6 2001 July 19 impulsive event. On the left: lin-log graph of fluxes data; from
top to bottom: proton flux from ACE/EPAM, 3He flux from ACE/ULEIS and X-Rays
from GOES/SEM. On the right: Electrons log-log graph with linear fit in descending
zone.

Unlike the previous events, for the 2001 July 19 event we did not analyse protons because the

data relative to proton fluxes were very disturbed. The event is shown in Figure 2.6 where electron

fluxes are compared with 3He flux and SXR. The 2001 July 19 event is associated with a flare at
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heliographic position N13W72. From top to bottom are shown on lin-log scale the electron flux

from ACE/EPAM in the energy channels 0.038-0.053 MeV, 0.053-0.103 MeV, 0.103-0.175 MeV,

0.175-0.315 MeV, and the 3He fluxes measured by ACE/ULEIS in the energy channels 0.072-

0.160 MeV, 0.160-0.320 MeV, 0.320-0.640 MeV, 0.640-1.280 MeV. The bottom panel shows the

X-ray flux from GOES/SEM in the energy channels 1-8 Å(HXR) and 0.5-3 Å(SXR). That the mag-

netic connection was not good is also indicated by the electron profiles not being sharply peaked,

suggesting that some cross field propagation was necessary before the electron flux maxima were

reached. The flare is shown by the peak present in X-rays, and it happened about 5 h before the

electron flux maxima.

As for the previous events, we made the power-law fit on the decay phase of the profiles, as indi-

cated in the right panel of Figure 2.6. To minimize the influence of cross field diffusion on the elec-

tron profile, we started to fit at 20 h after the start of the event. The power-law exponents (reported

in Table 2.1) and the calculation of the exponent µ indicate superdiffisive transport for electrons

with energies from 0.05 MeV to 0.18 MeV, with anomalous diffusion exponent α = 1.36− 1.64.

On the other hand, normal diffusion is found for an electron energy of 0.175-0.315 MeV, see Table

2.1. For this event, we notice that the α decreases with increasing energy. However, for the event

of 2000 June 10, it is found that α increases with energy, so that a clear trend of the anomalous

diffusion exponent with energy cannot be identified at this stage.
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Chapter 3

Lévy Random Walk approach to problem of

transport

This chapter reports the motivation and the properties of the numerical model for the analysis

of superdiffusive transport based on Lévy Random Walk. In particular, starting from the defini-

tion of the problems related to the transport of particles for non-impulsive events (generated by

phenomena such as CME), the emphasis is on the need to build models for the study of superdif-

fusive transport, in order to compare the theoretical results with the characteristics of the observed

data. The chapter also discusses in-depth issues related to both the characteristics of parallel and

perpendicular transport and the theory of Levy random walk. The objective of this approach is,

therefore, the ability to "describe" regimes of anomalous transport using precisely the theory of

Lévy walks. Through the numerical simulation it is possible to show the different characteristics

of non-Gaussian distributions. The chapter is structured as follows: the first section describes the

characterization of the issues related to transport in gradual events for which it is necessary the use

of numerical models for the study of super-diffusive transport; in the second section we examine

the motivations and the difficulties for the construction of a numerical model for the super-diffusive

39
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transport; the third section highlights the characteristics of the parallel and perpendicular transport

with particular reference to the motion of particles in the solar wind; in the fourth and last section

we describe the theoretical aspects related to Lévy Random Walk.

As reported in previous chapter, in recent years, the study of transport phenomena linked to phe-

nomena such as CME and flare has been much developed. In particular, the study focused on the

analysis of the temporal profiles of the flows of electrons and ions associated with these events

(Cane et al, 1988; Reames, 1999; Trotta and Zimbardo, 2011). The particles involved in this kind

of phenomena (that can reach energies up to 1 GeV), can reach distances that exceed 1 AU. The

SEP phenomena of long duration (several days) are classified as gradual events. The gradual events

observed are often associated with the CME that, also by virtue of the interaction with the inter-

planetary magnetic field, expands moving outward. The interaction of the particles with the solar

wind turbulence in front of the CME determines the characteristics of the transport itself. There

are several theoretical works related to the study of the motion of these particles and their transport

characteristics (Lee, 1983, 2005; Reames, 1999; Giacalone and Kota 2006).

In particular, these studies deal with the motion of particles through a given magnetic field with

fluctuations linked to phenomena of turbulence with a certain degree of correlation. The construc-

tion of "realistic" models for gradual SEP events are the challenge for simulations of space weather

because of their fundamental importance in predicting the risk intrinsically linked to events of this

kind. There are several numerical models for the study of shock and consequent phenomena of

particle acceleration aimed at the study of the temporal profiles associated with SEP (e.g. Cane et

al.,1998; Vainio et al. 2006). All these models use different types of simplifying assumptions in

order to make the problem tractable from the mathematical and / or computational point of view.

In general, the problem of modeling a gradual event represent a strong challenge (currently unre-

solved) because of the time and space variability of the acceleration source, i.e., the shock, and of

the variety of possible transport regimes.
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A useful approach to the study of these phenomena could be based on the properties of Lévy ran-

dom walk to be used for the study of transport characteristics in gradual events: having set the

model to use for the description of the shocks associated with CMEs, the properties of motion of

the particles through the shock can be modeled using, in fact, the Lévy Random Walk.

3.1 Lévy Random Walk

The diffusive processes are fundamental in the description of conservative and dissipative chaotic

systems, which is why they have a fundamental importance in many applications of various scien-

tific fields other than physics: the theory of diffusion is used, for example, in geology, economics

and the social sciences. Over the years, several paradigms have been proposed for the study of

diffusion problems, based on different formalisms. For our work we have used models based

on Lévy Walks, i.e. statistical descriptions that "extend" the concepts related to the formaliza-

tion of the random walks. In particular we emphasize the difference between Lévy Fligth and

Lévy Walk, both mathematical models used to describe the anomalous diffusion, characterized

by having standard deviations not linearly related to time. The flight follow the Lévy probability

distributions P[R], whose average standard deviation is infinitive, with a non-zero probability of

very long jumps irrespective of the time needed to perform the jump. The Lévy Walk, instead,

has a coupling space-time which penalizes very long jumps. In other words, for Lévy Walks we

assume that a proportion ally longer time is needed to make long jumps. The models are called

Lévy models in honor of the mathematician Paul Lévy who, in the years between 1920 and 1930,

developed the mathematics on statistics of the motions with infinite standard deviation. As men-

tioned in the previous paragraphs, the observation and description of diffusion processes based on

the random walk goes back in time. In 1700 J.Bernoulli (Ars Cojectandi) describes the random

"paths" related to the mechanisms of gambling, although the best known example is definitely the
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description of the irregular motion of particles described by R. Brown in 1800. The revolutionary

bit of Brown’s work was the demonstration that this type of movement is independent from the ori-

gin of the particles and it is not caused by differences in temperature or pressure. The formalism

of the Lévy Walk is particularly suitable for the description of phenomena called superdiffusive,

and it also has characteristics of self-similarity and invariance of scale factors typical of fractal

geometry (Metzler and Klafter 2000; 2004).

3.1.1 Diffusion

There are different "types" of diffusion classified according to the relationship between the standard

deviation and the time. The simplest diffusion process is the Brownian motion whose mean square

displacement is given by:

〈~r2(t)〉 ∼ 2Dt (3.1)

where ~r2(t) = (x− x0)
2 + (y− y0)

2 + (z− z0)
2. In his category of movements, the probability

distribution is given by a Gaussian according to the central limit theorem (Shlesinger et al. 1993).

In the case of anomalous transport, the relationship between the mean square displacement and the

time is no longer linear, for which the diffusion equation becomes (Klafter et al. 1990)

〈~r2(t)〉 ∼ tα (3.2)

The exponent α distinguishes between two different types of diffusion: if α < 1 we have sub-

diffusive processes (Klafter et al. 1990); if α > 1 we will have super-diffusive processes. Both

subdiffusive and superdiffusive processes are typical of chaotic regimes. There are other types of

transport identified by values of α = 2 (ballistic motions i.e. at constant speed) and α = 3 (for the

separation of two random walker in turbulent motions). For the anomalous diffusion the probability

distribution is not Gaussian (Klafter et al. 1987). The diffusion is often described by the diffusion

equation, i.e. Fick’s second law. This equation allows jumps with infinite speed, i.e. a jump with
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an arbitrary length has a probability greater than zero. In contrast, the so called telegraph model,

provides only the presence of finite speeds (Shlesinger et al. 1989). The diffusion equation applied

to the probability density (with constant diffusion D = 1) is

∂

∂ t
ρ(~r, t) =

∂ 2

∂~r2 ρ(~r, t) (3.3)

This diffusion equation has a Gaussian probability distribution and a linear dependence of stan-

dard deviation - time (Klafter et al. 1987). For the anomalous diffusion the form of the diffusion

equation changes into
∂

∂ t
ρ(~r, t) =

∂

∂~r
k(~r, t)

∂

∂~r
ρ(~r, t) (3.4)

Passing to the space of Fourier-Laplace (i.e. doing a Fourier transform for the spatial component

and a Laplace transform for the time component), the solution of the equation is

ρ(~k,u)∼ 1
u
−C

k2

uα+1 (3.5)

3.1.2 Lévy flights versus Lévy Walks

The work of Lévy of the 20s and 30s led to the determination of non-Gaussian distributions with

characteristics of scale invariance. In particular, Paul Lévy discovered the scale invariance when

pn(k) = e−Cn|k|b (pn(k) is the Fourier transform of the probability distribution) with b ∈ [0,2] and

n which indicates the number of steps. b reveals the size of the set of points which is visited by

Lévy Flight, and also identifies the type of distribution and therefore the type of movement: b = 2

we have Gaussian distribution then normal spread, 0 < b < 2 indicates non-Gaussian distribution

and anomalous diffusion, i.e. Lévy Flights.

As we can see from image (Fig. 3.1), the characteristic of the Lévy Flight is given by the

presence of many short steps "connected" by a few long jumps. In this scheme, moreover, the

displacements are considered immediate, which means to hypothesize infinite speed values. They

follow a probability distribution:
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Figure 3.1 Random walk on the left vs Lévy flights on the right

p(~r)∼ |r|−γ−1 (3.6)

The exponent γ is known as the Lévy index and varies between 0 and 2. A description of the

characteristics of Levy Flights can be made by calculating the moments in different orders by using

a probability distribution (PDF):

〈xn〉=
∫ ∞

−∞
dxxnP(x) (3.7)

Assuming a decay in power law, that is, P(x)∼ t−µ , then for n = 2 and µ < 3, the second moment

diverges, and for µ ∈]1,2] both the first and the second moment diverge, then the average length is

infinite. With µ ∈]2,3] the motion is intermediate between ballistic and normal. Taking "instant"

steps (i.e. zero time), on one hand it reduces the applicability in the description of physical pro-

cesses, on the other hand it highlights the impossibility of their "representation" in the Euclidean

space. Starting from these considerations, we passed to the formalization of Lévy Walks for which,

in fact, the time required to make a jump is not independent of the jump length.

In this context, the attention is placed on the distance traveled after a time t rather than on the entire

shift. The distance traveled after a time t is called Lévy Walk. It remains to define a method for
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making finished the standard deviation 〈|r|2〉 and in this case we can use the paradigm of CTRW

(Continuous Time Random Walks) (Shlesinger et al. 1993) for which the motion can be character-

ized by "pauses" in certain positions by relaxing the constraint of the instantaneous passage from

one point to another.

The CTRW approach is based on a probability distribution with the following form to describe the

probability distribution to make a displacement s in time t

Ψ(~r, t) = p(~r)δ (t− |~r|
v
) (3.8)

v~r represents the length-dependent speed. The first factor, p(~r), is the probability of a trajectory, be-

tween two points at a distance~r. The term δ (t− |~r|
v
) can be interpreted as the conditional probability

in the sense that, given the displacement~r, the time for that movement will be t (Shlesinger et al.

1993).

Another slightly different distribution which describes the Lévy Walks is

Ψ(~r, t) = A(|~r|−µ)δ (|~r|− tv) (3.9)

where the delta function couples t and ~r, any length jump is possible, but due to the coupling

between t and~r, longer lengths are less likely. Lévy Walks are invariant in scale: the value of α in

〈|~r|2(t)〉 ∼ tα assumes different values depending on µ and the following relation α = 4− µ can

be also applied.

In order to tie the statistics represented by the Lévy walks and the diffusion equation, i.e. the

physical description of different types of transport, we can describe the relationship between the

standard deviation of the trajectories and the diffusion coefficient. In the one-dimensional case the

following relationship holds between the variance and the diffusion coefficient

〈x2(t)〉−〈x(t)〉2 = 2D′t (3.10)

Where D′ is the diffusion coefficient and the term 〈x2(t)〉− 〈x(t)〉2 represents the variance σ2(t).

It’s clear that in the case of symmetric trajectories 〈x(t)〉 = 0, the diffusion coefficient is directly
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proportional to the standard deviation. Turning to the three-dimensional case, the variance can be

defined as:

〈x2(t)〉+ 〈y2(t)〉+ 〈z2(t)〉= 6D′t (3.11)

and using the vector notation we can write:

〈|~r|2〉= 2dD′t (3.12)

where d is the number of dimensions.

We define a diffusion coefficient D independent of time

D =
〈|~r|2〉

t
(3.13)

It is interesting to compare the time-independent diffusion coefficients obtained through the anal-

ysis of the standard deviation, with the coefficients obtained from the equation of Stokes-Einstein:

D′ =
kBT

6π ∋ R
(3.14)

Where kB is the Boltzmann constant ∋ is the viscosity and R is the hydrodynamic radius: the

higher viscosity and / or radius, the lower is the rate of diffusion. On the other hand, if the thermal

energy increases (∼ kBT ), the spread is increased. The diffusion coefficients can be assumed to be

time-dependent ((Weeks and Swinney 1998)), and be represented as follow:

D(t) = Γtα−1 (3.15)

However, this type of dependency is problematic, since D diverges when t tends to 0 [sub-diffusion].

In any case, using this expression, we have

〈|~r2|(t)〉= D(t)t = Γtα (3.16)

For a Lévy Fligth, i.e. 〈|~r2|(t)〉 = ∞, the diffusion coefficient is infinite. It is noteworthy that, in

the limit of Brownian motion, i.e. α = 1, both the independent and dependent diffusion coeffi-

cients coincide D(t) = constant = D so that 〈|~r2|(t)〉= Dt. This means that the more the diffusion
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coefficient D(t) and D are different the more we move away from Brownian motion. Finally, fun-

damental to our work we report the relationship between the diffusion coefficient and a probability

distribution using the following equation (one-dimensional case)

P(x, t) =
1√

4πDt
e−x2/4Dt (3.17)
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Chapter 4

Direct simulation of Lévy Random Walk

In this chapter we describe the details of the numerical model proposed based based on Lévy Ran-

dom Walk, giving a detailed description of both the used methodology and its implementation.

A large number of physical systems exhibits nondiffusive transport, that is, the mean square dis-

placement of the random walker growing nonlinearly in time, 〈∆x2〉∝ tα with α 6= 1 (Bouchaud and Georges

1990; Metzler and Klafter 2000; 2004). In particular, when α > 1 we have superdiffusion, and

when α < 1 we have subdiffusion. Such nonlinear growth is related to the presence of non Marko-

vian, long memory properties in time, and/or to nonlocal, long range correlation properties in space

(del-Castillo-Negrete et al. 2004; Perrone et al. 2013; Zaslavsky 2002). The long range correla-

tion and long memory are frequently found to be associated with nonlinear maps (Geisel et al.

1985; Metzler and Klafter 2000), turbulent transport (Consolini et al. 2005; Klafter et al. 1987;

Shlesinger et al. 1987; Zimbardo et al. 2000a; Zimbardo 2005; Zimbardo et al. 2010; ?), and ener-

getic particle transport in collisionless plasmas (Pommois et al. 2007; Shalchi and Kourakis 2007;

Tautz 2010; Zimbardo et al. 2006). In particular, space plasmas, evidence of superdiffusion of en-

ergetic particles accelerated at interplanetary shocks was found by Effenberger (2012); Perri and Zimbardo

(2007; 2008a; 2009a;b); Sugiyama and Shiota (2011), and evidence of superdiffusion of solar flare

energetic particles by Trotta and Zimbardo (2011).
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As proposed in the precious chapter, the superdiffusive transport can be described in terms of

a Lévy random walk, that is in terms of a probabilistic description where the probability Ψ of

a random walker making a free path of length x (forward or backward) in a time t is given by

(Geisel et al. 1985; Klafter et al. 1987; Shlesinger et al. 1987)

Ψ(x, t) = A |x|−µ δ (|x|− vt), |x|> x0 (4.1)

where v > 0 is the speed of the particle. In the Lévy walk description, it is essential to have a cou-

pling between free path length and free path duration, as expressed by the delta function, in order to

ensure the constant velocity of the particle undergoing the Lévy walk, as well as the conservation

of energy. When such coupling is not present, a statistical process called Lévy flights is obtained

(e.g., Consolini et al. 2005; Metzler and Klafter 2004), but this is not appropriate to describe the

motion of single particles having mass, although it may be appropriate to other stochastic systems.

In the above expression, it should be understood that the power-law form only applies for |x|> x0,

with x0 a scale parameter, and that Ψ has a bell shaped profile for small x. It is important that for

small values of the exponent µ "heavy", power law tails of Ψ are obtained, which correspond to

a non negligible probability of very long free paths, corresponding to long range correlation. It

is such non negligible probability which discriminates between a Lévy random walk leading to

superdiffusion and a Gaussian random walk leading for normal diffusion.

It is readily verified that for µ < 3 the mean square value of x, and hence the mean free path, is

diverging,

〈x2〉=
∫

x2 Ψ(x, t)dxdt → ∞ µ < 3 (4.2)

which means that the central limit theorem, does not require normal diffusion in this case (e.g.,

Bouchaud and Georges 1990; Klafter et al. 1987). Therefore, the free path probability distribution

in Eq. (1) opens the gate to anomalous transport for µ < 3. It can be shown that when 2 < µ < 3

the above free path probability leads to superdiffusion with (Geisel et al. 1985; Klafter et al. 1987;
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Zimbardo et al. 2012; Zumofen and Klafter 1993)

α = 4−µ . (4.3)

Here it is seen that the power-law exponent µ has a primary role in determining the pace of su-

perdiffusion. It can also be shown that for µ < 2 ballistic propagation is obtained, while for µ > 3

normal diffusion is obtained, even if the random walk is composed of power-law distributed free

path lengths (e.g., Zumofen and Klafter 1993). As a consequence of the fact that a Lévy random

walk is described by a heavy tailed free path probability Ψ(x, t) with diverging second order mo-

ment, the probability density function of the random walker positions P(x, t) —the propagator— is

not a Gaussian. To leading order in the asymptotic expansion, the propagator is given by a modified

Gaussian for small |x| (Metzler and Klafter 2004; Zumofen and Klafter 1993):

P(x, t) =
A0

t1/(µ−1)
exp

(

− x2

kµt2/(µ−1)

)

(4.4)

and by a power-law for large |x|:

P(x, t) = A1
t

xµ
|x|< vt (4.5)

with the propagator being zero for |x| > vt because pf the δ -function coupling in Eq.(4.1). In

many cases it is desirable to carry out numerical simulation of the Lévy walk process, to com-

pare the simulation result with experimental data. In order to realize Monte Carlo simulations

of superdiffusion it is necessary to have a reliable implementation of the Lévy random walk,

as described in Eq. (4.1). Such a numerical implementation is useful for instance when the

source of superdiffusing particles is not point like, as assumed by Trotta and Zimbardo (2011),

or when propagation happens in a nonhomogeneous medium, so that the parameters µ and x0

could vary with space and time. For instance, energetic particles propagation in the solar wind

can be described by constant µ and x0 under the assumption of stationary turbulence properties,

(Perri and Zimbardo 2012a; Trotta and Zimbardo 2011), but data analysis shows that this is not
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always the case(Perri and Balogh 2010a;b).

Here we present such a direct numerical simulation of a Lévy random walk in the 1-D case,

and show that the theoretical predictions for the anomalous diffusion exponent α = 4− µ and

the propagator, Eqs. (4.3,4.4) above, are well reproduced by numerical model (e.g., Effenberger

2012). We point out that while numerical implementations of Lévy flights are well known, see,

e.g., Ghaemi et al. (2009), this is not the case for Lévy random walk. Indeed, the characterizing

space-time coupling of Lévy walks requires that, once a long free path is extracted from the proba-

bility distribution Ψ(x, t), the displacement length of the free path cannot be “given” to the random

walker position disregarding time: a very long free path requires a very long time, too, so that

special care is needed in computing the mean square displacement 〈∆x2〉(t) and the propagator at

a given time.

4.1 Numerical Method

The probability of free paths for Lévy random walk, given above, specifies the power law form of

the probability for large x, (i.e. for |x|> x0), while most authors do not specify the form for |x|< x0,

as this is not affecting the asymptotic behavior of 〈∆x2〉 and so on. A bell shaped form could be

assumed, but in order to point out the unimportance of this point, we choose a flat distribution

for |x| < x0. Therefore, the form of the probability distribution related to the particle transport is

characterized by two different expressions in relation to the value of the characteristic distance x0

which represents the scale parameter, and, ultimately, the normalization length:

Ψ(x, t) =













1
2Cδ (|x|− vt), x < x0

1
2C| x

x0
|−µδ (|x|− vt), x > x0

(4.6)
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Here, v is the velocity of the diffusing particles, which is kept constant. In order to determining the

value of the constant C, we use the following normalization condition

∫ +∞

0
dt

∫ +∞

−∞
dxΨ(x, t) = 1 (4.7)

Substituting (4.6) in (4.7), integrating in x, using the properties of δ (|x|− vt), using the symmetry

of the distribution function, and separating the integration intervals in time using the relation t0 =

x0/v (also implied by the δ coupling), we obtain
[

∫ t0

0
Cdt +

∫ +∞

t0

C

(

vt

x0

)−µ

dt

]

= 1 (4.8)

We know that the superdiffusive transport is characterized by values of µ between 2 and 3 (e.g.,

Zumofen and Klafter 1993) so that limt→+∞

[

C
(

v
x0

)−µ
t−µ+1

1−µ

]

= 0, that is, the above integral

is converging. Ultimately, the value of the constant C can be obtained using the expression

Ct0 +C
(

v
x0

)−µ t
1−µ
0

µ−1 = 1, which also shows that for µ < 1, Ψ(x, t) cannot be normalized, and

the condition t0 = x0/v:

C =
1
t0

(

µ−1
µ

)

(4.9)

We note that if a different profile of Ψ(x, t) had been used for |x| < x0, for instance a bell shaped

function, this would simply change the value of Ct0 (i.e. the first contribution to the integral in

Eq. (4.8)) into another constant. Now, we use the value obtained for C to determine the algorithm

that allows to generate random numbers corresponding to the properties of distribution function

(4.6). In other words, we want to find a relationship between a random number generated using

a constant probability, and a number belonging to our probability distribution function (4.6). Let

ξ be a random number evenly distributed in the range [0,1]. Sequences of random numbers ξ

are generated by standard routines. The normalization conditions associated with two different
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distributions (i.e., the constant distribution and the Lévy distribution), yields the following equation

(e.g., Greco et al. 2002)

ψ(t)dt ≡
[

∫ ∞

−∞
dxΨ(x, t)

]

dt =Cξ dξ (4.10)

where we used the fact that because of the δ coupling we can express ψ as a function of time

only. Since ξ is distributed between 0 and 1 with constant probability, the normalization constant

Cξ = 1. Then we obtain an expression that relates ξ with t

ξ =
∫ t

0
ψ(t ′)dt ′ =



































Ct t < t0

Ct0 +C
∫ t

t0

(

vt ′
x0

)−µ
dt ′ t > t0

(4.11)

Solving the integral in (4.11)
∫ t

t0

(

vt ′
x0

)−µ
dt ′, and substituting (4.10) in (4.11), we obtain

ξ =
∫ t

0
ψ(t ′)dt ′ =



































Ct, ξ < ξ0

Ct0 +C
(

v
x0

)−µ
1

µ−1

[

t
1−µ
0 − t1−µ

]

, ξ > ξ0

(4.12)

where we have used the expression ξ0 = µ−1
µ . To obtain the value of t as a function of ξ , we

must reverse the expression (4.12), using the value of C (i.e. (4.9)) obtained from normalization

condition of the distribution function. After some algebra we obtain the following expression for

ξ > ξ0

t = t0

[

1
µ (1−ξ )

]
1

µ−1

(4.13)

while, clearly, t = ξ/C for ξ < ξ0.

Because of the specific space-time coupling of Lévy walks, a very long jump requires a very

long time. On the other hand, when constructing a random walker trajectory by a Monte Carlo
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methods, one usually gives a random displacement ∆xn at each regular interval ∆t, where ∆t rep-

resents the "granularity" of time intervals. In the present case, a long jump is to be divided in

segments of length ∆xni, such that ∆xni = v∆t, with ∆tn = k×∆t, with ∆tn being generated by the

above procedure, Eqs. (4.12−4.13), and the integer k running from 1 to ∆tn/∆t. In this way the set

of position and times (∆xn,∆tn) is used to construct the trajectory visited by Lévy walker. Denoting

the current position and current time by uppercase Xn and Tn, we can represent the trajectories as






















Xn = x0 +∑n ∆xn

Tn = t0 +∑n ∆tn

(4.14)

where ∆xn =±v∆tn, and for long jumps (i.e ∆tn > ∆t )






















∆xn =±∑i ∆xni

∆tn = ∑i ∆tni

(4.15)

The method used for the construction of the distribution function associated to the trajectories of

the particles belonging to a simulation run, starts by determining the position of trajectories at

a given time. In particular, once defined the granularity of the spatial intervals, a histogram is

built for the determination of the number of particles belonging to a certain range (distribution

function). The algorithm used to determine the distribution function, uses a linear interpolation

that allows to reconstruct all the points of the trajectory, at each given intermediate time ti = i×∆t

based on the size of the intervals used for the histograms, so as to assign the correct number of

particles at each time and each spatial interval defined. This procedure is particularly relevant for

the long jumps of the particles, for which it is necessary to calculate the intervals crossed and the

crossing time to build the distribution function using the information relating to all the trajectories.

Ultimately, for each jump, we determine the number of intervals crossed by the walk and, using

linear interpolation, thus determining the entire path from the starting point of the jump to the point
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of arrival.

4.2 Simulation results

The numerical results are shown in figures 4.1 - 4.6 for different values of the Lévy power law

index µ . We considered different values of 2 < µ < 3 to study superdiffusion, and values of

µ > 3 to study how normal diffusion is recovered. For each value of µ , we present the mean

square displacement 〈∆x2〉 as a function of time, and the probability density function P(x, t) of the

random walker position at a different times; the latter is shown both in log-lin axes and log-log

axes. Usually, 106 trajectories have been integrated for each run, while the integration time has

been varied in order to reach the "asymptotic regime" in each case. Figure 4.1 show the simulation

results for µ = 2.1. The fit of 〈∆x2〉 ∝ tα shows that α ∼= 1.851, in good agreement with the

predicted value α = 4−µ = 1.9. The propagator shows power law tails for large x, and a rounded

peak for small x, as expected, with a smooth transition from the form of Eq.(4.4) to that of Eq.

(4.5). The cutoff of the propagator for |x|> vt is also visible from the middle panel in Figure 4.1,

as the power law tail appear to go to zero at about x = 3× 103x0. Further, for all of Figures 4.1 -

4.4 it can be seen that the propagator decreases in time for small |x|, in agreement with Eq.(4.4)

and increase in time for large |x| in agreement with Eq.(4.5). This same behaviour of propagator is

found in Figures 4.2,4.3,4.4 for µ = 2.3,2.7,2.9, respectively.

Figure 4.2 show the simulation results for µ = 2.3, and it can be seen that α ∼= 1.694, in good

agreement with the predicted value α = 4−µ = 1.7.

Similar result are shown in Figure 4.3 and 4.4, all showing that the relation α = 4−µ is well

verified (see also Table 4.1). We point out that this relation is a distinctive property of Lévy random

walks, (e.g., Klafter et al. 1987; Zumofen and Klafter 1993), whereas superdiffusion described by

fractional derivative on space yields α = 2
(µ−1) (e.g., Perrone et al. 2013; Zimbardo 2005). There-
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fore we can say that our numerical model appropriately describes the Lévy random walk. On the

other hand, the value of abscissa of the middle panel of Figures 4.1 - 4.4 for which P(x, t) is ap-

preciably different from zero, decreases with the increase of µ . In other words, the propagator is

progressively less wide when µ increases. Clearly, this corresponds to the fact that the power law

tail of the probability Ψ(x, t) become less important, and the pace of transport is reduced, as is also

shown by the values of 〈∆x2〉 for different µ .

The bottom panel of the figures shows the propagator in log-log axes, in order to appreciate

the presence of the power-law tails. For Figures 4.1− 4.4 we have represented the "theoretical"

slope, P(x) ∼ |x|−µ , by dashed lines (on both sides of the numerical results). We can see that the

theoretical slope of the tails is rather well reproduced by the numerical simulation in Figures 4.1

and 4.2. Conversely, the tails of the propagator for µ = 2.7 and 2.9, reported in Figures 4.3 and

4.4, respectively, are somewhat steeper than the theoretical slope. We consider that this is not a

shortcoming of the numerical model, but rather the manifestation of the fact that the propagator ex-

pressions given in Eq.(4.5−4.4)represent the leading term of the expansion for the Fourier-Laplace

transform propagator for Lévy walk, see (Zumofen and Klafter 1993). If the expansion is carried

out to higher order terms, additional, more steep asymptotics for the propagator are obtained, see

(del-Castillo-Negrete et al. 2004). Indeed, such steeper-than-leading-term-propagator tails are also

obtained by Blumen et al. (1990) by a numerical inversion of the Fourier-Laplace transform of the

propagator, as given by the Montrell-Weiss equation.

Figure 4.5 shows the result for µ = 3.2, that is for a value of µ larger then 3, for which normal

diffusion is expected. Indeed, Figure 4.5 shows that mean square deviation grows as tα with α =

1.01, that is, normal diffusion in practice. Also the shape of P(x, t) is rather similar to a Gaussian

although a small power law tail can be seen for large |x|. As shown by Zumofen and Klafter

(1993) this power-law tail of the propagator is to be expected for 3 < µ < 4, even though the pace

of transport is diffusive.
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Finally, Figure 4.6 shows the result for µ = 4.5, that is for a value of µ which corresponds

to normal diffusion and a Gaussian distribution function (e.g., Zumofen and Klafter 1993): both

prediction are confirmed, with α = 1.0092 and a clearly Gaussian P(x, t). As expected, the values

of 〈∆x2〉 and the width of P(x, t) are much less than in the previous cases, due to the scarcity of long

jumps. The simulation results, including a few more cases which are not shown, are summarized

in Table 4.1.

µ αsim αtheory

2.1 1.850 1.9

2.3 1.694 1.7

2.5 1.528 1.5

2.7 1.247 1.3

2.9 1.067 1.1

3.2 1.014 1.0

3.5 1.012 1.0

4.5 1.009 1.0

Table 4.1 Numerical simulation results. The column µ is the exponent that determines
the pace of superdiffusion (i.e. α = 4− µ). The column αsim is the value computed by
numerical simulation. The column αtheory is the value predicted from the theory.
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Figure 4.1 Numerical results for µ = 2.1. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.
The dashed lines represent the theoretical slope µ .
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Figure 4.2 Numerical results for µ = 2.3. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.
The dashed lines represent the theoretical slope µ .
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Figure 4.3 Numerical results for µ = 2.7. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.
The dashed lines represent the theoretical slope µ .
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Figure 4.4 Numerical results for µ = 2.9. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.
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Figure 4.5 Numerical results for µ = 3.2. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.
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Figure 4.6 Numerical results for µ = 4.5. Top panel: fit of the mean square displacement
versus time. Middle panel: the probability distribution function (PDF) of positions for
different times in log-lin axes. Bottom panel: the same PDF for x > 0 in log-log axes.



Chapter 5

Test particle simulation for impulsive events

In this chapter we will give the details of the test particle simulation for steady of motion of ener-

getic particles in solar wind. Also, with the help of the various figures, we will show the results

obtained with the different runs performed in the simulation. The chapter starts with the description

of the main characteristics of the equation used in numerical simulation (i.e.the drift approximation

). Then a brief description of the numerical programs is given. Subsequently, are illustrated the

various runs performed by adding to the first term of the equation of motion of the guiding center,

the various terms of drift due to electric and magnetic fields crossed at the gradient of the magnetic

field and the curvature of the lines of force, and different diffusion models . Finally, we will show

some examples of comparison between numerical results and observed data .

As we said in previous chapter, in recent years, the study of transport phenomena linked to phe-

nomena such as CME and flare has been much developed. In particular, the study focused on the

analysis of the temporal profiles of the flows of electrons and ions associated with these events

(Cane et al, 1988;. Reames, 1999). The particles involved in this kind of phenomena (ions that

can reach energies up to 1 GeV), can reach distances that exceed 1 AU with a motion strongly

linked to the shock caused by the CME. The SEP phenomena of long duration (several days) are

classified as gradual events. The gradual events observed are often associated with the CME that,

65
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also by virtue of the interaction with the interplanetary magnetic field, it expands moving outward.

The interaction of the particles with the shock produced by the CME determines the characteris-

tics of the transport itself. There are several theoretical works related to the study of the motion

of these particles and their transport characteristics (Lee, 1983, 2005; Reames and Ng, 1994; Gi-

acalone and Kota 2006) using the paradigma based on the diffusive motion and the dispersion of

the waves, which involve the solution of the Boltzmann equation in spherical geometry for finding

both analytical and numerical solutions for the transport analysis of gradual events. In particular,

these studies deal with the motion of particles through a magnetic field given with fluctuations

linked to phenomena of turbulence with a certain degree of correlation. The construction of "real-

istic" models for gradual SEP events are a challenge for simulations of space weather because of

their fundamental importance in predicting risk intrinsically linked to events of this kind. There are

several numerical models for the study of shock and consequent phenomena of particle accelera-

tion aimed at the study of the temporal profiles associated with SEP. All these models use different

types of simplifying assumptions in order to make the problem tractable from the mathematical

and / or computational point of view. In general, the problem of modeling a gradual event shows

strong difficulty (currently unresolved) in the relationship between the properties of the impacts

and aspects diffusive / super-diffusive of motion of the particles. A useful approach to the study of

these phenomena could be based on the properties of Lévy random walk to be used for the study of

transport characteristics in gradual events: set the template to use for the description of the shocks

associated with CMEs, the properties of motion of the particles through the shock can be modeled

using, in fact, the levy random walk.
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5.1 Motion of particles in drift approximation

A plasma is an electrically neutral gas mainly composed of charged particles. The role of the elec-

tromagnetic field is essential to understand the behavior of the plasma. Although many phenomena

related to plasma are of a collective nature, we can see, in this chapter, some aspects of the inter-

action between electromagnetic fields and the single particle. For a particle of mass m and charge

q placed in an electromagnetic field B the non-relativistic equation of motion is

dv

dt
=

q

m
(~E +

~v∧~B
c

) (5.1)

This equation will be solved for some configurations and conditions of the electromagnetic field.

As it is already known, in a uniform magnetic field the charged particles move along a helical

paths, with the axis of the helix along the magnetic field. In the presence of electric and non-

uniform fields the motion is more complicated. If the electric field and the non-uniformity are not

too strong, the motion of the particles can be described as a circular motion (perpendicular to the

magnetic field) superimposed on a motion of "drift" in the center of the orbit. We are talking about

motion in the drift approximation, and this introduces the concept of guiding center.

In space plasma, despite the presence of an electric field, it is often possible to assume that the

component of said electric field parallel to the magnetic field disappears (i.e. ~E0.~B0 = E0B0 = 0).

It is because 5.1 tells us that only the electric field can exert a force in the direction of B0. This

force moves the positively charged particles in the direction of E0 and those negatively charged in

the opposite direction. If there is a sufficient number of particles, their relative displacement can

produce a field, due to the charge separation, which grows opposing E0 until it is cancelled; after

that no force will act in the direction of the magnetic field. The response of charged particles to the

perpendicular component of E0 is very different. To understand this motion let’s think first about

how the charges move the charges move when there is only B0, they whirl in a circle, the direction

of the motion depends on the sign of the charge and the radius of the circle, ρ , varies with the mass
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of the particle. Hence, ρ is higher for a ion that for an electron, and, at a given speed, the electric

field accelerates the particle along a part of the orbit, and decelerates along the remaining part,

the result is that the orbit is a cycloid or trochoid with a radius of curvature wider for half orbit

and narrower for the remaining half. To analyze the problem let’s think as in the previous case,

decomposing the equation of motion along the coordinate axes, in the simplificative assumption

that E0 and B0 are "crossed", placing B0 along the z axis and E0 along the x axis. At this point 5.1

decomposes into






ẍ− qB0
mc

ẏ = q
m

E0⊥

ÿ− qB0
mc

ẋ = 0
(5.2)

so we have

(ẍ+ iÿ)+ i
qB0

mc
(ẋ+ iẏ) =

q

m
E0⊥ (5.3)

by introducing complex variable ω = ẋ+ iẏ, we can write

(ω̇ + iΩω) =
q

m
E0⊥ (5.4)

the solution of the homogeneous equation associated with 5.4 is

ω0 = v⊥e−i(Ωt+φ) (5.5)

For the particular solution we cab think as follows, such a solution is a constant so we put the total

solution as ω = ω0 +A where A is a constant function. So we obtain

ω̇ + Ȧ+ iΩ(ω +A) =
q

m
E0⊥ (5.6)

using ω̇ + iΩω = 0 and Ȧ = 0 we obtain

A =− i

Ω

q

m
E0⊥ (5.7)

Factoring it in the real and imaginary parts, we obtain






vx = v⊥cos(Ωt +φ)

vy =−v⊥sin(Ωt +φ)− cE0⊥
B0

(5.8)
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and integrating previous relations we reach the following result






x = x0 +
v⊥
Ω sin(Ωt +φ)

y = y0 +
v⊥
Ω cos(Ωt +φ)− cE0⊥

B0
t

(5.9)

Now, we define the guiding center as the point that represents the center of the orbit and that moves,

in this case, according to the law






x = x0

y = y0− cE0⊥
B0

t

(5.10)

This means that the guiding center "drifts" in the direction perpendicular to B0 and to E0 with

speed, called the drift velocity, equal to

vE =−cE0⊥
B0

êy =
~E0⊥∧~B0

|~B2|
c (5.11)

We talk about motion in the drift approximation to indicate that the motion of the particle is done

by the sum of the circular motion, in the Way dependent on the charge of the particle, added to

the motion of the guiding center. The drift due to the fields E0 and B0 crossed does not introduce

currents in the plasma, since vE is independent of both q and m.

In the previous discussion, B was assumed to be uniform, it means that its intensity and its di-

rection do not change for each point of the system. Although sometimes this might be a good

approximation, very often it cannot be applied. For example, the Earth’s magnetic field can be

considered equivalent, in a first approximation, to a magnetic dipole that changes in direction and

magnitude both longitudinally and transversely. Then, it is compulsory a description of the motion

of a particle in a variable magnetic field. The field ~B gradient and, in the more general case, a

tensor of nine components but, if the field varies along a single direction, it may be expressed only

in function of the module ~B, namely in the following way

∇B = (
∂B

∂x
,
∂B

∂y
,
∂B

∂ z
) (5.12)
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A technique to study the motion that results from the terms of the gradient in a magnetic field, is to

consider a series of simplified problems that take into account any type of term individually, and

then to sum the effects and obtain the Total motion. The only simple cases are those in which the

spatial variations of the field ~B are small, that is to say that the field does not change in distances

comparable with the cyclotron radius ρ , i.e. ρ/R << 1 where R indicates the scale of variation of

~B . Let calculate the different terms that influences the drift motion, starting with the case ∇b||~B.

Consider a charged particle that circles around the axis of symmetry of a ~B field with cylindrical

symmetry. Suppose that ~B grow in function of the distance along the axis of symmetry. Writing

the divergences in cylindrical coordinates, and integrating we get Br, in terms of Bz. Assuming

that the variation of Bz along z (i.e. ∂B
∂ z

) is small, that is, assuming that the rate of convergence of

the lines of force of ~B is constant, we can carry out of the integral that term obtaining

Br =−(
r

2
∂B

∂ z
) (5.13)

Note that if Bz grows with z, i.e. ∂B/∂ z > 0, the radial component of the magnetic field is negative,

and is directed towards the z axis. Now, there is a component of the magnetic force, acting on the

particle along the axis of the orbit, due to the component of B which determines the reflection of

the particle, this phenomenon is called the magnetic mirror. This phenomenon can be expressed

in terms of the energy of the particle and the magnetic field as follows

µ =
1
2

mv2
⊥

B
(5.14)

that can be generalized to give the force parallel to the magnetic field

~F‖ =−~µ .∇B (5.15)

Where~µ = µ êB with êB unit vector in the direction of ~B equal to êB =~b/|~B| The quantity µ is also

called first adiabatic invariant, where adiabatic refers to the condition that µ is invariant if the

system parameters, such as the intensity and direction of the field, vary slowly. We can describe
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the mechanism of the magnetic mirror using µ and the constant of motion W (= total energy of

the system). In particular, the point at which occurs the phenomenon of magnetic reflection, called

point of magnetic mirror, the speed v‖ is canceled, and then reversed. Consider the point z0 in

which there is the highest intensity Bmax, of field ~B B. We can write

1
2

mv2
‖0 +µB0 =

1
2

m[v‖(z0)]
2 +µBmax (5.16)

so that the particle exceeds the point of magnetic mirror must be 1/2mv2
‖0 + µB0 > µBmax from

which follows
v2
‖0

v2
⊥0

>
Bmax

B0
−1 (5.17)

From (5.17) it is deduced that the fact that the particle exceeds the point of magnetic mirror does

not depend on the energy that it possesses but by the ratio v2
‖0/v2

⊥0, in particular from α angle, said

angle of pitch, that the speed of the particle forms under the direction of ~B. We have tanα = v‖/V⊥,

so in terms of the pitch angle the condition (5.17) becomes

α0 <

√

B0

Bmax−B0
(5.18)

Then, if the pitch angle of the particle is higher than α0, it exceeds the magnetic mirror, otherwise

it is reflected.

Consider a unidirectional magnetic field with a gradient of the module perpendicular to its direc-

tion, i.e.∇B⊥~B. In such a field the particle will drift perpendicularly both to ~B and to ∇B. This

is easily understood by noting that, when the particle moves in a strong field, its cyclotron radius

becomes smaller, and when, in the remaining portion of its orbit, moving in a weak field the radius

becomes bigger. While the particle spins, the orbit is not closed with the result that the particle

drifts. The drift due to this type of gradient can be obtained by expanding the range ~B in Taylor

series with respect to the center of the orbit, for assumed that moves slowly in time with respect to

the orbital motion. The general expression for the speed of drift produced by an arbitrary constant
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force ~F is

~vF =
c2

q

~F ∧~B
|~B|2

(5.19)

In our case, ~F is the magnetic force that takes into account the fact that ~B varies, so it is stronger on

one side and weaker on the other, hence it is always considered an average made on the assumption

ρ/R << 1. In fact, if we assuming that ∇B is directed along x, then evaluating the average force

along x and develop Bx in Taylor series, we obtain

〈~F〉= 1
2

q

c

v2
⊥

Ω
∇B (5.20)

Then in the case of ∇B⊥B the drift velocity of the particles is given by

~v∇B =
c

q

〈~F〉∧~B
|~B|2

=−1
2

v2
⊥

Ω

∇B∧B

|~B|2
(5.21)

since Ω = qB/mc we can write

~v∇B =
1
2

mv2
⊥v

q

êB∧∇B

|~B|2
=

cµ

q

êB∧∇B

|~B|2
(5.22)

It should be noted that the speed of drift depends on the sign of the charge and can generate currents

in the plasma and charge separation.

Now consider a magnetic field with the curvature of the lines of force, such as, for example, a

simple dipole magnetic field. This field has a gradient perpendicular to its direction that causes the

drift motion previously described. In addition to that, if the particle has a velocity parallel to ~B,

it undergoes a centrifugal force, due to the curvature of the field, in the direction perpendicular to

both the field ~B and the radius of curvature Rc. We define Rc as the vector radially directed and

with module equal to the radius of curvature. The speed of drift due to this centrifugal force is

expressed as

~vRc
=

1
q

~Fc∧~B
| ~B|2

(5.23)

where the centrifugal force ~Fc = êRc
mv2
‖/|~Rc| therefore the speed of drift is

~vRc
=

mc

q
|
~v‖
~Rc

|2
~Rc∧~B
| ~B|2

(5.24)
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We have previously defined the guiding center as the point representing the center of the orbit of

the particle, we have also seen that, in cases of crossed electric and magnetic fields, ∇B perpen-

dicular to ~B, magnetic field curvature, the guiding center undergoes a motion of drift compared to

the original trajectory followed by the particle, for this reason, it is called motion in the drift ap-

proximation. The overall motion of the particle can be described by adding to the original motion

the various present terms of drift. If the position vector~r describes the trajectory of the particle,

the velocity vector is defined by the known relationship ~v = d~r
dt

then considering the effects due

to the crossed electric and magnetic fields, ∇B perpendicular to ~B and magnetic field with curva-

ture we can write the relation, which describes the motion of the particle considered in the drift

approximation, as follows

~v =
d~r

dt
+

~E0⊥∧~B0

|~B0|2
c+

µc

q

êB∧∇B

|~B|2
+

mc

q
|
~v‖
~Rc

|2
~Rc∧~B
| ~B|2

(5.25)

5.2 Numerical Simulation

The equations of motion in the drift approximation, which we will use after, are the following






d~r
dt

= v‖
~B
B
+

~E∧~B
B2 + µ

q

~B∧∇B
B2 +

mv2
‖

q

~B∧(~B.~∇)~B
B4

d~v‖
dt

=− µ
m

∇B.
~B
B

(5.26)

where~r is the position of the particle, m and q are the mass and the charge,~v‖ is the component of

the velocity of the particle parallel to the direction of the magnetic field, µ =
mv2
⊥

2B
is the magnetic

moment of the particle, ~B is the magnetic field in the solar wind according to the model of Parker.

The various terms in the first of (5.26) correspond, respectively, as we have shown in the previous

paragraph, to the motion of the guiding center along the magnetic field, to the drift motion caused

by the presence of crossed electric and magnetic fields, by the gradient of the magnetic field and

by the curvature of the lines of force of the field itself. In spherical coordinates the magnetic field
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is written as












Br = BrE(
rE

r
)2

Bθ = 0

Bφ = BrE(
rE

r
)2 Ωr

Vsw
sin(θ)

(5.27)

As regards the first of (5.26), in spherical coordinates it is decomposed in the following way












dr
dt

= v‖
Br

B
+Vsw

B2
φ

B2 − µ
q

Bφ ∇θ B

B2

dθ
dt

= µ
qr

Bφ ∇rB

B2 +
mv2
‖

qr
(−B2

r

B4
∂Bφ

∂ r
+

BrBφ

B4
∂Br

∂ r
)

dφ
dt

=
v‖

rsinθ
Bφ

B
− Vsw

rsinθ
BrBφ

B
+ µ

qrsinθ
Br∇θ B

B2

(5.28)

where ∇r and ∇φ are, respectively, the radial and the polar component of the gradient of the

module of magnetic field, calculated in spherical geometry and B is the module of the magnetic

field of Parker

B = |~B|= BrE

(rE

r

)2
[

1+(
Ωr

Vsw
)2 sin2 θ

]1/2

(5.29)

Substituting 5.29 in 5.28 and using ∇~B =
(

∂B
∂ r
, 1

r
∂B
∂θ ,

1
r sinθ

∂B
∂φ

)

after some algebra our system of

equations became



















dr
dt

= v‖[1+a2]−1/2 +Vswa2[1+a2]+ µ
qr

Ωr
Vsw

a2 cosθ [1+a2]−3/2

dθ
dt

= µ
qr2 a[1+a2]−1/2[2−a2[1+a2]−1]+

mv2
‖

qr
a[BrE(

rE

r
)2[1+a2]2]−1

dφ
dt

=−v‖
Ω

Vsw
[1+a2]−1/2 +Ω[1+a2]−1 + µ

qr2 (
Ωr
Vsw

)2 cosθ [1+a2]−3/2

dv‖
dt

= µ
m

BrE r2
E

r3 [2−a2[1+a2]−1]

(5.30)

where a =
(

Ωr
Vsw

sinθ
)

We can obtain the dimensionless equations by normalizing all lengths with

the Scale of the simulation box L, that we place equal to the Earth-Sun distance, i.e. L = rE =

1.5x108km, the magnetic field with the average magnetic field to 1 AU, i.e. BrE , the time with

the cyclotron frequency in BrE , ωrE = qBrE/m, the speed with vn, which we will specify later,

and finally, the group µBrE/m with v2
n. At this point, we define the new dimensionless variables
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(indicated by a tilde sign) as follows



















~̃x = ~x
L

~̃B =
~B

BrE

t̃ = t
τ = tωrE = t

qBrE

m

~̃v = ~v
vn

(5.31)

then we can rewrite our equations in dimensionless form as



















dr̃
dt̃

= veṽ‖[1+br̃2 sin2 θ ]−1/2 + ve
Vsw

vn
br̃2 sin2 θ [1+br̃2 sin2 θ ]−1

dθ
dt̃

= 0

dφ
dt̃

=−bveṽ‖[1+br̃2 sin2 θ ]−1/2 + τΩ[1+br̃2 sin2 θ ]−1

dṽ‖
dt̃

= veC

r̃3

[

2−br̃2 sin2 θ [1+br̃2 sin2 θ ]−1
]

(5.32)

where

b = ΩL
Vsw

C = µBrE

mv2
n

τ = mc
qBrE

vn =
√

2E/m

ve =
τvn

L

(5.33)

Regarding the normalization constant C, it is calculated, in the program, once allocated the initial

speed of the particle, in the following way

C =
µBrE

mv2
n

=C =
mv2

⊥
2B

BrE

mv2
n

=
1
2

BrE

B
ṽ⊥

2 (5.34)

To evaluate the diffusion perpendicular (i.e. diffusion due to turbulence) to the average mag-

netic field, we integrate numerically (5.32) in a simulation box. The integration is made in a

Cartesian system (fc, y, z), where the direction z is along the average magnetic uniform field BO.

To the average magnetic field BO, a perturbation is added. In particular, starting from the character-

istic of superdiffusive transport described by Lévy Walk model discussed in the previous chapters
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(i.e. Chapter 3 and Chapter 4), the motion is analyzed by a diffusion law

〈∆x2
i (t)〉= 2Dαtα (5.35)

where ∆xi represents the deviation of the i− th coordinate from the initial position at time t,

and the coefficient Dα , has the dimensions of a speed for a length. In the case of normal diffusion

(i.e Gaussian-type) α = 1. So that, to evaluate the transport of the particles we have built a Monte-

Carlo simulation, which integrates the equations along the Parker spiral adding to each integration

step a disturbance (i.e. random noise) corresponding to the model of Lévy Walk, in order to take

into account the effect of the inhomogeneity of the magnetic field in the solar wind. The equations

to be integrated can be represented by the following Langevin equation

d~r

dt
= ~v0 +δ~v (5.36)

where ~v0 is the average velocity field and ~v is the fluctuation of this field due to turbulence. The

disruption is evaluated locally, taking into account the expression obtained for the diffusion coeffi-

cient in Lévy Walk model discussed in Chapter 4.

5.3 Numerical code details

The Figure 5.1 shows the structure of the code The main module, which uses the input parameters,

synchronize the different stages of the process invoking the functions for the motion simulation,

organized in a consistent manner with the context. The process of implementation can be summa-

rized thus:

• reading of the input parameters (the physical parameters of the particles, the quantity of

particles, duration of the simulation, parameters for the statistics of Lévy)

• Injection of particles
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• Integration of the equations of the motion of particles

• Perturbation of the trajectories by using the model of Lévy Walk

• Generation of output data (trajectories and statistics)

Figure 5.1 Numerical code structure

Two main groups of codes were then generated, one for the integration of the equations of

motion in spherical coordinates (ie Propagation), the other for the generation of the perturbation

using the model of Lévy Walk (i.e. Lévy Walk).

The routines for the simulation of the motion in approximation of drift belong to the first group

of programs. The code is based on a Runge-Kutta integration routine used by a subroutine that

implements the equations of motion to be integrated in spherical coordinates (ref. dimensionless

equations of motion in spherical coordinates).

The second group of programs implements the model of Lévy Walk for the generation of

random numbers for which the statistical distribution is of Maxwellian type with decay of the

polynominal lines(ref. to the Lévy statistics). The parameters used for the simulation are:

• number of particles to be used in the simulation

• number of cycles of temporal integration (i.e. duration of the motion of particles)
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• charge of the particle

• mass of the particles

• distance for positioning the detector

• sampling rate for the production of the histograms

• size of the bin for the production of the histograms

• µ , exponent of the diffusion equation

5.4 Numerical results

The verification of the code has been carried out through the launch of different run increasing

the number of particles and the time cycles, as well as injecting particles at different energies.

For each run, in addition to the visualization of the trajectories, was made a measurement of the

particle stream at a distance of 1 AU to verify statistical distributions. There have been several run

carried out by varying the input parameters of the number of particles to their energy characteristics

and ending with the characterization of the exponent in the diffusion equation. Regarding the

trajectories (fig. trajectories), simulations have been carried out by injecting tens of particles with

different energies (ie different values of charge and mass) and, for the same energy, with different

values of diffusion equation exponent (i.e. µ).
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Figure 5.2 Trajectories with different values of µ for particles with E = 0.01MeV
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Figure 5.3 Trajectories with different values of µ for particles with E = 0.15MeV
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Figure 5.4 Trajectories with different values of µ for particles with E = 0.5MeV
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Figure 5.5 Trajectories with different values of µ for particles with E = 1MeV
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Figure 5.7 Trajectories with different values of µ for particles with E = 33MeV
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As shown in the figures (Fig. 5.7) , we note that varying the exponent for the generation of the

perturbations according to the model of Lévy for the same energy , the perturbation modifies the

trajectories of the particles carrying them further away as the characteristics of the superdiffusive

motion are approached (i.e. mu > 2) and further away from the normal distribution (i.e. mu = 2).

The particularities of the transport were studied by injecting a large number of particles (about 1

million ) and " placing " a detector at a distance of 1 AU or constructing the distribution at the

distance of an 1 AU as if it was present a detector of energetic particles (an example is given in

Fig. 5.8) . As it has been done for trajectories , also for the study of transport we are performing

various simulations varying the energy of the particles and , for the same energy , the exponent of

the diffusion equation. The goal for this series of simulations is to obtain an accurate data set for
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Figure 5.8 Particle fluxes with different values of µ

comparison between the observed data by satellite and the numerical results. In particular, one can
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note the following features: the variation of µ varies the slope of the histogram, the histograms

show the typical form of the power-law tails distributions. The forthcoming simulations will allow

to build up a database of computed time profiles to compare with the spacecraft observations. This

will allow to determine the energetic particle transport properties in the various cases.

5.5 Numerical results vs observed data

The comparison between the observed data from the satellites and the numerical simulations de-

signed, is, as mentioned earlier, the final goal of our work. The characteristics of the transport

of energetic particles appear to be central to the issues related to space weather, with particular

reference to the possibility of predicting damaging phenomena to the equipment that orbit around

our planet. From the methodological point of view, we started the study of the motion of these

particles in spherical coordinates to get to determine the characteristics of the transport models us-

ing Lévy Walk, that have described the characteristics of transport for particle fluxes observed by

satellites. At the moment we have not yet fully achieved the goal in the sense that we have not had

the opportunity to apply our models to both the dynamics of impulsive events and the dynamics

of gradual events. In any case, we were able to produce the first comparisons by examining the

pulse previously analysed (ref. chapter 2) and constructing simulations that reproduce the physical

characteristics of the particles involved (FIG. comparison simulation-data)
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Figure 5.9 Satellite Data vs numerical results.: (a) numerical simulation; (b) impulsive
event;
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Chapter 6

Conclusions

In this work we have developed a methodology and a numerical model to extract information about

the transport of solar energetic particles. Starting from the analysis of satellites data (i.e. energetic

particle fluxes), we have build a numerical model that integrates both the peculiar characteristics of

the motion of these energetic particles in the solar wind, either the characteristics of the transport

especially for the emission of energetic particles linked to the presence of impulsive events onm

the Sun (i.e. flares).

In the first part of the work we have developed a method to extract information on the transport

of solar energetic particles by analysing the time decay of the energetic particles fluxes measured

by spacecraft in the solar wind. Our aim was to highlight the existence of superdiffusive transport

regime, intermediate between normal diffusion and ballistic transport. To this end, we considered

the different forms of the propagator for the different transport regime. It has been shown that for

superdiffusive transport along the magnetic field, in the limit of long times, the particle flux decays

as a power law with exponent m, where m is related to µ by µ = m/(m− 1), and the anomalous

diffusion exponent is given by α = 4−µ . Therefore, 3/2 < m < 2 corresponds to superdiffusion.

We analysed the time profiles of a number of impulsive SEPs and found superdiffusive and ballis-

tic transport regimes, both for electrons and protons. In the above analysis, we assumed that the

89
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energetic electrons and ions are injected as a δ -function in space and time. From the X ray peaks

in Fig. 2.4, 2.5, and 2.6, we can estimate the injection time at the source to be about 2–3 h, which

is much less than the duration of the SEP event at the observer, about 50 hours. For this reason we

assume that the particle emission at the source can be represented by a delta function, from which

it follows that the propagator corresponds to the observed particle profile. It is interesting to notice

that, if the particle injection is not a delta function, but there is a tail in the emission profile f (t),

this will contribute to the observed flux at late times. In this case, this means that the observed

decay of the particle flux is not as steep as it would be for a delta function injection, because of

the contribution of “late" particles. A steeper decay implies a higher value of m (see Eq. (15)),

hence higher values of α , so we can say that the reported values of α for the superdiffusive cases

are lower estimates. For protons, we find ballistic, i.e., scatter-free, transport in one case and nor-

mal diffusion in another case. It should be noted that different proton energies were considered

in those two cases, i.e., 16-33 MeV in the event of June 10, 2000, and 0.1-1.0 MeV for the event

of February 20, 2002. Such different transport regimes can depend both on the particle gyrora-

dius (e.g. Pommois et al. (2007)) and on the turbulence level, and are consistent with the variety

of proton mean free paths considered, for instance, by Chollet et al. (2010). For the electrons in

the energy channels from 0.01 to 0.32 MeV, we find superdiffusive transport with the exponent α

ranging from 1.22 to 1.73, and ballistic or quasi-ballistic transport as well. These regimes comple-

ment those found by Perri and Zimbardo (2008a;b; 2009a), where anomalous diffusion exponent

α from 1.1 to 1.6 were obtained, and show that a wide range of anomalous diffusion exponents

1 < α < 2 is possible and that superdiffusive transport can be the most frequent regime for ener-

getic electrons. Furthermore, we also find that scatter-free transport can be interpreted in terms of

the propagator and the jump probability for Levy random walk with µ < 2, a regime that we call

quasi-ballistic. We should mention that in the above analysis we have neglected the effects of adi-

abatic deceleration, which leads to a decrease in time of particles with a given energy. This effect
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should be negligible for SEPs, as suggested by Gombosi (1979). Indeed Ruffolo (1995) finds a

typical time for adiabatic deceleration of six days at 1 AU, which is much longer than the typical

decay times of the analysed events. More recently Chollet et al. (2010) found by a numerical sim-

ulation that the average energy loss for a 1 MeV proton reaching 1 AU, assuming a mean free path

λ = 0.10−0.30AU , is 30%, which is a bit less than with the energy width of the energy channels

considered above. This shows that adiabatic deceleration can be neglected in a first analysis.

The finding that both electrons and protons can exhibit a variety of transport regimes that are

different from normal diffusion can be related to the fact that the magnetic turbulence level in the

solar wind, which determines the amount of pitch angle scattering, actually varies considerably

from event to event (see for instance the values of δ~B/B0 reported by (Ippolito et al. 2005) for sev-

eral solar flares and associated SEPs events). Likewise, recent data analysis shows that magnetic

turbulence in the slow solar wind, where both SoHO and ACE spend most of time, is frequently

only weakly stationary (Perri and Balogh 2010a). A comparison of the obtained transport regime

with the observed turbulence properties would be interesting, but a spacecraft can measure the

fluctuation transported by the solar wind in the radial direction, while the particles propagate along

the Parker spiral, so that a direct comparison is not easy. The obtained results imply that, beside

diffusive transport and scatter-free transport, superdiffusive transport is also possible for electrons

accelerated at impulsive SEPs event. This finding is obtained from the analysis of experimental

data, and it confirms the predictions of superdiffusive or nearly ballistic transport of numerical sim-

ulations as reported by (Pommois et al. 2007; Shalchi and Kourakis 2007; Zimbardo et al. 2006).

Therefore a substantial rethinking of SEPs propagation is necessary, because it can influence both

the acceleration mechanism and the predictions of electrons and protons fluxes required by space

weather reports and the assessment of the amount of total energy required to accelerate particles at

impulsive events, as determined from the observed particle fluxes.

After the data analysis, we have developed a numerical model of the Lévy random walk. The
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model depends on three clearly identified parameters, the power-law exponent µ of the tails of the

free path probability distribution Ψ, the distance x0 beyond which Ψ is a power law, and the par-

ticle speed v. The above numerical study has shown that a random walk described by a Lévy law

including the space-time coupling is able to reproduce the theoretical prediction for Lévy walks,

and in particular superdiffusion with the anomalous diffusion exponent α = 4−µ for 2 < µ < 3,

as well as the propagators P(x, t) with power law tails. We illustrate now two potential applications

of the above derived algorithm. The first regards the propagation in the interplanetary space of par-

ticles accelerated at a coronal mass ejection driven shock wave. Such a shock wave is considered

to be at the origin of gradual SEP events: since the shock wave is traveling outward from the sun

and is evolving (usually becoming weaker), the flux of energetic particles detected by a spacecraft

is the superposition of those emitted at the shock in different places and times. However, both the

source strength and the propagation properties can vary during the shock evolution. Therefore, an

application of the analytical propagators to data analysis is not immediate, and a numerical algo-

rithm is necessary. Conversely, in the case of impulsive SEPs, the source of energetic particles

can be approximated by a delta function and the density time profile is approximately given by the

propagator, as shown by Trotta and Zimbardo (2011). For gradual SEP events, proper modeling

of the time evolution of the shock source and of the propagation properties in the inhomogeneous

solar wind can allow to compute the energetic particle profile, which can then be compared to the

observations. Clearly, for modeling superdiffusive propagation in a medium where the properties

are changing, a flexible Lévy walk model, where µ and x0 are readily accessible, is needed. A

recent study indicates how the free path probability parameters can be obtained from the analysis

of magnetic fluctuations in the solar wind (Perri and Zimbardo 2012a). The second application

concerns the acceleration of cosmic rays according to the model of superdiffusive shock accelera-

tion (SSA) (Perri and Zimbardo 2012b), which predicts an energy spectral index γ which depends

both on the shock compression ratio r = V1/V2, with V1 and V2 the upstream and the downstream
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plasma speeds, respectively, and on the exponent of superdiffusion α; for ultrarelativistic particles

this is found to be (Perri and Zimbardo 2012b; Perrone et al. 2013)

γ =
6

r−1
2−α

3−α
+1 (6.1)

This spectral index recovers that of diffusive shock acceleration (DSA) in the limit of normal

diffusion, α = 1. While the theoretical derivation of SSA has been given by Perri and Zimbardo

(2012b), it would be interesting to reproduce the spectral index γ by a numerical simulation of Lévy

random walk, as implemented here, in the presence of a shock wave and of the corresponding ve-

locity jump from V1 to V2. The numerical simulation would allow to investigate the effects on vary-

ing boundary condition upstream and downstream of the shock (e.g., Ostrowski and Schlickeiser

1996). In conclusions, we have developed a numerical algorithm which allows to generate a Lévy

random walk, as opposed to a simpler Lévy flight process. The algorithm is able to reproduce

the expected mean square displacement, growing superdiffusively, and the expected propagator,

having power-law tails. The parameters which govern the random walk and the superdiffusive

behaviour, that is µ , x0, and v, are clearly identified and have an immediate physical meaning.

This makes the algorithm easy to use and appropriate for further modeling of more complicated,

in particular nonhomogeneous, systems.

The final part of the work was devoted to the construction of case studies to the "validation" of the

model, starting from the comparison with energetic particles emitted by impulsive events whose

results were shown in the previous chapter. The development in a more immediate future could

be the study of gradual events, ie events for which the source of particles cannot be considered

punctual.

Ultimately this work can be considered the starting point for the analysis of different transport

regimes related to the propagation of energetic particles in the solar wind for both impulsive events

that gradual events. Of particular relevance and originality is the study of transport based on Levy-

Walk models that assume this coupling space-time in the evolution of the particle motion that
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seems to well describe the characteristics of super-diffusive transport.
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