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Abstract

A method, called implicit corotational, is proposed. It allows to obtain, in a
simple way, objectivity coherent nonlinear modelings for structural continua,
as beams or shells, undergoing finite rotations and small strains. The basic
idea is to apply a corotational description to the neighbor of each continuum
point. This allows to recover an objective nonlinear modeling while reusing
information gained from its linear counterpart. The formulation implicitly
satisfies the energy independence from rigid body motions and is well suited
to be implemented in FEM nonlinear analysis, particularly when using a
Koiter-like asymptotic approach, where this objectivity requirements has to
be exactly guaranteed.

The theoretical guidelines and the general motivations of the method are
discussed in detail. It is then applied for generating nonlinear models for 3d
beams and plates from the Saint Venédnt rods and Mindlin—Reissner plates
linear theories, respectively. Both models maintain full detail of their linear
counterpart, so somewhere overpassing similar models available in literature.
A finite element implementation of the beam model, suitable for asymptotic
post—buckling and path—following analysis of 3d frames and plate model, is
then presented. Numerical tests in both case of monomodal and multimodal
buckling show the effectiveness and accuracy of the proposed approach, also
in this context which is strongly sensitive to the geometrical coherence of the
model.



Chapter 1

Introduction

The reliability and the accuracy for nonlinear analysis of slender elastic struc-
tures require appropriate nonlinear modeling. The objectivity of the models,
that is strain measures must be independent from finite rigid body motions
in order to assure a coherent expression for the strain energy, is sure a fun-
damental requirement.

The usual approach to nonlinear analysis, that is the so—called path—
following approach, is based on an incremental—-iterative step—by—step solu-
tion algorithm which actually exploits the first derivatives of the energy to
check the equilibrium and makes use of the second ones to obtain a suit-
able iteration matrix. Only the former have to be expressed exactly, while
even a rather rough estimate for the second derivatives could be sufficient
to satisfy the convergence requirements. Furthermore, displacements can be
made small enough by an appropriate updating of the reference configura-
tion within the incremental step, using the so called Updating Lagrangian or
Corotational solution strategies. Therefore, full objectivity, while obviously
desirable, is not really required and approximate technical models aimed to
be only second—order accurate could be viewed as an acceptable compromise
in this analysis context, at least if combined with a robust and accurate
configuration updating.

Koiter—like asymptotic approach as that described in [1, 3, 4, 5] represents
a powerful and potentially convenient tool for the analysis of slender non-
linear structures, being able to provide an accurate syntectic answer about
their overall buckling and post-buckling behavior, including the effects due to
possible load imperfections and geometrical defects. The analysis is based on
a fourth—order expansion of the energy and needs both the structural mod-
eling and its finite element discretization to be also, at least, fourth—order
accurate in order to obtain results reliability. Corotational formulation and
technical models are recently been introduced also in this kind of approach
[102] but the presence of fourth order derivative of the strain energy penalize



the formulation that, especially when used for structural model requiring the
use of 3D rotations, need of complex manipulations.

Furthermore to define appropriate nonlinear modeling, which satisfy ob-
jectivity exactly while being suitable for FEM implementations without miss-
ing the richness of 3d solutions, could be however a difficult task, in general.
Actually, it is quite easy to model 3d bodies using the Cauchy continuum
and Green-Lagrange strain tensor, but it can become difficult to get a co-
herent, simply enough modeling for slender structural components as beams
or shells which are more conveniently described as one— or two—dimensional
structured continua characterized by 3d displacements and rotations fields.

Even if the literature is very rich of nonlinear structural modeling, de-
veloped in different fashion, the general picture is somewhere unsatisfactory.
Beam or shell models based on a direct assumption of constitutive laws in
terms of stress/strain resultants, as those developed by Cosserat [15], Reiss-
ner |20, 27, 30, 31], Antmann [19, 46|, Simo [33, 35], Rubin [32] are generally
based on a simplified kinematics and tend to miss the richness of the 3d so-
lution by loosing important detail, as the shear/torsional coupling, covered
by the linear theories. Conversely, models generated as direct Galerkin re-
duction of the 3d nonlinear continuum appear to complex for being suitable
for FEM implementations and tend to be affected by locking in the nonlin-
ear range due to even small kinematical incoherencies made in displacement
interpolations. So they require some at hoc simplifications and a-posteriori
treatments to be actually used as a computational tool (see Kim [52, 69, 98],
Pacoste [55], Petrov [66, 67|, Bradford [76, 77, 99|, Chen [62, 70, 75, 100]).

On the other hand the availability of linear model developed in the frame
of small displacements/rotations hypothesis is notable. The theories are
enough consolidated and generally the models account the richness of 3d so-
lution. The possibility of reusing the linear model as a basis for generating
appropriate nonlinear models appear fashionable, allowing a complete recov-
ering of all effort in developing linear theory in nonlinear context and over
passing the drawbacks present in nonlinear models. This possibility could
be exploited extending with appropriate hypothesis at continuum level the
corotational idea proposed by Rankin [34, 37, 40| in FEM context.

All previuos considerations leading to a an automatic and elegant method
that we call Implicit Corotational Method or simply ICM allowing to recover
objective nonlinear models for structure undergoing finite rotations and small
strains, starting from the corresponding linear ones, so allowing to completely
reuse the information gained by the linear analysis in the nonlinear context.
The main idea is to associate a corotational reference frame to each neighbor
of the 3d continuum points. This allows to split the neighbor motion in its
rotational and pure deformative parts, according to the decomposition theo-



rem [18], and to transfer to the nonlinear modeling the information provided
by the existing linear theories. In particular linear stress and strain, which
are assumed to be small, are directly taken as Biot’s stress and strain ten-
sors in the nonlinear model, while nonlinear rotations are recovered from the
linear ones exploiting the internal properties of a rotation tensor. The final
expression for the strain energy, in terms of stress/strain resultants, is then
obtained through a mixed variational formulation which also provide a con-
venient framework for the numerical implementation. It is worth mentioning
that the approach proposed appear somewhat similar to that by Nayfeh and
Pai [49, 65, 95]. It is however more connected to the corotational formulation
and exploit in a deeper and more automatic way the reuse of linear models
in a nonlinear context.



Chapter 2

Nonlinear structural analysis

2.1 From linear to nonlinear analysis

The ability in predicting the structural behavior consequent to assigned ex-
ternal loadings is a traditional need for engineering. Such implies a proper
theoretical framework, accurate modeling and suitable analysis strategies be
available. A great effort has been actually spent in this direction, particu-
larly in the last two Centuries, leading to the classical Cauchy’s theory of
elastic tree-dimensional bodies, the Saint Venant’s rods theory, the plates
and shells theories and, more recently, exploiting the wide improvements in
computational tools, powerful numerical approaches as the Finite Element
Method.

The so called "small displacements" assumption, allowing to refer to rela-
tively simple linearized equations, have played a strong role in this evolution.
A large amount of results obtained by the research, in particularly the deriva-
tion of structured models as plates and beams from the 3D continuum and
their description in terms of finite elements, are strictly related to this as-
sumption. The use of high strength materials and slender structures, leading
to complex instability phenomena and strong imperfection sensitivity which
can not be recovered by linear theories, however enforces the research to
nonlinear formulations and solution strategies.

Nonlinear analysis usually refers to a structure subjected to an assigned
loading path p[A] = Ap, A being a load amplifier factor controlling the loading
process. The structure behavior is governed by the stationarity condition of
its total potential energy IT[u; \|, associated to the external load p and to
the configuration u of the structure, whit respect to all admissible changes
of configuration du. Using compact notations this condition is expressed by

O'[u, \|Sou=0 , weld,dueT (2.1)

where U is the manifold of the admissible configurations, 7 its tangent



space and the prime stands for Frechet differentiation. Condition (2.1) states
a relationship between A\ and u describing a curve in the {u, A} space. The
goal of the analysis is to determine this curve, the so called equilibrium path
with a particular accuracy in the evaluation of the maximum value A. of the
load multiplier.

Usually (and conveniently) the configuration is described according U to
be a linear manifold, so 7 becomes independent from u, and the potential
energy can be split in two separate terms, the first expressing the internal
strain energy and the second the external load work:

Mu, A] := ®[u] — A\pu (2.2)

We also know (see [10, 11]) that, with an appropriate choice of configuration
variables u := {0, d}, being o the stress and d the displacements fields,
energy (2.2) can be expreassed in mixed form. The kinematical relationship
between displacements and strains, plays an important role in the analysis: if
assuming that the relationship are linear, we get a linear formulation. So we
can translate from a linear to a geometrically nonlinear formulation simply
by referring to a proper nonlinear expression for compatibility relationships.

2.2 Solution strategies in nonlinear analysis

Using a suitable interpolation rules which allows to define the configuration
fields d and o through a discrete vector u, condition (2.1) can be reduced to
a nonlinear vector equation

rlu, \| ;== s[u] —Ap=0 (2.3)

to be solved numerically. Roughly speaking, two solution approaches are
currently available for this purpose.

The first, usually referred as path—following analysis recovers the equilib-
rium path by a sequence of sufficiently close equilibrium points each of them
being obtained by the Riks iteration scheme [2]. Obviously this approach
needs the first variation r be evaluated accurately, the solution being directly
defined by condition » = 0. Conversely, the same accuracy is not actually
needed for the second variation that is only utilized for defining the iterations
matrix and its accuracy only influences the convergence of the iterative pro-
cess. A quite rough approximation could be sufficient for that purpose (see
[10]). The need of an exact evaluation for r can also be relaxed if using an
Updating Lagrangian (UL) solution strategy. According to the step small-
ness, a simple second—order accurate modeling could be generally sufficient,
even if a certain care has always to be taken in the end—step configuration



updating in order to reduce, as much as possible, geometrical incoherencies
and avoiding objectivity errors can cumulate in the loading process.

The second approach, referred as asymptotic analysis develops as a finite
element implementation of Koiter’s nonlinear instability theory [1], and it is

4% order Taylor expansion of the strain energy. This solution ap-

based on a
proach presents several advantages: 1) it provides a synthetic representation
of the solution allowing to easily recover the main features of the structural
behavior, including complex instability phenomena as coupled buckling and
modal jumps ; ii) it is computationally fast, of the same order of linearized
stability analysis; iii) the effects of additional imperfections can be taken into
account with negligible extra—costs, so allowing an inexpensive imperfection
sensitivity analysis. Conversely, it strongly uses information attained from
the 4th—order expansion of the strain energy and then requires that all terms
of this expansion be accurately evaluated. Even small inaccuracies in this
evaluation, coming from geometrical incoherencies in the higher—order terms
of the expansion of the kinematical relationship or in its finite element repre-
sentation, strongly affect the solution accuracy and can render it to become
unreliable. For a discussion about all these topics, the reader can refer to [3]
and their citations.

2.3 Modeling requirements

Both solution strategies require an appropriate expression for the total po-
tential energy be explicitly allowable. Its correctness with respect to the ob-
jectivity requirements, is crucial for the results reliability of path—following
analysis, and even more for asymptotic analysis which needs full 4th—order
accuracy in both the finite element modelings and in their underlayered con-
tinua. In view of this demand, the current state of knowledge is however not
completely satisfactory. Although a lot of theoretical results and finite ele-
ment technologies are available for the linear case, the experience in deriving
suitable nonlinear models is poorer than in the linear case, particularly with
respect to the nonlinear structural modeling (e.g. beams, plates and shells).

Current proposals for nonlinear models available in literature are not free
from inconveniences. Autonomous models, as those proposed by Cosserat
[15], Reissner [20, 27, 30, 31|, Simo [33, 35| and Antman [19, 46], Rubin
[32] defined in terms of a rigid motion of the cross section and simplified
constitutive laws, are little related to 3d Cauchy nonlinear continuum equa-
tions and appear somewhat poorer than the richness and complexity of the
linear theories. In fact, the section warping, stress distribution and other
relevant details characterizing the linear solution are completely neglected
in this approach, and possible generalizations are not so obvious and can



lead to so complex expressions to be of little use in practical applications.
Models obtained through a Galerkin approximation of the equations of the
3d nonlinear continuum (see Kim [52, 69, 98], Pacoste [55], Petrov [66, 67|,
Bradford [76, 77, 99], Chen [62, 70, 75, 100]) are also unsatisfactory. Even if
using a displacement interpolation based on the Cauchy solution, as made for
instance by Petrov and Geradin [66, 67|, an interpolation locking tends to be
produced. This is due to a disturbing interaction, between the assumed dis-
placement fields and the use of a strain energy based on the Green—Lagrange
tensor, which generates spurious high—order energy terms which have to be
a—posteriori deleted through at-hands simplifications. In both cases, an al-
gebraically complex formulation is obtained, little suited for finite element
implementations and some care is required for avoiding interpolation and
extrapolation locking (see [11] for a discussion of this topic).

The corotational approach, based on polar decomposition theorem [18],
because it allows to decoupling the kinematical coherency from the elastic
response, represents a potentially suitable way for generating coherent non-
linear models, particularly when, as in the case of beams or shells, rotation
variables are directly involved in the description. It has been followed by
Nayfeh and Pai which presented in [95] a wide number of nonlinear models
covering a large range of structural cases, including beams, layered plates
and shells. The amplitude of this contribution is impressive. However, the
corotational description is mainly used for providing a-priori geometrical co-
herence to the modeling than as a general automatic tool for fully transfer to
the nonlinear context the wide theoretical experience and the refined numer-
ical technologies already available in linear analysis. So the full potentialities
of corotational approach, devised in the natural modes approach by Argyris
[24], clearly stated in continuum and FEM context by Belytschko [23], and by
Rankin [34, 37, 40] in reusing all linear FEM tradition for nonlinear analysis,
seems to be not completely fulfilled.

The need of an organic methodology, which could render fully automatic
the derivation of the nonlinear model fully exploiting all information gained
by its linear counterpart, avoiding heuristic assumptions for each particu-
lar case, is clear. A full attention to minor but crucial details such as the
parametrization of rotations, the equation formats and other implementa-
tion details which result however crucial for FEM implementations, are also
necessary in order to get models suitable for practical applications.



Chapter 3

Implicit Corotational Method

The goal of the Implicit Corotational Method (ICM) is to reuse, in a non-
linear context, the results of linear theories in order to obtain objective
structural models (e.g. beam, shell) suitable for FEM implementations. An
appropriate stress/strain representation for the description of the nonlin-
ear elastic continuum, the use of corotational algebra for splitting the body
motion in the rigid and deformative parts and some assumptions on the rein-
terpretation of linear theory in nonlinear context, constitute the basis of the
1ICM.

3.1 Kinematics and statics of continuum body

Each material point P is referred by its position X = {Xj, X2, X3} in a
reference configuration (usually the initial undeformed one) and denoted
with B and by its current position x defined in terms of the displacement
u[X] as:
z[X] = X + u[X]

The deformation gradient defines the motion of the infinitesimal neighbor

of X
F(X]:=Vx=I+Vu with V():=9()/0X

I being the identity tensor.

From the decomposition theorem (see [18]) the positive defined tensor
F[X] can be decomposed into a unique product of a rotation tensor R[X]
and a symmetric, positive definite, stretch tensor U[X]:

F =RU (3.1)

An objective description requires that the strain to be independent from
R, so possible objective strain measure are expressed in the form

e .= % (U™ -1 (3.2)



which, for n = 1 and n = 2, provides the Biot strain tensor €, and the
Green-Lagrange strain tensor €4, respectively:

1
e=R'F-1 |, ¢,= 5(FTF 1) (3.3)

Green-Lagrange strain €, can be easily evaluated from F' to which is
related by a simple quadratic expression and for this is the most frequently
used measure while Biot strain €, has a more complex expression in terms
of F'. Really the following relations between the two strain measure holds:

1
sg:€b+§eg , ey =+/2e0+1 -1 (3.4)

Dealing with problems characterized by large displacements but small
strain we can generally assume ||[U — I|| < 1 and then also ||e4|| < 1. This
enables the use of a Taylor expansion to obtain €, and R as

1 1
sb:eg—f€2+fs3+-~

29 279
s (3.5)
R:F(I—sg+§sg—§€g~l—---)

that can be expressed in terms of F' and then of Vu using eq. (3.3). Kine-
matics description is completed by the boundary condition on 0B,.

Letting by the external body forces with 0By the boundary in witch the
external tractions fy are assigned and with no[X] the unit versor to 0By
in X, the equilibrium equations in terms of the symmetric second Piola—
Kirchhoff stress o, work conjugate with €, are:

{ diviFo4l+by =0 inB (3.6)

Fo,ng =fy indBy

Defining the Biot stress, work conjugate with €; as the symmetric part

of
1
ab:§(P+PT) , P=Uogy,
eq.(3.6) becomes
diviRP]+by =0 in B
RP un = fg in 86]0
RPF” =FP'R" nB

Note as P is the rotated by R first Piola—Kirchhoff stress. In case of isotropic
material for which Uoy = o4,U we also have

P:Ub



and the equilibrium equations simplify to

{ div[Rop]+by =0 inB (37)

RO’b no = f() n an

Note as in this case the symmetry and comutativity assure rotation equilib-
rium

Ro,UR” = RUo,R”

Also note as o 4ng represent the force for unity of reference area pull-back
by F while opng the same quantities but pull-back by R.

3.2 Corotational observer equations

Denoting with a bar quantities viewed by a new observer, defined by a ro-

tation tensor @ we have [18] that the deformation quantities FF = RU
transforms as

F=I+Va=Q"F , R=Q"™R , U:=U (3.8)

that is the material strain don’t change with a change of observer and the
same occurs for stresses.
It the case of Q@ = R egs.(3.3) become

_ - 1
ey =F and gg=FE+ 5E2 (3.9a)
being ) ]
E= 3 (Va+va'), W= 3 (Va — va') (3.9b)

that is the Biot strain is exactly the symmetric part of Vu, that is the small
linear strain tensor in CR frame, while e, ~ E only if E < 1.

Letting @ = R the linear equilibrium equations in terms of the linear
stress tensor 6; and using a material description are

{ R div[g)]+by =0 inB (3.10)

R o ng =1 inan

Note as second equation in (3.10) has exactly the same forms of nonlinear
corresponding one in terms of Biot stress. Some differences occurs in the
terms that define the body force equilibrium being

3
div[Roy] = R | div[os] + > xYoy | # Rdivioy]
j=1



with a difference respect to the linear equilibrium equation terms that depend
by the curvature x\) = RTR,]- tha we supposed to be small. However
also in this case we have an expression more similar to the corresponding
nonlinear equilibrium equation in terms of Biot stress that in terms of the
second Piola one. From previous consideration appears natural to consider
the linear solution quantities as an accurate estimate of the corresponding
Biot stress and strain assuming then

oy~&,, e~E (3.11)
when all the linear quantities are described in a suitable corotational observer
defined by R.

3.2.1 Quadratic approximations

Let be the case that CR observer be characterized by a rotation Q almost,
but not exactly coincident with, R that is let be

R=QR , |R-I|x1
Assuming R small from (3.5) we gets
Rx~I+W 4 W~ (BW + WE) + O[E* W* (3.12)
and from eq.(3.3) we have the quadratic approximation of €, as
sszJr%(EW—WE—Wz) (3.13)

Note as ey could also simply be obtained remembering its expression in terms
of Green tensor and then neglecting in eq.(3.5) higher order terms

1. Vg o
e~ ey — 3B mm;%:E+§@¥+mv—WE—wﬂ

Linear stresses, are always considered as that viewed by the observer
rotated of R and then don’t change.

3.2.2 Further insight

The CR formulations can be look from another point of view. When struc-
tural models are considered, the kinematics are described in terms of gener-
alized kinematics parameters that will be denoted synthetically whit d. The
fully nonlinear kinematics relationship is generally is not known, in partic-
ular non linear gradient F'[d] is not given, but however if the linear model
available a linear approximation for the deformation can be obtained:

Fld) = E[d)+ W|d] + I (3.14)



The use of corotational description allow to recover fully nonlinear defor-
mation gradient starting from linear ones (3.14). Introducing a CR frame,
defined by a finite rotation @ function of generalized kinematics parameters
d obtained from small rotation W, we can assume that F' is a corotational
quantities than (3.14) is rewritten as:

Fd|=E[d|+W[d|+ I (3.15)

In CR frame using expression (3.13) Biot’s stress and polar decomposition
rotation (3.12) can be evaluated:

1

e~ Bt (EW-WE-W?) | R~I4W i W' (EW + WE)
(3.16)

Thereby the fully nonlinear deformation gradient using (3.8) is obtained as:
F=QR(e, + 1) (3.17)

The recovered gradient (3.17) of deformation describe exactly the rigid body
motion defined by Q. The approximation is only contained in the description
of small rotation R. The accuracy of nonlinear gradient of deformation
increase when |R| < 1. This imply that the CR could be fixed so that W is
small. Generally previous condition when structured continua is considered
the small rotation W is not small for each point by only on average |[W| < 1.
Then, the approximations in (3.17) are related to the difference between W
and its average |[W|.

3.3 Use of linear solutions to set up a nonlinear
modeling

Previous considerations suggest that a nonlinear modeling can be obtained
from the corresponding linear one, reusing the linear solution in an appro-
priate corotational frame that rotating with the material. This is a great
potentiality because the literatures on linear theory is very rich and enough
consolidated.

Really linear theory, during its long evolution, has produced many com-
plex and elegant solutions can be used for a sophisticated detailed modeling
in specific structural contexts: the rods theory by Saint Venant, the Vlasov
theory for thin walled structures, the plates theory by Mindlin, to cite only
some classical results. Moreover all these results have been obtained by
the assumption that displacements (rotations) are small enough to allow
to identify the deformed configuration with the undeformed one, and their
derivation implies the use of appropriate reference systems that avoid rigid



rotations in order to minimize this difference. Therefore, the corotational
idea is in some way implicit in linear theories.

In corotational frame linear solution gives a first—order accurate evalua-
tion for the Biot’s stress o3 and for the displacement gradient Vu, and so
for both E and the residual rotation W that, even if small, could be not
identically zero. Then, Biot’s strain €, can be estimate from E and W using
linear or quadratic expression (3.13).

In this way we have an approximation for both the Biot’s stress and
strain fields that can be used in a variational principle to obtain, as Galerkin
approximation, the nonlinear modeling which will be able to both exploit
full detail of the corresponding linear solution and to satisfy objectivity re-
quirements with respect to the rigid motion of the section exactly. The
approximation will be as more accurate as the residual rotation W while be
as small as possible. Note that using Green strain and second Piola kirch-
hoff stresses the difference with respect to the linear solution will also contain
terms in E always not zero also if small (3.9a).

3.4 ICM basic items

The above discussion can be synthesized in the method that we call Implicit
Corotational Method or ICM. The basic items and the hypothesis of the ICM
are here schematically pointed out:

- mized variational formulation
The nonlinear elastic continuum is described using Biot’s stress/strain
oy, and €. Mixed form for the strain energy is used:

WIZ/V{O'[)-Eb}dV

O, = /V {é o - C’lo'b} dv

being C bilinear compliance operator defining the constitutive law,

Dlop, e =W — D, (3.18a)

that ICM assume equal to that of linear continuum and V' the volume
of the body in the undeformed reference configuration.

- recovering linear solutions
Through a corotational frame (CR) defined by a rotation Q ~ R, Biot’s
measure recalling (3.13) is expressed in terms of linear quantities &7,
E and W as:

oy=o0 | eszJré(EW—WE—WW) (3.18b)



When |[W|| < 1 we have also the Biot’s strain is equal to linear strain
tensor
oy,=0] |, €b%E (3.18C)

Biot’s stress/strain representation therefore appear the most appropri-
ate representations for recovering linear solutions.

- Galerkin approzimation
When structured continua (e.g. beam, shell) are considered, linear
solution stresses and displacements field are described in terms of global
stress parameters t[s] and global kinematics parameters d[s] begin s
an n—dimensional abscissa depending on the model considered

o, =a/t], E=E[d, W=W]|[ (3.184)

In the frame of a Galerkin approximation, mixed energy (3.18a) can
be rewritten in terms of t and d as:

- 1
D[t, e] = /{tTe[d] — 2tTK—1t} ds (3.18e)
S
being e[d] the strain work-conjugate with ¢, K a compliance operator.
The constitutive law is obtained directly from (3.18e) as:

t = K e[d] (3.18¢)

- kinematics equations

The relationships between generalized kinematical parameters d in CR
frame and d in fixed frame complete the kinematics. The corotational
transformations involve only geometrically laws depending from the
particular definition of the kinematical parameters. Without loss of
generality, when d = {ug,s, Ro,s } collects displacements and rotations
derivatives of a particular point X of the continuum, corotational
relationship assume the expressions:

ﬁ(],s = QT(X07S +u78) - XOaS ) ROaS = QTR07S (318g)

Note that for structural model Q depends on d and the criteria |[W| =
0 is, in general, satisfied only in an average. Different choice of CR
frame can be done depending on the particular model at hand and on
the average selection of Q.

It is worth noting that the proposed method is a fully automated proce-
dure for defining a nonlinear model, without needing any heuristic choices
or at—hand approximations but only that the corresponding linear modeling



be already available. The model will satisfy exactly the objectivity require-
ments, apart for the rotation W which is however taken within a second-
order accuracy, while exploiting full detail of the linear solution. Note also
that, being based on variational condition (2.1) through the mixed and a
separate description for both the stress and the displacement fields, it pro-
vides a mixed approximate solution, the approximation error being however
related to residual rotation W.



Chapter 4

Some tutorial implementation

of ICM

To better illustrate the Implicit Corotational Method (ICM), it is convenient
to start discussing its implementation in some simple tutorial contexts, in
order to clarify how it can be actually implemented and what is the accuracy
we can expect.

4.1 Planar beam in bending and shear

Congider a rectangular planar beam, with a cross section of area A and
inertia J and denote with s a material abscissa along the beam axis.

4.1.1 Recovering linear solutions

A linear solution is provided in this case by Saint Venant—Jourasky (SV)
theory. The solution is referred to an appropriate corotational reference
system rotated by Q@ = Q[a], defined in this simple case by angle «, following
the current section motion s, so that for x = 0 we have the quantities
evaluated at s.

The linear stress tensor &[t] given by SV solution is defined in current
section (x = 0) as

_ 1 Yy
[l 7l oWl = N =g
oift] = [sym. 0 } ’ Fly] = Yoy [?J]T (4.12)
A

where 1[y] is the stress function expressed in this case as

3h%y — 443
Y= o /MA_O , /Sw,ydA:A (4.1b)
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and the generalized stress t = {N, T, M }T are the axial, shear and flexural
strengths defined as

Nls] ::/Sa[y]dA T[] ::/ST[y]dA M) ::/Sya[y] dA (4.1¢)

The kinematics of SV solution is assumed in CR frame. The solution
provides for the displacements field

o 4] im Ex — (¢ + xx)y + wly]y (2m)
T Gt e+ xa? -

where d = {&, 7, x} are generalized strain parameters work—conjugate in SV
solution with stress t = {N, T, M }, w[y| is the warping function defined by

1 6
wy| ::%—y ) k:::A/SQ/),z dA:g (4.2b)

k being the shear factor. The evaluation of displacement gradient from
(4.2a) gives, for the current section (x=0), in components for its symmetric
and skew—symmetric part:

E@_[é—m w,y/%}’ W[a]_[slgew w(low,yik;:]

Introducing vectors

S ) B P

gradient of deformation (4.2c) can be also rewritten

V’l_l,[d] = [E? + )_((X — Xo)} X er + V_Vo + W,y [y}el X es (4.2e)

4.1.2 Galerkin approximation

As stated in the previous sections, we will assume that the Biot’s stress field
be directly described by eq. (4.1), then assuming:

gy :O'Z[t]

and substituting into (3.18a), we obtain on the current section

1 (N? kT? M?



Conversely, assuming for the symmetric and skew-symmetric part of dis-
placements gradients into (3.18b) be coincident with those defined by eq.
(4.2¢)

E—Ed , W-wW[d
and evaluating the Biot’s strain &3 using (3.18b), the internal work (3.18a)
provides on the current section:

W:=Ne+T~+ My (4.3b)
where €, v and x are defined by:
19 5 1 1 _
e=et T oo+, vi=7-ee+ ), x=x (430
By relating expressions (4.3a) and (4.3b) trough the Clapeyron’s equivalence
2®. =W, we also obtain

1
N=EAe ., T=;GAy , M=EJx (4.4)

which provides the elastic laws for the nonlinear model.

4.1.3 Kinematic equations

Eqs.(4.3) provide the explicit expressions for the local contribution of the
current section s to the energy terms. The energy is locally defined by
generalized strain € and x. The nonlinear beam model is completed by kine-
matics strain—displacements relationship. Introducing average displacements
wo and rotations W of current section

i = /11/ alw,yldA, Wolg = }/(X—Xo)/\u[:n,y]dA (4.5)
A A
the SV displacements field (4.2a) can be rewritten as composed by a rigid
body motion of the section described by average displacements ug and ro-
tations Ro[@], that in CR we can assume small Ry ~ I + W[@] and by an
out—plane warping w,:

ﬁ[l‘, y] = ug + Wo(X — Xo) + Uy (46)

then recalling (4.2d) hold that:

€ = ’&0,5 —W0€1 N )_< = V_Vo,s (47)

Introducing in global fixed frame the displacements ug and rotations Ry[¢]
corresponding corotational displacements o and rotations Rg[p] in CR
frame defined by Q[a], using (3.18g) we have:

e:=Q (ups+e1) —e1 — (Q"Ry—I)ey, x:= RE‘)FROw (4.8a)



Splitting the rotation @ as:

Qla) = RolplQla], a=¢+a

the expression of € into (4.8) can rearranged as:

_ T_ _
e:=Q &, & :=R{(ugs+e)—e;
if the approximate expression is used we have that

€= QT(éo + 61) —e1 + ey

finally in components for deformation & and ¥

€= (u,s+1) cosa+v,s sina — cos (¢ — )
¥ =v,s cosa — (u,s +1) sina — sin (¢ — @)
X = s

while for local rotations
p=¢—a

4.1.4 Corotational setup

(4.8b)

(4.8¢)

(4.84)

(4.8e)

(4.8f)

ICM is completed by the choice of rotation Q|a], or simply in this case the
angle «, defining CR frame. The general idea is to select the CR frame so

that |[W| < 1 almost on average. Two possible choice will be discussed in
order to make clear how the setup of CR frame affect the beam nonlinear

model.

1. A first choice is to setup the CR frame Q zeroing in the W/[d] the
contribution due to rotation of the cross section, this corresponds to

the conditions:
W() =0 , Y= 0

and using (4.8f), this choice corresponds to assume:
Qla] =Rolg] , a=¢
Nonlinear kinematics relationships (4.8¢) particularize as:
e=¢r, Qa]=0
and then for strains (4.3c) hold:

€:=¢&o+

2

2 .
0> Y =% —

»b‘»—t
o | ©
N |

(4.9a)

(4.9b)

(4.9¢)



and when warping is neglected wly] ~ 0:

E:=¢&p+

0%, X=X (4.9d)

N |~

Yo, vi=F0—

o | w

The skew—symmetric part of the displacements gradient (4.2c¢) partic-
ularize as:

T 0 3 (0, =1)70
Wi(d] = 23 4.9
@] skew 0 (4.9¢)
thereby, the average rotations due to the shear deformation, with an
amplitude 7/2, and the contribution due to the warping is not ac-
counting into CR frame but using quadratic expression of Biot’s strain
(3.18b). The total average rotation accounting for the model is then

P +7/2-
. A more refined choice could be that of zeroing Wd] in weighted aver-
age, i.e.

/g%y (—¢— (L =1y /2k))dA =0 (4.10a)

which provides
¢ =—7/2 (4.10b)
Substituting (4.8f) and (4.3¢) into (4.10b), holds

sin (¢ — a) + v,5 cosa — (u,s+1) sinaw = 0 (4.10c)

which provide the condition on «. Using (4.8b) previous condition
becomes
sina + (£0 + 1) sina@ — 4p cos & (4.10d)

and solving

Y0
2+ &9

finally total rotation accounted by CR frame is

o = arctan

_ Y0
a=p+ a= e+ arctan
L4 14 24 &g

For this case the the skew-symmetric part of gradient of deformation
(4.2c) particularize as:
Wd] = 0 207 (4.10e)
skew 0 '
and then includes only the point wise rotation due the the warping
that is not filtered by CR frame. The quadratic formula (3.18b) allows



to accounting the point wise rotations (4.10e), and gives for the strain
measures (4.3c):
1
5:25—%—&72, yi=%, X=X (4.10f)
Note that when warping is neglected w[y] ~ 0, this choice allows to

zeroing for each point W[d] ~ 0 moreover terms 52/48 into (4.10)
disappears and we have

g:=&, Y:=7%, X=X (4.10g)

e=0Q"z (4.11)
if is used the approximate formula

€ = QT(EO + 61) —e1 + (d)eg (4.12)
The two different choice differs only in the accounting of average rotation
to due shear deformation 4. The first choice account rotations 7/2 using
quadratic expression (3.18b) and then rotations 7/2 is treated in approxi-
mate way. The second choice accounting the rotations 7/2 directly in CR
frame and so is treated as finite rotations. It is easy to check that latter ex-
pressions (4.9) coincide with eq. (4.10) if the strain measure ¢,y are rotated
by an angle of amplitude 5/2, than the two choices ¢ = —7/2 and ¢ = 0
provide equivalent results within the assumption ¥ < 1. The second choice
is generally is however complicated in the solution of condition for setup the
CR frame in particular when finite 3D rotation are involved, then in the
following the CR frame will be setup using the first strategy.

4.1.5 Further insights
Some considerations can be useful.

1. To better clarify the ICM, we discuss the case of nonlinear beam model
with rigid cross—section with regard to the kinematics. The displace-
ment field can be written as:

U = UQ+(R0—I>(X—X0) (4.13&)
The evaluation of displacements gradient starting from the latter gives
F:Ro[(é+)2(X—X0))®61+I] (4.13b)

being
€ = RE(UO,S +€1) —er, X:i= RgRo,s (4.13C)



In CR frame rotated by @ = Ry deformation gradient (4.13b) becomes
F=RIF=E+x(X-Xo)®e +1 (4.13d)

or alternatively in components:

€= (u,s+1) cosp +v,s sinp — 1
_ [e+1-xy O
F = [€+ - XY 1] , ¥ =15 cosp — (u,s +1) singp

X = Pss

(4.13e)
The Biot strain for this case can be evaluated exactly, in particular
hold

S]]

e, = Ry (4.13f)

being -

gl

Ry = Ry|a , Q =arctan ————
0 = Ry[a] P

(4.13g)
Then the polar decomposition rotation R[a] can be written as:
R[a} = R[)RO , a=p+a (4.13h)

Using a linearized kinematics for the beam model, neglecting out-plane
warping, the gradient of deformation in a CR frame rotated by Q = Ry
recalling (4.2e) is

F:(é+X(X—X0))®61+I (4.14)
thereby recalling CR transformation relationships (3.18g), the latter
coincides with these evaluated using finite kinematics (4.13d). When
approximate expression (3.18b)is used for the evaluation of Biot’s strain,
a linearization of polar decomposition rotation on CR frame is used:

Ry~IT+W | a=~-7 (4.15)

however a quadratic accuracy for Biot’s strain is recovered (4.13f)
o 5 yy 4+ 372
e RTF ~ [F- 0K+

1 ——
_ 4.16
sym. —%72 ( )

. Assuming @ ~ 7 ~ 0 and, consequently, W[d] ~ 0 and &, ~ E[d], we
obtain a direct identification of the linear solution for both the stress
and the strain fields. The ICM beam kinematics (4.8) reduces to the
well known Antman’s beam kinematics [46]:

e=(14u,s)cosp+v,ssinp —1
v =1v,5¢c08p — (14 u,s)sinp (4.17)
X = Pss



3. By neglecting shear deformation at all, i.e. assuming ¥ := 0, we can
use the condition v = 0 in the second of egs. (4.17) for relating ¢ to
u,s and v,s. By some algebra, eqs. (4.17) become

€= \/(1+u,5)2+v,371
_ V,yss T V555 Uys —V,ys Usss (418)
V()2 + 0,2

that coincide with the kinematic relationships developed by Nayfeh and
Pai in [95]. We can further mention that, accepting an error O3(ev),
previous equations can be simplified into

~ Lo 2,2
&R U+ (s +0,5) (4.19)

X R V55 TV555 Ups —Usss Vss
which have been proposed and used in [103].

4. All previous variants only differ in the treatment of shear deformation
~v. When, as generally can be assumed for slender beams, v < 1 their
differences become negligible. So expressions (4.10) and (4.17)-(4.19)
can be considered as equivalent for practical purposes.

5. In some cases, we can assume @ < 1 and so make the local frame
coincident with the global one. Taking ¢ = 0 and ¥ < ¢, € < 1 into
(4.8) and (4.2e), are further simplified into

(4.20)

corresponding to the standard 2nd-order kinematics used in simpli-
fied modelings. Eqgs. (4.20) could represent an acceptable compromise
when working within an Updated Lagrangean or a Standard Coro-
tational approach where the reference frame is continuously updated
with the current configuration of the element, e.g. see [102].

6. The stress parameters N, T, implicitly defined by eq. (4.1c), do not
coincide in general to the strengths F, and F), defined as components,
in x and y direction, of the stress section resultant, nor they coincide
with the normal and tangential resultants to the section. Analogously,
the parameter M does not coincide (in general) to the resulting couple
M. Due to eq. (4.1c), from the virtual work condition

Née+T 65+ Moy = F, 02+ Fy 65+ M éx



we obtain the relations

F,=N | Fy:T+i7yN M =M (4.21)

It is worth mentioning that the same expressions can be obtained by in-
tegrating the normal and tangential components of the Biot’s stresses:

F, = / <am — Ogy E=vy)y _21/;:/)7> dA
S

Fr= [ (w5 o) aa
S

Terms ﬁfﬁ and i"yN appearing in egs. (4.10) and (4.21) both derive
from the warping function (4.2b). By neglecting the warping, assuming
wly] = 0, both term be canceled.

4.2 Thin walled beam subjected to axial force and
torsion

Consider the spatial beam, width a thin-walled cross—shaped section and
subjected to axial force and torsion, shown in fig. 7?7, the section thickness
t being small when compared with its size h. As in the previous case, we
will denote with s a material abscissa along the beam axis and by u[s], ¢[s]
and by u[s], @[s] the average axial displacement and torsional rotation of the
current section S referred to a global fixed frame {e1, e2, es} and a local
corotational frame {21, €2, 3}, respectively.

4.2.1 Recovering linear solution

We start, as before, recalling Saint Venant linear solution &;[t]. By assuming
t < h and denoting with 0..(2,y, 2], 0uyl2,y, 2] and 7,[z, y, 2] the relevant
components of the stress field in the local frame, the solution is locally given
by

=

M M

590_%:2 ) 6$y:(2w[yaz]ay_z)7t ) 6$Z:(2w[yaz]72+y)7t
(4.22a)

where A ~ 2bt and J; ~ 2t°b/3 are the area and torsional inertia of the

section, t := [N, M]" are the strength resultant on S

N::/c‘rmdA , M;:/(&xzy—@cyz) dA (4.22b)
s s



and ¢y, z] is the stress function, that can be evaluated as
1 .
5Ty it y<t
by~ ( 2 (4.220)
- zy if 2zt

and J; is the so called torsional inertia of the section, defined by
2 2 2.3
Ji = S{(2¢[y,z],y—z) + 29[y, 2],» +v) }dAzgt h

Furthermore, denoting with @[z, y, z], the displacement field by reference
to the corotational frame, these are locally given by:

Ex + Xwly, 2]
ulx,y, z] == —z@ (4.23a)
ye
being d := [&,%|" generalized strains work-conjugate in SV solution with
generalized strain t and wly, z| the warping function obtained solving the
problem
wly, 2y =2y, 2]y, wly, 2. =2¢[y, 2], (4.23b)

The previous expressions allow to recover the displacement gradient Vu[d] =
E[d) + W|d] field on the current section (x=0):

_ Es Wy =5 20X Wtz YIX

Eld] = | (¢, —3 2)X 0 0 (4.242)
- 0 (3z+vy)X (3 y—v:)X
Wld] = | (5 2+ ¥y )X 0 0 (4.24b)

4.2.2 Galerkin approximation

As before, we assume that the Biot’s stress field o, will be directly described
by the linear solution (4.22) &;. We obtain therefore

1, N M

= (zaitay) (4.25)

c -

The Biot’s strain field is obtained by substituting expressions (4.24a) and
(4.24b) into (3.18b). The evaluation of internal work provides

W:= Ne+ My (4.26)



where

ﬁf X=X Jpz/(y2+22)dA:1tb3 (4.27)
A s 6

N | =

By relating expressions (4.25) and (4.26) though the Clapeyron’s equivalence
20, =W, we also obtain

N=FEAes , M=GJy (4.28)

which provides the elastic laws for the beam model.

4.2.3 Kinematics equations

Local kinematics provides the following local kinematics relationships

E:=1Uys , X:=@s (4.29)

The corotational change for this case give for global strains (4.27)

_ 1Jp o _
EZ Ut P X T P (4.30)

which defines the beam nonlinear kinematics and completes the definition of
the nonlinear beam model.

It is worth mentioning that, expression (4.30), which coincides with that
derived by Wagner in its study of beams in torsion [16], implies a coupling
between axial elongation and torsional curvature. This effect cames from
taking into account the section warping and is completely obliged in ap-
proaches as that of Simo [35] or Nayfeh and Pai [95] which are based on a
rigid motion kinematics of the section. Note however that, at least in pres-
ence of torsion and thin—walled sections, warping is more due to the helicoid
distortion due to torsion.

4.3 Some further considerations

Note that the ICM model is derived through a two-steps process. In the
first step the corotational change (3.18g) is used to refer kinematical param-
eters to an appropriate reference frame, the second one is based on the use
of stress and strain fields directly derived from a linear solution. While the
former, being based on exact kinematics, does not introduce any approxi-
mation, the latter, which actually extend the linear solution in a nonlinear
range, is affected by some approximations which came from the pointwise
differences between the Biot’s strains derived from the displacement field
an those recovered from the stress field through the elastic laws. The error



came however as a second—order consequence of the warping, so it and can
be generally neglected, especially if considering that the stress and displace-
ment fields derived from the linear solution will be used into a mixed energy
formulation, so the pointwise error is zeroed in the average, and the final
error in the nonlinear modeling is consequently largely reduced.

In the discussed examples the linear solution as been derived from the
Saint Venant rod theory. So the ICM model inherits all the approximations
contained in this theory. More refined model can be obtained, by the same
procedure, from more sophisticate theories, as those by Vlasov [17].

In absence of torsional distortions, the warping is only due to the tangen-
tial deformation ~ so its effect is very small and can be generally neglected.



Chapter 5

Nonlinear 3D beam model
based on Saint Venant general
rod theory

The ICM is now applied in order to recover a nonlinear 3D beam model
completely reusing the Saint Venant general rod theory [13]. The beam is
referred to a local baricentrical Cartesian system {z, y, z} aligned according
to the principal directions of the current section S := S[s] . We will denote
with T' the cross-section contour and with n = [ny,n;] its normal in the

{y, z} plane.

5.1 Recovering linear solution—stress

Exploiting Saint Venant solution results, the nonzero stress components
Ozx, Ogy and 0., are, in the current section s, expressed in terms of six
strength parameters collected in the vectors ¢, := {Ny, M, M,}’ and
t, = {M,, T,, T.}7, as:

T a_ZDt DU::[l’ i’ _li|
m:{" 70}7 { SR B R EY
T T=D:t-  p,.=[d,, d,, d.]
where 7 := 045 and T 1= [04y, G227 collects the shear components,

A::/alA7 JyZ:/ZQdA, Jz::/deA
S S S

are the area and the inertias of the section. Vectors d,, dy, d. are defined
as

dy = (Vipy —by)/rz, dy:=Vipy—by—ryd,, d.:=Vi,—-b,—r.d,
(5.1b)
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where stress functions

¢[ya Z] = mqv/}r[@/? Z] + Ty %[y, Z} + TZ 77/}2[3/7 Z] (5'1C)

is provided by the solutions of the Laplace/Neumann differential problem:

B + jy22 — 0 ’ S S
Vjoyy +05 - {y Z} 7 (5.1d)
Yim=bjn {y, 2} el

being j = x,¥, 2z, vectors b; defined as

1|z 1 [y? — 22 1 0
b, = - b, = — Lo b, —
s N Rt f ER

and m given by

(bj — Vi) b,dA (5.1f)

1
m=— My —ryTy—1.T,) , rj:2/
S

Tz
Numerical solution of eq.(5.1d) are easily obtained through either finite ele-
ment [93]. We obtain, by some algebra,

N—/_odA, T, —/_TydA, Tz_/_TZdA (5.2a)
S S

S

Mt:/(y@—zfy)d/}, My:/z5dA, Mzz—/y5dA (5.2b)
S S S

so recovering the standard definition for the strength parameters.

5.2 Recovering linear solution—kinematics

The displacement field w[z,y, 2] is provided by Saint Venant solution and
as function of six deformational parameters &, := {&;, Xy, Y-} and &, :=
{Xa» Wy, V27, in the form:

Uz[z, y, 2] =Exx — X2y + Xy T2 + W[y, 2]

Uylz, y, 2] :'_yyaché)ZzSUQ*)_(xfEZ (5.3a)
_ _ 1 5

Uola, y, 2] =V = S Xy T+ XaTY
where w(z, y] express the out—of—plane warping of the section. Evaluating
the displacement gradient from eq. (5.3a), we obtain the following expres-
sions for the symmetric and skew—symmetric components of the displacement
gradient

0 —3 (Y= V)"

= g L7+ vw)T =
B= L (7 + Vw) S0 } ‘Ew-vm 0

(5.3b)



where

g:= A,
Y = Aqer with A =[1 2z -y], A,= [_Z L 0}
1 Yy 01
Vuw := 57' —
(5.3¢)

5.3 Galerkin approximation

Following the the ICM procedure, we identify the Biot stress field with SV
stress solution (5.1), and obtain the corresponding Biot strain field by enter-
ing the SV displacement solution (5.3) into formula (3.18b). Complementary
energy (3.18a) becomes

H, = / DD, dA
S

O[o, 7] := - (tLH,t, +tL H t,) , (5.4a)

1

? H, = / D'D, dA
S

while for the internal work can be splitted, using simplified linear express for

Biot strain:

W=tle, +tle,, e, =&,, e =¢&, (5.4b)

By relating expressions (5.4a) and (5.4b) though the Clapeyron’s equivalence
2¢. =W, we also obtain:

t,.=H,'e,, t,:=H'e, (5.5)

that define the elastic laws for the nonlinear beam model. For further de-
velops it is convenient to rearrange the energy expression (5.4) in the more
convenient form as:

W=tle, +tle, =tTe, &, = % (tTH t, +tTH,t,) = % tTHt (5.62)

being
n €
t:= { } , €:= { } (5.6b)
m X
and
ni=< Tyr, m:=¢ M, €=, X =1 Xy (5.6¢)
TZ Mz ’_)/z )ZZ

collect the component of stress and strain parameters (5.2), Ny --- M, in
different arrangement.



5.4 Kinematics equations

Introducing the average displacements ug[x]and rotations @g[z| of the dis-
placements SV solution [z, y, 2]:

uplx] = /gﬁ[x,y, Z]dA,  @olz] = T /S(X — Xo) At[z,y, 2] dA (5.7a)

where J := diag[J;, Jy, J.], eq. (5.3a) is conveniently rewritten in compact
form as

'I_L[X] = ug + Wo(X — X)) + wly, z]e; (5.7b)
where
X X
X =}{yp, Xo:=¢0p, Wj:=spin[p] (5.7¢)
z 0

We obtain therefore the following kinematics relationships:

E:=Uoys , X '= Poss (5.8)

so the Saint Venant displacement solution is completely defined as function
of 4g,s and @y,s. To complete the modeling we need to relate the average
displacement and rotation derivatives Ug,s, Pq,s, defined by reference to
the local corotational frame {x, y, z}, with their representation @, [s] and
Poss [s] referred to the global fixed frame {X;, X2, X3}. The relationship
is already governed eqs.(3.18g). The two systems are rotated by an angle
a = g[s], so we have

Ug,s = R[‘PO}T(UOw +e)—e, Wys= R[‘PO]TRas [800] (5.9)

5.5 The quadratic strain model

The use of a quadratic expression for the Biot’s strain (3.18b), make possible
to taking into account the effect of the pointwise nonzero section rotation
collected in the vector w = 3 (¥ — Vw). The definition of the internal work
(5.4b), in this case give the following expression for €, and &;:

= Tl T I 7
EU'_EG+/§DU {;"}’ ’)’—@T T}dA

. (5.10)

r = E&r DT i
Y a3



Chapter 6

Nonlinear plate model

ICM is now applied in order to recover a nonlinear plate based on Reissner
plate model.

6.1 Recovering linear solution

For linear stress o; Reissner plate model assumes that

Nm + %My ny - é]]\4923/ 1/}7z Txy
ai[t] == : Ny—2M, ,.T,. (6.1a)
sym. . 0

where J = 1% being h the thickness, while 1) is the stress function defined as

3h22—423 h/2 h/2
¢ = T y . ¢dZ = 0 s ’IIZ)7y dZ =1 (61b)
—h/2 —h/2

being the in-plane generalized stress IN := {N;, Ny, Ny} defined as

1 /2 1 [h/2 1 [h/2
Ny = I’L/ Ozdz Ny = h/ Uyydz ) Nﬂf?/ = h/ O'xde

—h/2 —h/2 —h/2
(6.1c)
for the shear stress T := T, Tsz
1 [h/2 1 [h/2
Ty = / Oz2dz , Ty, := / oy-dz (6.1d)
h —h/2 h —h/2
and finally for bending and torsional couples M := {M,, M,, Mxy}T
1 [hi2 1 [h2 1 [h/2
M, ::/ z0ydz, M ::/ z20p:dz , M, ::—/ Opydz
J ) opp YT e Y JJonp
(6.1e)
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The kinematics of linear plate model gives for the symmetric E[d]and skew—
symmetric Wd] part of the gradient of displacement Vu[d):

o Ex + 2 Xy %(gxy_j(xy) %'S/z o 0 (ﬁy_%'j/z
E[d] = : EytzXe 3| . WHl=| - 0 —¢g.—17
sym. . 0 skew - 0
(6.2a)

being €, 4 and x the membranal, shear and flexural strain works conjugate
with N, T and M

Ex _ Xz
_ 7 _
=4 &y, YVi= {’Yy} X =S Xy (6.2b)

gmy )zmy
6.2 Galerkin approximation

Riscrivere in formato misto
With the same procedure used for the beam the plate linear model, in
case of isotropic material, is defined by the following strain energy &:

o= / {e-Ce +~5-D¥+x-Bx} dA
A

and C,D and B the standard matrix of elastic modula. For more general
material the same constitutive relationship of the linear model holds then
the only modification regards a more general expression of these relationship.

6.3 Kinematics equations

Displacements field u[z, y, z] can expressed as
u = ’l,LOjLWQ(X*XU) (63&)

being ug and Wy the average displacements and rotation of the average
plane and the cross—section

0 0 oy T
UO[ZL',Z/] = |v ) Wo[ac,y] = 0 0 — Pz ) X = vyl o, XO =
-y @, 0 z

(6.3b)
Recalling the definition for local strain (6.2b) and the previous relationships
(6.3)

ﬂax o —I—@ 7@3/533
g = qj?y R ,-Y — { 7’11 y} , X e @x’y (64)

way _9590 _ _
Prrx — (Pyyy



Using equation (3.18g) and defining CR frame Q = {41, 42,43} so that
local rotation ¢, = 0 and ¢, = 0:

7:1 a; —1 T ig il,l
.T 3a1 T .
e=4 i3a2—1 s Y=94 .7 , X = 1312,2 (6.5)
13 a
T T 362 T .
1102 + %0 i3 (42,1 +21,2)
being
U,1 +1 Uu,2
a; = V,1 , Q=1 V,2+1 (66)
w,1 w,2

Note that the strain measures (6.5) coincide with those of Simo [33].

6.4 Kirchoff’s thin plate

A problem that present interest in application and can be easily implemented
without any treatments of the rotation is that defined by the Kirchoff plate
model, that can be obtained assuming v =0 :

t3-a; =0 ai; N\ as
= ty=—
tzcas =0 \al A ag‘

and t; and t2 contained in the plane spanned by a; and as. In particular
with an error in the norm of the in plane shear strain with respect to 1 it is

possible to assume:
2%

t, ~ a=1---2 6.7
& ’aa| ( )
Using (6.7) we find, that:
1 An*Qq,3
tap= —Qap———350a @, F=12
|aq| (ag-aq)?
and that
t3-aq, a1 N\az)-ag, .
t3to,p= 30,8 _ (01 2) Gas ~ (a1 Naz)aq,g with o, f=1,2

|aal a laallar A as
With the usual hypothesis of small strain we have, in extended notation:

1 2 2 2
1 uo1,1 +3 (u0171 +up2,7 +U03,] )

2(a1°a1 — 1)
€ = $(asras — 1) = 2,2 +5 (01,3 +u02.3 +u03.3 )

1 . .
2 (@1°as + az-a:) uo1,2 (1 + uo1,1 ) + uo2,1 (1 4+ wo2,2 ) + 13,1 w0352

(6.8)



(a1 N az)-ai,
X = (a1 A az)-az,2 =
(a1 Naz)- (a2 +asz,1)

(—uo3,1 (14 wo2,2) + ©o2,1 Wo3,2) Uo1,11
+ (w0351 uo1,2 — (1 4 wo1,1) 203,2) U02,11
+ (—uo2,1 uo1,2 + (1 + wo1,1) (1 4 wo2,2)) wo3,11

(—uo03,1 (1 + wo2,2) + 02,1 %03,2) Uo1,22
+ (w031 uo1,2 — (1 + uo1,1) ©03,2) U02,22
+ (—u02,1 wo1,2 + (1 4+ uo1,1) (1 + uo2,2)) 203,22

2 (—wo3,1 (14 uo2,2) + ©o2,1 %03,2) 01,12
+2 (13,1 uo1,2 + (—1 — wo1,1) U03,2) U02,12

+2 (—uo2,1 uo1,2 + (1 + uo1,1) (1 + wo2,2)) wo3,12
(6.9)

Note as with these hypothesis the membranal part of the strain coincide
with the Green strain tensor reduced to the plate axis while the curvature
assume a complex expression with respect to classical technical models [6].



Chapter 7

FEM implementation

The FEM implementation of nonlinear model for beams and plates recov-
ered using ICM can be performed trough different strategy. Corotational ap-
proach (CR) and Total Lagrangian (TL) will be placed into ICM, Update La-
grangian (UL) approach that in the context of large displacements/rotations
small strains is not convenient in its original formulation, is rearranged in a
formulation that can be considered a ’frozen’ CR approach.

ICM allows to recover the energy of the nonlinear model exploiting the

kinematical relationship €[d] in term of kinematical parameters d into CR
frame rotated by Q:

O[t, €] = /{tTe[d] - %tTK‘lt} ds (7.1a)

or exploiting the kinematical relationship €[d] in terms of kinematical pa-
rameters d into global fixed frame

D[t e] = /{tTe[d] - %tTK_lt} ds (7.1b)

trough the geometrically relationships between kinematical parameters d in
CR and the corresponding in global fixed frame d:

d=g[d] (7.1c)

being g[d] the geometric law defining the CR kinematics relationships.

The mixed format used in deriving the nonlinear model allows to use
in natural way a mixed FEM discretization. Assuming an interpolation of
generalized stress field

t = Dy[s]t. (7.2)

being D;[s] the operator collecting the interpolation functions and t. the
discrete stress defining of the element. The discrete form of complementary
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energy can be easily obtained substituting (7.2) into (7.1a) or (7.1b)
! T g—1 T
O [t.] = 5 /{te K_ 't.}ds, K.:= /{Dt [s] KX Dy[s]}ds (7.3)

The discrete form of internal work W can be obtained trough different in-
terpolation of kinematics relationships, the CR and TL will be carry-out:

7.1 Corotational strategy

In this case the discrezation is given on kinematical parameters d in CR
frame

d = Dy[s)d, (7.4a)

Substituting into (7.1¢) and performing integration we get the following dis-
crete energy

Wite, 0] = te elde] ,  e.[de] == / {D{[s] ¢ [Dals]d]}ds (7.4b)

The discrete strain measure can maybe expanded using Taylor expansion ||

Qe[de] = Qle[de] + Q2e[Je7 Je] et Qne{(iev de,---] (7.4c)

recalling that the average rigid rotation is filtered by CR frame and that lo-
cally simplified kinematics relationship can be used without loss in accuracy.
The interpolation is completed exploiting the CR transformation between
discrete kinematical parameters d. in CR frame and the corresponding in
global fixed frame d,

de = g.[d.] (7.4d)

In the expression of geometric transformation law g.[d.], rotation @ can be
handle in two different way. In the first case, CR frame continuously moves
with the element and then rotation

Q = Q[de] (746)

is appropriately defined in terms of global discrete kinematics parameters
d.. In the second case CR frame is ’frozen’ and is assumed to be coincided
with an appropriate average rigid rotation @, of a known configuration for
the element:

Q=Q, (7.4f)

The previous strategy corresponds to a rearranged in more convenient fagshion
UL strategy.



7.2 Total-Lagrangian strategy

In this strategy we make discrete the kinematical parameters d in global
fixed frame
d = Dg[s|d. (7.5a)

being D(s] and d. the operator contains the interpolation function and d. the
kinematical parameters defining the element. Energy (7.1b) then becomes:

Blt..0) = tleld). e.d)= [(DI[seDilsld]}ds (750

Note that,a TL interpolation can be also obtained from CR interpolation in
way consistent, really combining (7.4d) with (7.1c) and (7.5b) we obtain the
equivalence

gld] = Dy[s]g.|d.] (7.6)

solving d in terms of d. gives a nonlinear interpolation for d kinematical
field in term of d,.

7.3 The asymptotic method (Koiter analysis)

The FEM implementation of Koiter’s asymptotic approach is not widely dif-
fused within computational mechanics analysis, essentially because its high
requirements as regards modeling accuracy. Many papers are however avail-
able in literature (e.g. see [4, 5, 11, 6, 7, 3] and references therein), so can
be considered well known. A brief overview of method is presented here,
for the convenience of the reader and to summarize the main notation and
equations involved.

We consider a slender hyperelastic structure subject to conservative loads
Ap increasing with the amplifier factor A. The equilibrium is expressed by
the virtual work equation:

' [u)du — A\pdu =0, Vou e T (7.7)

where u € U is the field of configuration variables, ®[u] denotes the strain
energy, 7 is the tangent space of U at u and a prime is used for expressing
the Fréchet derivative with respect to u. We assume that ¢/ will be a linear
manifold so that its tangent space 7 will be independent from u. Eq.(7.7)
defines a curve in the (u, \) space, the equilibrium path of the structure, that
can be composed of several branches. We are usually interested in the branch
starting from an initial known equilibrium point {ug, Ao} and without any
loss of generality we can assume ug = 0, A\g = 0. It is worth mentioning
that a mixed format is generally convenient to avoid the so called nonlinear



locking phenomena (see [11, 6, 7]), so configuration u usually collects both
displacement and stress fields.

The asymptotic method is based on an expansion of the potential en-
ergy, in terms of load factor A and buckling mode amplitudes &;, which is
characterized by fourth—order accuracy. It provides an approximation of the
equilibrium path by performing the following steps:

1. The fundamental path is obtained as a linear extrapolation, from a
known equilibrium configuration:

NPV (7.8)

where @ is the tangent evaluated at {0,0}, obtained as a solution of
the linear equation

dpidu = péu, Youe T (7.9)
and an index denotes the point along u/ which the quantities are eval-

uated, that is ® = ®"[uf[\o]].

2. A cluster of buckling loads {A1 - - - A, } and associated buckling modes
(01 - - - 0) are defined along uf[A] by the critical condition

" [u! [N ]Joidu =0, YoueT (7.10)

Buckling loads are considered to be sufficiently close to each other to
allow the following linearization

gi;iéu + ()\1 — )\b) g’az}idu =0, YoueT (7.11)

Ay being an appropriate reference value of A (e.g. the first of \; or
their mean value). Normalizing we obtain ®}'u0;0; = —d;;, where d;;
is Kroneker’s symbol.

3. The tangent space 7 is decomposed into the tangent V = {0 = >, &5}
and orthogonal W = {w : ®"av;w = 0} subspaces so that 7 = V@& W.
Making £ = A and ©p := 4, the asymptotic approximation for the
required path is defined by the expansion

m 1 m
ulA, & = Z@i t3 Z &§ijwij (7.12)
i=0 i,j=0

where w;; are quadratic corrections introduced to satisfy the projection
of eq.(7.7) onto W and obtained by the linear orthogonal equations

@gwij&u = — {,"bmjéw y Wij, ow €W (7.13)

where, because of the orthogonality condition, wg; = 0.



4. The following energy terms are computed for ¢,5,k =1---m:
1 1
A = N2 @iy, + g)\2()\ — 3Xp) @) @0y
Aijie = 30050y,
Bijhk = CI)g”i)ii)j@hi)k — (I)f,’(wijwhk + wipwj + wikwjh) (7.14)
Booix = @5t bi0p — PYwoowin
BOijk = (I)g”ﬂf}ii}j’[)k

1
Cir. = Dpwoowix

where the implicit imperfection factors py are defined by the 4th or-
der expansion of the unbalanced work on the fundamental path (i.e.

p[A] == (Ap — @[] )i).

5. The equilibrium path is obtained by satisfying the projection of the
equilibrium equation (7.7) onto V. According to eqs, (7.13) and (7.14),
we have

()\k—)\)fk—)\b(/\—%) Zficik‘i‘% Z fifj-Aijk‘i‘é (A=Xp)? Zfz‘BOOik
i=1

i,j=1 i=1

1 “ 1 —
- (A=) Zl §i&iBoukty ;1si§jsh8ijhk+uk[x] =0, k=1..m
,J= 2,J,n=

(7.15)

Equation (7.15) corresponds to a highly nonlinear system in the m +1
unknowns A — &; and can be solved using a standard path—following
strategy. It provides the initial post—buckling behavior of the struc-
ture, including modal interactions and jumping—after—bifurcation phe-
nomena.

Once the first analysis has been performed (step 1 to 4), the presence of small
additional, load or displacement, imperfections can be taken into account
in the postprocessing phase by adding additional coefficients to eq.(7.15),
with a negligible computational extra—cost (see |3] for a general discussion
about this topic). From eq. (7.15) we can also extract information about the
worst imperfection shapes we can use to improve the imperfection sensitivity
analysis or for driving more detailed investigation through specialized path—
following analysis (see [8, 9] and references therein).
Note that, within a FEM context and standard FEM notations, eqs. (7.9)
and (7.10) write
Koyu=p , K[NJv;,=0



where Ko and KJ[A] are the tangent stiffness matrix evaluated at the con-
figuration v = 0 and w = A\;u, respectively. Both equations correspond to
standard problems, a linear solution and an eigenvalue problem, which are
easily solved numerically (see [3]). Eq. (7.11) writes

where K := dK[)\/d\ at A\ = X,. It corresponds to a standard local
linearization of the eigenvalue equation (7.10). Eq. (7.13) writes

K[\|wi; = p;;

and corresponds to a linear system in wj;, the right-hand vector p;; being
computed from v; and v;. Finally coefficients py, - - - Cj, defined in eq. (7.14)
are all scalar quantities which can be computed as integrals of known func-
tions. So the actual implementation of the method as a computational tool
is quite easy in practice. We can mention that it can provide very accu-
rate results (see [3] for a discussion and an analytical estimate of the error).
However, because of the use of a fourth—order expansion of the strain en-
ergy, it requires that a fourth—order accuracy be guaranteed in the structural
modeling, which is a heavy and unusual demand in FEM analysis. The coro-
tational approach presented in the sequel intends to give a contribution in
this direction.

7.4 The path—following method

In the following a brief sketch of the path-following iterative scheme is re-
ported. Further details can be found in Riks’papers [2]| and in [10].

Using an N-variable finite element discretization, the equilibrium path
defined in eq.(7.7) p[A] := AP is defined by the condition:

rix| :==s[ul—Ap=0 (7.16)

where r : RVt — RV is a nonlinear vectorial function of the vector
xT = {ul \}T € RN+ collecting the configuration u € RV and the load
multiplier A € R, p € RV is the nominal load vector. Eq.(7.16) represents
an N—equation system with NV 4+ 1 unknowns and describes the equilibrium
path as a curve in RV*!. To determine a point on that curve we have to
introduce a constraint equation:

glx] —€=0 (7.17)

able to complete eq.(7.16). From a geometrical point of view, eq.(7.17) de-
fines a surface in RV*1. If we assign successive values to the control param-
eter ¢ the surface moves to RV*! and its intersections with eq.(7.16) define
a sequence of points belonging to the equilibrium path.



The conditions for achieving a proper intersection between Eq. (7.16)
and (7.17) are extensively described in Riks’ papers we recall that Eq. 7.17
will vary according to the curve (adaptative parameterizations) in order to
provide a proper intersection with the equilibrium path. Constraint surfaces,
defined as planes with constant orientation, can simplify the description
of the system (7.16, 7.17) but fail to provide solutions for the presence of
turning points (i.e. the classic load—controlled process fails near the limit
point ()\ = 0) that is a turning point for the particular constraint equation
(g[x] := \) used.

7.4.1 The arc-length iterative scheme

By expressing the equilibrium path as a function of the parameter &, the ex-
tended system collecting the equilibrium equations (7.16) and the constraint
equation (7.17) can be rewritten in the form

Rlx, (] == { rl] } =0 ReRVH (7.18)

Eq.(7.18) represents a nonlinear system of N + 1 unknowns which is solved
iteratively using a Newton—Raphson scheme and defining a sequence of equi-
librium points x*). While more complex choices may be possible a suitable
expression for the constrained surface is the following hyperplane equation

a M(x — x0) = Ag, (7.19)

i := (n,v) being an appropriate orientation and M := diag(M, i) a positive
definite symmetric matrix which defines a scalar product in the (u, \) space
suitable for homogenizing variables of different nature. Starting from xg :=
x(¥) | the first estimate (predictor) x; can be provided by an extrapolation
based on previously computed points. System (7.18) is solved by a Newton-
Raphson iteration method (corrector) computing a convergent sequence of
estimates x; := (uj, Aj),j =2,3---:

Xj+1 = X5 + }.{j (720)

where the correction x; is obtained as a solution of

Jox,=-R;, , R;:= [ ‘Bﬂ } (7.21)

Jo being the Jacobian matrix of eq.(7.18):

[ Ko —-p [ ds[u]
T '_[nTM w} Ko ._{ — g (7.22)




and Ko the stiffness matrix that can be updated at each iteration loop
ug := u; (Pure Newton scheme) or evaluated only once at the beginning
of the incremental step (Modified Newton scheme). The latter usually more
convenient from a computational point of view, is widely used.

A suitable choice for Eq.7.17 is to assume  := (u; — ug, A\j — o), i.e.,
to use as constraint surface g[u, A] the hyperplane normal, with respect to
the orthogonality defined by matrix M, to the current step increment . This
choice is a good compromise between the need for good adaptive parameter-
izations and simplicity in its numerical implementation.

System (7.20) is then solved in partitioned form in order to exploit the
symmetry and banded structure of the stiffness matrix. By making:

v; = K;'Mn (7.23)

the solution to system (7.20) is

. V?I'j
pv =+ viPp
. o K_1 )\ ~ _ K—l I f)VJT
u; = By [ iP — I'j] =-K, Ty, r; (7.25)

The algorithm also needs a stepsize criterion to determine a sequence of
step—lengths selected according to the nonlinearity of the equilibrium path
to minimize the computational work (see [2, 10]).

The convergence of the iterative process (7.23-7.25) has been widely dis-
cussed in [10], to which the interested reader is referred. By summarizing
the results given there, the convergence speed is essentially related to the
relative difference, along directions orthogonal to the path tangent, between
the current stiffness matrix Kj := K[u;] and its estimate Ko used as it-
eration matrix. That is, it depends on how small the step length is but
more, on the nonlinearity of the problem representation. Convergence fail-
ures usually occur when Kj tends to stiffen during the iteration process as
typically occurs, in compatible formulations, due to the interaction of large
axial/flexural stiffness ratios with even small element rotations. The use
of a mixed formulation avoids this interaction and noticeably improves the
convergence without needing to decrease the step length more than strictly
required by an accurate description of the equilibrium path.



Chapter 8

FEM implementation of the
Saint Venant nonlinear beam
model-Corotational
formulation

8.1 3D rotation algebra

The nonlinear analysis of spatial structures depends on 3D rotation algebra.
A great amount of work on this topic is available in the literature see [47,
48, 80].

Finite 3D rotations can be directly represented in terms of an orthogonal
tensor R that is a member of the nonlinear manifold SO(3). In coordinate
representation, the rotation tensor R becomes a 3 x 3 orthogonal matrix
that, by exploiting the orthogonality property R™! = R”, is a function of
only three parameters. However it may not be convenient to express the
configuration changes through variables belonging to a nonlinear manifold
due to the complications involved in the successive variations (see [35]). A
useful way to express R in terms of the quantities lying in a vector space is
that of Rodrigues [12]:

sin 0 (1 —cosb) 0 —b
R[O) =1+ ; W[O]—i—TWZ[O], W[ =spin[0] = | 5 0
—6y 6y

(8.1)

which uses the rotation vectors 8 = [0y,02,03]7, 6§ = \/07 + 03 + 62 being
the magnitude of the rotation vector. This representation uses a minimal

set of parameters, is singularity free and gives a one—to—one correspondence
in the range 0 < 6 < 27 (see [80]). Making Ry = R[0] and Wy = W0,
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equation (8.1) is equivalent to the exponential map

w; — W}
RQ:I+W9+2—!9+...:Z n!ezexp(Wg) (8.2)
n=0
The inverse relation is given by
6= arcsinw w (8.3a)

w

w being the axial vector of the skew—symmetric part of Ry, implicitly defined
by

1
Wiw] = (R — R;) (8.3b)
and w the Euclidian norm of w. By a Taylor expansion we obtain
0= (1414 3utt  Juw (8.3¢)
= G 0 e :

The extraction of the rotation vector by the rotation matrix Ry, as defined
by eqs. (8.3), will from now on be denoted by 6 = log [Ry].

The most commonly used approach in defining structural models involv-
ing 3D rotations is to express the kinematics in terms of the spin variations
OW which, as pointed out by Nour-Omid and Rankin [40], are the quanti-
ties associated through virtual works with the common accepted definition
of moments. In this case, using eq. (8.2), the variation JR of R could be
expressed in terms of the infinitesimal rotations defined by the spin W'

SR = R6W (8.4)

If the current rotation R is known, eq. (8.4) allows for a simple expression of
the first variations of the strain energy required by the equilibrium condition
(7.7).

Remembering that R belongs to a nonlinear manifold, the successive
variations of the energy quickly become increasingly complicated [35]. This
does not however present a real problem in the path—following analysis, which
requires the accurate evaluation of the first variations of energy with respect
to the configuration variables and exploits the second variations only to
define an iteration matrix to be used within a Newton-like scheme. Thus a
rough evaluation of these variations, obtained through simplified formulas,
can be sufficient for the analysis. The only difficulty in this context is related
to the evaluation of the current rotation R, which requires a rather expensive
multiplicative updating process. Consequently, a large amount of research
has been devoted to setting up an efficient updating (see [96] for further
details on this topic).



The use of the rotation vector 8 to express 3D rotations, as introduced in
[47, 48, 80], allows the multiplicative updating to be avoided, but introduces
an additional nonlinear relation through eq. (8.1). The main advantage is,
however, the possibility of describing the configuration in terms of variables
belonging to a linear manifold thereby allowing the strain energy variations
to be evaluated accurately through standard directional derivatives. This is
particularly useful within asymptotic analysis, where an accurate evaluation
of these variations, up to fourth—order, is necessary. It becomes even more
necessary when using the standard asymptotic formulation, which requires
that the configuration manifold & be linear. Accordingly, the rotation vector
0 will be assumed as configuration variable in the sequel. It will also be shown
that, rather simple general rules can be derived in order to obtain explicit
expressions for the energy variations needed by the analysis.

8.2 Corotational formulation

The goal of the corotational approach is to split the element motion into
two parts: a rigid and a deformational one, thus providing an easy way to
recover an objective structural modeling. The rigid part is defined, on av-
erage, as the motion of a corotational frame (CR observer) which translates
and rotates with the element from the initial reference configuration to the
current one. The deformational part is the local motion seen by the CR
observer, within this frame. It can be made small enough with an appropri-
ate mesh refinement, allowing the differences between pointwise and element
average rotations to be reduced. Since the strains depend only on the de-
formational part, which can be assumed to be small, they can be described
using simplified kinematical relationships: in particular, a linearized kine-
matics, as the simplest choice, or a more refined quadratic kinematics, for
better accuracy. The former choice allows standard linear finite elements to
be reused as recognized by Rankin [40]. The latter choice requires a non-
linear description of the element, while still allowing the usual simplifying
"technical" assumptions for the element modeling, due to the assumption of
small deformations.

8.2.1 Strain energy in the CR frame

Let’s assume a fixed frame with versors {ej, e, e3} and consider the motion
described by the point displacement d[X] and rotation ¢[X] vector fields,
X being the position of the point in the reference configuration with respect
to the fixed frame. The corotational versors are defined by

ir=Qer with Q=R[a], k=1...3. (8.5)



where o is the rigid rotation vector and ¢ the translation vector which defines
the CR motion. Using simple geometric considerations and omitting the
dependence on X, for an easy notation, the deformational local part of
d[X] can be described by the expressions

d.=Q'(X +d—c)- X (8.6)

where d. collects the components of the deformational displacement.
Similarly, the rotation vector of the local part of point rotation R :=
R [¢p] is expressed by

¢, =log(R,) with R.=Q'R (8.7)

The point strain will be a function of the deformational displacement and
rotation:

e =eld., ¢]
Assuming that d. and ¢, are small, the constitutive laws can be taken as

linear. It is then possible to express the finite element strain energy, in mixed
form, as

vl = | e {a lde o]~ 50 E—la} a9, (8.8)

where o is the stress associated with the elastic tensor E to the strain and
Qe is the finite element domain. Exploiting the element interpolation laws,
(8.8) can be rewritten, in discrete form, as:

1
e lu] = tzQ[dce] - §teTKthe (8.9)

t. being the vector of the element stress parameters and @ the associated
vector of the strains, as a function of the displacement element vector dc.
collecting deformational displacements d, and rotations ¢, of all k-th finite
element nodes (or a relevant linear combination of them). Finally K. is
the Clapeyron compliance matrix provided by the complementary energy
equivalence

| 1 -1

ite K_ 't.= 2/9 o-E " odd. , Vit o[t]

Exploiting the smallness of deformational displacements, we assume that

o can have, at most, the following quadratic expression in terms of d:

0 =0 [dce} + Qq[dCEa dce] (810)
where g;[de.] = Dd,. is a linear relationship while the j—th component of

the symmetric bilinear quadratic part of g, is defined as:

1 T T
~dlwid. , ¥; =0

Qqj [dcevdce] = o Pee



with j =1...n,, n, being the dimension of vector o.
The discrete expression of the strain energy (8.9) becomes

1 1
O, [u] = t! Dd,. + idz;\ll[te]dce — 5teTKglte (8.11a)
where W[t.] = >, t.;¥;. Using a linear strain measure (g, ~ 0), it reduces
to the common expression of the linear elastic case

1
®[u] = t! Dd,. — 5tZK;lte (8.11b)

8.2.2 A remark on the corotational description

Letting a be the CR rotation vector associated to the average rigid rotation
of the element and
Q. = R[] (8.12)

the CR formulation is based on two fundamental steps:

a) the definition of kinematical relationships (8.6) and (8.7) that express
a purely geometric nonlinear relation

dee = doe + dyfore, d.] (8.13)

between the element displacement vector in the CR (d.) and fixed
frames (d.). We assume that dg[c., 0] = 0, so that dg. will be the
initial deformational displacement vector for d. = 0. The additive rule
in (8.13) is possible thanks to the assumption that both do. and dg
are small.

b) a local modeling of the mechanical behavior of the structures, which
is an implicitly defined expression of the strain energy of the element
in terms of local CR finite element parameters, which is written in
the simplified form (8.11), because of the assumption of small local
displacements.

Note that the geometrical nonlinearities are essentially contained in eq.
(8.13), while the local modeling only implies standard finite element pro-
cedures and, if using expression (8.11b), corresponds to a linear FEM mod-
eling. The corotational approach then leads to an efficient way of reusing
standard FEM technology in a nonlinear context.

8.2.3 Strain energy in the fixed frame

The CR rotation vector a will be a function of the current displacement
vector d,:
e = ald] (8.14)



The explicit expression of this function will depend on the particular element
which is used and is based on the best compromise between algebraic sim-
plicity and accuracy, the latter being essentially related to the smallness of
the deformational part of the motion. By substituting eq. (8.14) into (8.13),
we can express de. as a function of d. alone:

dce = doe + gld.] (8.15)

The combination of egs. (8.11) and (8.13) allows the element energy to be
expressed in terms of the element vector

Ue := {to, do} (8.16)

which collects all parameters defining the element configuration in a single
vector and can be related to the global vector u, expressing the overall
configuration of the assemblage, through the known relation

u. = Acu (8.17)

where matrix A, implicitly contains the link constraints between elements.
This allows the energy to be expressed as an algebraic nonlinear function of

u:
Ofu) =) Pelu]
e
The asymptotic approach requires the evaluation of the 2", 3" and
4™ variations of the energy by correspondence to a configuration which can

be either the initial ug or the bifurcation one up. In both cases, through
an appropriate configuration updating process, we refer to a configuration
characterized by d. = 0, the initial stresses and (small) deformational dis-
placements being described by the element vectors tg. and dge.

To express the strain energy variations, it is convenient to refer to the
fourth order Taylor expansion of g[d.] starting from a configuration charac-
terized by d. = 0:

gld.] = gi[de] + %QQ[dev dc] + ég3[dea de,dc] + 2%194[5167 de,de,de] + -
(8.18)
where g,,, n = 1---4 are n—multilinear symmetric forms which express the
nth Fréchet variations of function g[d.].

The relevant strain energy variations are reported here, for the simpler
case of linear local modeling defined by eq. (8.11b), and then extended to
the quadratic local modeling defined by eq. (8.11a).

We will denote with u; (i = 1...4) a generic variation of the configuration
field w, with u; the corresponding global configuration vector in the FEM



discretization and with w;,e = A.u; the finite element configuration vector
collecting both displacement and stress element vectors: wi. = {tic, dic}" .
With the same notation wp and wug. are the global and element reference
configuration vectors.

Second order variations using linear local modeling

Second order energy variations are used in the evaluation of the fundamen-
tal mode 4 (through eq. (7.9)) and of the bifurcation modes ¥; (through
eq. (7.10)). In both cases, using expansion (8.18) and the energy expres-
sion (8.11a), the contribution of the element to the energy variation can be
expressed as

O urus = t],0[dac] + 3,01 [dae] — t1. K toe + i, 00[dre, doc]  (8.19a)
where g; and g5 are defined by
o1ldje] = Dgy[dje]  @o[dic, dac] = Dgyldic,dye]  j=1,2 (8.19b)
Introducing the matrices L1 and GJt.| through the following equivalences
Lidje = g[dje] . di.Gltoe]dze = ti.oo[die, doe] (8.20)

eq. (8.19) can be rearranged in a more convenient compact form:

(8.21)

" -K:' DL
‘I)eulu2 = u,{eHeUQe y He = |: < ! :|

LTDT Gty

The mixed tangent matrix of the element H, can be directly used,
through a standard assemblage process, to obtain the overall Hessian matrix
H:

®ujuy =ui Huy , H:=)» A'H.A, (8.22)
e

allowing egs. (7.9) and (7.10) to be rewritten in matrix form.

Third order variations using linear modeling

Third order energy variations are used in eq. (7.14) for evaluating the third-
order coefficients A;;, and the third-order terms of the factors py, which
are scalar quantities obtained as variations with respect to known fields
and v;. They are also used in eq. (7.13) for evaluating the right-side of the
equation which implicitly defines the quadratic modes w;;. In this case we
have to evaluate secondary force vector s[ui, us] defined by the equivalence

5uTs[u1, ug] = ®" uusdu (8.23)



du being a generic virtual variation and du its corresponding discrete rep-
resentation. The element contribution to the scalar expressions is easily
evaluated using the general formula

‘I’g/U1U2U3 - t’{eQQ [dQea d36]+t%—‘692 [d367 dle]'i_tg:eQQ [d1€7 dQe]‘i‘tgng [dlea d267 d3e]
(8.24a)
where g,[-, -] is defined by (8.19b) and gs- - -] is obtained by

O3 [d1€7 d2€7 d3e] = Dg3[d167 d2€7 d3e] (824b)

When the vectorial expression (8.23) is needed, making us = du, eq. (8.24a)
can be rearranged in the form

T
B uyusdu = buls, = || [t 8.25
e UTU0U 1= 0U, Se = sd.| sy (8.25)

where S¢; := @9[dic, d2] and s.q is defined by the equivalence
0d! scq = 0dL (Gltie]doe + Gltacldic) + th,03]d1e, doe, 5d.] (8.26)
The overall vector s is then obtained by a standard assemblage

slur, ug] = > Al'sc[ure, us]
e

Fourth order variations using linear local modeling

Fourth order energy variations are used in eq. (7.14) for evaluating the
fourth—order coefficients B;jxr and the fourth-order terms in . The fol-
lowing general formula for the element contributions can be used.

"

D, uyusuzus = t{,03[dse, dse, dac] + th,.03(dse, dac, dic]
+ tgegfi [d467 dle7 dQe] + t;{egfs [dle> d26) d3e] (827)
+ t%;g4 [dle, d2e, d367 d4e]

where function g4[-] is obtained by
04 [dlea dQea d3ea d4e] = Dg4 [dle7 d267 d3e7 d4e]'

Energy variations using quadratic local modeling

When using quadratic local modeling we only need to redefine the expres-
sions for gy[-], 03[/] and g4[-] which appear in the energy variations. By
substituting eq. (8.11a) in eq. (8.11b) we obtain

0:]d1c, dac] = Dgs(1,2) + 04[91 (1), 91 (2)] + 04[doe; 92 (1,2)] (8.28a)



0s3ldic, dae, dse] = Dgs3123) + 04[91 (1) 92 (2,3)] T 24191 (2): 92 (1,3)] (8.25h)
+ 04191 (3):92(1,2)) + €4[doe: 93(1,2,3)]
04]d1c, doc, dse, dac] = DGy (1.23.4) + 04191 (1) 93 (2,3,4)) T €4[91 (2)5 93 (1,3,4)]
[91 )1 93(1,2,4) ]+ Qq[91 )1 93 123)]
+04(92 (1,2), 92 (3,2)) T 04192 (1,3): 92 (2,4)]
+ 04092 (1,4), 92 (2,3)) T €4[doe; 94 (1,2,3,0)]-
(8.28c¢)
where the synthetic notation gy, (; ;...) = gr[Wie, Wje, -], k, i, =1,--- 4
has been used, for an easier writing.
Note that when using quadratic local modeling, the expressions for g5,
o3 and g, also depend on the initial local displacement dp. which does not

affect the linear model at all. Its influence is, however, very small and can
be neglected.

8.3 Local beam modeling

Fig. 8.1: Static and kinematic quantities in CR frame for the beam.

The corotational description presented above, is now applied to a 3D
beam element. We assume that the reference configuration of the beam is
straight, the initial curvatures being taken into account through a nonzero
initial displacement. The local Cartesian reference frame { X1, Xo, X3}, with
versors {ej, ez, e}, is aligned to the beam axis (e;) and to the principal
inertia axis of the cross section (es and e3), as shown in fig. 8.1, so that
the section position X = sej is identified by the real abscissa s € [0.../], £
being the beam length.



8.3.1 Linear local modeling for the beam

The local beam modeling is taken from that presented in [93], directly de-
rived from Saint Venant general rod theory. We will denote by N[s] and
M{s] the stress resultants over the section and by e[s] and x[s] the cor-
responding work—conjugated section strains. The latter collect axial and
shear elongations and torsional and flexural curvatures, respectively and are
related to the displacements d[s] and rotations ¢[s| of the section by the
linear kinematics relationship

{ e (8.29)

X = Pers

R

where the symmetric and positive defined compliance matrix H is easily

As shown in [?] we have

obtained, as a function of I and G elastic modula and section geometry,
through a numerical strategy. The element strain energy (8.8) can then be
rewritten

T
@[u]—/oe NT6+MTX—;{]\]Z} H{]\]Z} ds (8.31)

The assumption of zero body forces implies both IN and the torsional
component M; of M be constant while the flexural components Mo and M3
vary linearly along the beam axis, according to the value shear components
Ny and N3. In this way we obtain the following stress interpolation law

1

Nifs] = Mz e
No[s] = —mse/l Ms[s] = - Mas + (5 — 7) Me2 (8.32a)
7 A I

depending on six stress parameters we can collect in the element stress ele-

ment vector
T
te == [ne7 M2e, M3e, Mils, Mas, m3s] (832b)

The complementary energy in (8.31) can then be rewritten in the form

cf (" N -
/ H ds — "K', (8.33)
o 1) M M



K being the so called element stiffness matrix. Note that, when the flexural
and shear of the section coincide, matrix K, simplifies in the usual diagonal
form

12EJ, 12EJs  4AGJ; AEJy 4EJ;
(1+83) £(1+pB2) ¢ ¢~ «

K. = diag [EAK, 7

where A, Jy and J3 are the area and flexural inertia of section, J; the
torsional inertia, and By = 12EJ3/GAxf? and B3 = 12E.J5/GA3l? the so
called shear factors, A3 and A3 being the shear areas.

The strain work in (8.31), using interpolation (8.32), becomes

l
/ {NTe+M"x} ds=M] o;—M]@;+N"(dj—d;) =t/ Dd.. (8.34a)
0

where ¢ and j denote quantities evaluated for s = 0 and s = [ and where

|
T 5
D=1 | de={ ¢ (8.34b)
1 - Des
1

Doy G and @, being the natural modes of the element [?]:

dcj - dci

¢CTZT 9 ¢cs:u

2 )

o Pei T P

¢ce - 9 (834C)

8.3.2 The CR transformation for the beam

Beam kinematics will be governed by their displacements by reference to the
initial configiration, collected in the nine dimensional vector

de = {9, , ¢, o,}" (8.35)
where
¢:dj_di _ Pt e _ PP
T E Y e 2 Y S 2

The relation (8.15), relating these displacements with the analogous ones
referred to the current configuration and defined in eq. (8.34), becomes

ge[de] = {gr y Ge s gs}T (836)

where

9, tg; 9i —9;
=5 gs 9

g, = Qg(el + ()br) — e 5 ge



and g; and g, express the relation between the deformational and global
rotations of nodes ¢ and j of the element. From eq. (8.3c) we have

g; :=log [QeTR[%” g5 = log [QeTR[SOjH

After some algebra, we obtain the following fourth—order Taylor expansion

1 1
g = P — Oe — §W[ae]‘Pk =+ E(W[ae]QQOk: - W[‘Pk]Qae)

1 (8.37)
a ﬁw[wk]w2[a€]¢k+'“ , k=1iJ
Eqs.(8.37) are unaffected by the CR translation ¢ and are fully defined
once the relation between the element CR rotation vector o, and the dis-
placement vector d. has been stated. A possible choice is that of defining the
rotation Q, = [i1, 82, 23] according to the so called secant rule, i.e. by select-
ing 21 along the line connecting beam nodes and ¢ and %3 in an appropriate
fashion to eliminate the torsional rigid motion:
e+ ¢r . 7:1 X q

1:1 = , 3= """ |, ’1:2 = ’1:3 X ’1:1 (838)
ler + ¢ | 41 % q|

where

1
q:= R[‘Pm]RZe2 y  Pm = 510g [R]R;T]

This choice gives good accuracy even if it results in a strongly nonlinear
expression between the rigid rotation vector a,. and d.. A notable simplifi-
cation is obtained by defining Q, := R]y,,|R:, we obtain
1 2
o =G, — EW[(bs] ®. (839)
However several other choices are possible the simplest one being obtained
by defining the CR rotation vector o, as a simple average of nodal rotations

o= 5(0, 4 9;) = b, (8.40)

This choice, which can also be viewed as a simplification of (8.39), gives ac-
curate results and could be the best compromise. The analytical expressions
of the strain variations in this simple case are reported here in explicit form.
The analogous expressions, corresponding to the other possible choices for
Qld.], are noticeably more complex and are not given here. In fact, their
derivation can be easily performed with the aid of symbolic algebraic ma-
nipulation software, see [104].



Strain energy variations for linear local beam modeling
Making W, := W{¢,] and assuming that a. is defined by eq. (8.40), we
have

1 1
gr[d€] =¢, +Wip, + 9 (Wgel - 2W€¢)r) + 6 (3Wz¢r - Wgel)

1
t51 (Wiei —4Wig,)

1 1 2
ge[de] - 12WS¢6 24W5W6¢S
W, w? w3
gs[de]_d)s_ 9 ¢s+ 6 d)s_ 24 ¢s

(8.41)

being W := spin[e;|. We then obtain
glr[dle] = ¢, + Wiy, gle[dle] =0 , gls[dle] = ¢

which, through eq.(8.20), provides

I; Wy 03
L= |03 03 03
03 03 I3

Introducing W, := W{¢,.] and W5 := We,,], we also obtain

1
QQT[dlea dQe] = i(WQeWIe + WleWQe)el - (W2€¢1’r + Wled)Qr)

g2eldie, dac] = 0
1
gos [d167 d26] = §(W25¢le + W15¢26)

The previous equation allows the explicit evaluation of g,[d1] and g5[d1, d2].

Introducing the symmetric matrix

Wl 6] = (WIHIWIp,] + Wig,1Wo))

which satisfies the condition
n' Wi, 09|p; = 6¢" Waln, ¢;]o;
for any n, 0¢ € R3, matrix G[to.], defined by the equivalence (8.20), becomes

03 Wine] 03
Gitoe] = | —Wne| 3Walne,e1] —Wimy|/2
05 W my]/2 03

(8.42)



where 1, = [nea _me3/l7 meZ/l]T; ms = [msl) ms2, msB]T and m, = [07 meg, meS]Ty
when referring to the local linear model (8.11b). The third variation of eq
(8.41) is

g3y [d1€7 dae, d3€] =W [¢267 ¢3e] (3¢1r + W1¢le) + W2[¢le? ¢3e](3¢2r + W1¢2e)
+ W [¢1e’ ¢26] (3¢37‘ + W1¢3e)

Gacldie, dae, di] = — L (Wil da]b1c + Waldr,, dulda, + Wil duuln)

g3s [d167 dze, d3e] =Wy [¢257 ¢3e]¢ls + W2[¢le7 ¢36}¢28 + W2[¢1e7 ¢2e}¢35

thus allowing the evaluation of g5[dic, dae, dsc| and of the third energy vari-
ations in scalar form, through eq. (8.24a). To recover their vectorial form
(8.25), we need vector s.q defined in eq.(8.26). This can be expressed as

Sed = G[tie]dae + Glt2c]dic + so (8.43)
so being defined by the equivalence
3d; s = t.05]dic, dac, 5]
After some algebra, we obtain

Sor = 3W2[¢1e, ¢26]n€0
S0e = (WQ[wh ’I’lo] + W2[¢1s7 mSO])¢28 + (W2 [w27 nO] + Wy [¢257 mSO])¢1e

1
- §W2[¢lsa ¢25]m60 - W1W2[¢lev ¢26]n€0

00 = 5 (Wl meol b + Waldae maald,) + Walde, dadmeg

where
w1 =3¢, + Wip, , w2=3¢; +Wipy,

Finally, introducing the following symmetric cubic form,

Wslo;, ¢, dr) = %(W[@]WQ[%’ il + W(d;|Waldy, ¢;] + W] W2, d;])
the expressions for the fourth—order variations of g[d.| are:

Gurl ] = — Wi [due, Pse, Pocl (401, + Wii) — Wi hue, Pe, P10l (4o, + Wids,)
— Wi[@use, Dre, D1 (403, + Widhs.) — Wis[Pse, Poc, D1 (4y, + Widhy,)
Gucl 1 = — W[y, Pse, boc] P15 — Wildus, P3e, D1 das
— Wi[dys: Pae, P13 — W[, Poc, D1l Pas
9usl 1= — Wi[Pue, Pse, Pocl P15 — W3 Pues P3e, D1l Pas
— Ws[@ue, Dre, D1 P35 — Wis[@se, Poc, D1c]Pas



8.3.3 The assemblage matrix

The assemblage matrix A, connects the element vector u. := {t., d.}”
to the global configuration vector u := {t,, dg}T, taking into account the
different format and the different reference frames used by the two vectors.

In particular, the vector w will collect, in its first part (denoted as t,),
the stress parameters t., of all elements (e = 1---n.) and, in its second
part (denoted as dg), the nodal displacements dgx and rotations ¢, for
all the nodes (k = 1---n,), displacements and rotations being expressed
within a fixed global frame {E1, Eo, E3}. Conversely, vector u, collects, in
its first part, the stress parameters of the element ¢, and, in its second part,
its natural modes ¢,., ¢, and ¢,, the latter being expressed within a fixed
local reference frame {ei, e2, es}, chosen according to our assumption that
the reference configuration be described by d. = 0. Denoting the rotation
matrix between the global and local reference frames by Ry, eq. (8.17)

becomes
]
Is O3 03 03 03 d
R, R, gi
wem (O T O O (8.44)
03 03 sRep 03 3SRy d.
03 03 3$Ro 035 —1Rg ”
_(ng

Matrix Rge is conveniently obtained by the secant rule (8.54). With
this choice, the initial deformational displacement d¢y of the element will be
defined by ¢, = 0, ¢o and ¢, being obtained through

$pip = log [R;}FeR[SDgiH y Lo = log [RZeRBngH (8.45)

where ¢ ; and ¢,; are the rotation vectors of the nodes of the element in
the reference configuration.

8.3.4 The quadratic local modeling for the beam

The quadratic local model is defined by substituting eq.(8.29) with the strain
measure obtained as a coherent second-order expansion of the Reissner-
Antman strain measure |35]

1
€ = dc,s _Wc<el + d078) + iwgel
(8.46)

1
- 7WCch7S

X = Pers 2

with W = spin [¢,].
With respect to the linear local modeling we only need to evaluate
eq.(8.9) now using eq.(8.46) instead of eq. (8.29). However, it is necessary,



to explicitly assume an interpolation for displacements and rotations. We
will use the classic polynomial interpolation of the first order beam theory

dCas = chl + chrlel 5 QOC[S] = Wer + fs [S]¢cs + fe[s](¢ce - wcr) (847)

where vector w,, is defined as

Wer = W1¢cr + ¢C€le1

and

S 82

l ¢ L
R = fals) o =165 o [ plsls= [ plslas= [ s =0

After some algebra we obtain

l
1
/ {NTe+M"x} ds=tlo + 5ch;\I/[te]dce
0

0; being defined by eq. (8.34) and

6
lt] =D te; ¥,
j=1

where W;, j =1---6 are given by

6“5/? W. o, [—P13 —dy 03
¥, =- V[5/1 V[;f 03 | Wo=|—di2 % 03
0, 05 Wi o 0y B
0; 03 -—Wji [ 03 03 —dy
=0 03 W w—|o0; 05 ZLu
-W3 “2/1 03 | —d12 % 03

where dp = eheg = d{h and Ppr = dpi + dip.

Ps =

(8.48)

(8.49)

The evaluation of strain energy variations, require only the redefinition
of 05[], 03]-] and 04[], following eqs. (8.28) using expression of W[t.] given

by eq. (8.49). In this case the geometric matrix becomes:

Gq [tOe] = Gl [toe} + L{‘I’[toe]Ll

(8.50)

Gi[toe] being provided by eq. (8.42). The expression of geometric matrix
G [toe] is in scalar components given in table 8.1, for the case deo = 0.




0 Me3  —Me2 0 0 0 0 0 0
6
Me3 —’g“ 0 —Me2 0 — %“ —Mgy Mgl 0
6n n
—Me2 0 5 —MMe3 5 0 —Ms3 0 ms1
Mes Me? M M2
0 —Meg  —Me3 0 _ 2@5 2ez 0 2@3 5 2
Glt] =] 0 0 . 0 meoQ M
__Na ms2 Na mMg2 _ ms1
0 5 0 2 0 5 2 2 0
— _ __Mms3 ms2 Me3 _ Me2
0 ms2 ms3 0 B 3 0 6 6
__Mms3 __Mms1 Me3 Na
0 M1 0 5 0 5 & % 0
ms2 msi __Me2 Na
L 0 0 msl 2 2 0 6 0 3 a

Tab. 8.1: Geometric matrix G[t.] for the quadratic local model, assuming
do. = 0.

8.4 Some further detail for Riks analysis

8.4.1 Updated scheme
The relation defined by equation (8.6) and (8.7)

— o7 —e)—
{dc_Q(X+d ) — X (8.5)

R.=Q"R

define the kinematics relationship between a fixed and corotational frame.
The fixed frame {e1, ez, e3} can be assumed coincident with the initial local
frame of the beam Qf = {ef, e}, €3} or with the frame defining the rigid body
motion associate to the last equilibrium configuration Q° = {ef,es, e5}.
This last assumption [48], corresponds to use as configurations variable the
local increments d. and ¢,. In the last equilibrium configuration the descrip-
tion is a standard corotational formulation. Moreover, the stage between two
successive configuration could be described using linearized corotational re-
lationship. In particular while the finite quantity could be evaluated using
exact corotational relationship, for the evaluation of first and second vari-
ation we use a Taylor expansion of corotational expression. This allows to
obtain in easy way the structural response e tangent stiffness matrix. Obvi-
ously in the incremental variable u., . the tangent stiffness is symmetric.
Really the formulation with regarding the rotation variable is additive. With
respect to initial configuration the global quantities are evaluated using the
following relationships:

Q"=Q°Q

d=Q%(de+ X)— X +¢? ¢’ =1log(Q°R.)



8.4.2 The CR transformation for the beam

Let be d. the nine dimensional vector

de = {¢7‘ ’ d)e ’ ¢5}T (852)
where d —d 0+ 0 — o
_ % T % _ ¥ J _ri_ Ty
¢r - ﬁ ’ ¢e - 9 ) ¢s - 9

are the natural modes of the element [24]. The relation (8.15) that defines
g[d.] then becomes

T
ge[de] = {gr ’ gea gs} (853)
where
T 9;t9; g9i—9;
gr:Qe(el+¢r)_elv ge:Ta gs:T

and g; and g; define the relation between the deformational and global node
rotations by means of eq. (8.3c):

g; :=log [QeTR[LPi]] g5 = log [QeTR[SOjH

A possible choice is that of defining the rotation Q, = [1, €2, ¢3] according
to the so called secant rule, i.e. by selecting 2; along the line connecting beam
nodes and 23 and %3 in an appropriate fashion to eliminate the torsional rigid
motion:

) e+ ¢, . 11 X q ) ) )
1= , 13 =77 , 12: =13 X1 (854)
lex + &, i i1 > g

where

1
q:=Rlp,|Ries ¢y, = ;log[R;R]]

This choice gives good accuracy even if it results in a strongly nonlinear
expression between the rigid rotation vector e, and d.. The transformation
law in this case is

3
g,lde] = Liyde + ) (dl Lyid,)e;

i=1

3
ge [de] = Llede + Z(dZL%ede)ei
=1

3
gslde] = Lisd + Y _(dF Lyiede)e;
=1



where

and

Ly, = [di1 03 03]
Lic= W1 dy+dss
Li,=[03 03 I3

Ly =

Loy =

05

03
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03
03
03

[do2 + d33 03

03
03

03
03
03|

03

03 |

03
03

03
03

8.4.3 Expressions for the strain variations for linear model

In case of secant frame (8.54) and linear local model, the structural response

can be written as:

Se = {Stea Sde}T



whit
Ste = Q[de] - Kc_lte
Sde = {S'f‘€7 See, Sse}T

and

3
Sre = (L{,‘ + Z (L2irde) e;‘r)DTte
i=1

3
See = (L{e + Z (LQiede) eiT)DTte
=1

3
Sse = (L{s + Z (LQisde) ezT)DTte
=1

For the definition of the Hessian, the evaluation of matrix L give:

Ly + Z?:1 e;d! Lo,
L= L+ Z?:l e;d! Lo
Ly + Y7, eid! Lo

while for the matrix G|t.], assuming D = [D,., D., D], we have that

3
Glte] = > (tI'D,e;Lyi + tI Dce;iLyic + t} De; L)
=1

8.4.4 Computational remarks

The use of quaternion algebra are more efficient from computationally point

"=

of view The four components defining a quaternion p = [po, p po, p1, D2, p3] "

is defined as
0, . 0 .
pozcos§ pi:§sm§ 1=1..3
The evaluation of rotation vector 6 starting from a matrix R[6] defined by
eq.(8.3), can be done using the Spurrier [96] algorithm. Choose the largest
between tr(R[0]) = 327 | Ry and Ry, i = 1..3,
If tr(R[O]) > Ry

1 1
po = QW pi=7 (Rkj—r,./Po)

being 5 and k the cyclic permutation of <.
Otherwise if tr(R[0]) > Ry

1 /1 1

b= 5SRO o= (R /)

1 .
pm:Z(Rmz+Rzm)/pl m:j,k‘



Once evaluated p is easy to evaluate 6.

The use of quaternion is also convenient in the evaluation of rotation
vector 19 associate to the rotation R[012] defined as R[612] = R[01]R[63].
In particular defining p;, py and p;5 the quaternion associate to the rotation
vectors 61, 02,015 the following formula holds :

Pry = Po1P02 — PT Py
Po1P2 + Po2P1 — P1 A\ P2

8.5 Numerical results

Some numerical tests have been performed to investigate the accuracy of
the proposed approach, the convergence behavior at mesh refining and the
influence of different choices in the local modeling, i.e. linear or quadratic,
as well as in the definition of the CR rotation vector a, i.e. according to the
secant frame (8.54) (Sec) or to the average rotation (8.40) (Mid) strategies.

The results are reported here, including the graph of the equilibrium
path and the relevant quantities of the asymptotic analysis, i.e. the buck-
ling multiplier Ap, the initial postbuckling slope A := Aj1; and the initial
postbuckling curvature B := Bj111. The path is always compared with the
one obtained through a careful path—following analysis using the commer-
cial code ABAQUS; the synthetic scalar results are compared with the "exact"
analytical ones, when these are possible.

A more complex test, referring to a problem with modal interaction, is
also reported to show the reliability of the proposed strategy in large scale
analyses.

8.5.1 Planar beams

The first test is the classical Euler beam for which geometry and loads are
reported in fig. 8.2 and the analytical solution gives A\, = 0.987 and B =
1.480. In this simple case the choice of the CR frame has some influence on
the coarser mesh. As expected the quadratic model is more accurate than
the linear one, providing, the exact value of the buckling load. The results
for both Ay and B are practically the same using 4 finite elements and the
quadratic model with secant frame. Nonetheless, the linear model performs
well, the error being inferior to 1.30% for both A, and B using 8-element
discretization.
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The second example refers to the planar frame shown in fig. 8.3. This

frame exhibits a strongly nonlinear precritical behavior, therefore it is suit-

able in testing the accuracy of the asymptotic analysis in this context. The
results are reported in table 8.3 and fig. 8.3. We obtain a fast convergence
to the "exact" analytical solution and, also in this case, the Sec strategy is
slightly more accurate than M<id one, for rough meshes.
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Fig. 8.3: Shallow frame: geom-
etry and equilibrium path. Rota-

tion 3 of node B

loc. linear quads
mod. de 8e 16e 4e 8e
Ap Sec 1.039 1.000 0.990 0.987 0.9¢
Mid 1.042 1.000 0.990 0.987 0.9¢
B-10>  Sec 15.58 15.00 14.85 14.80 14.¢
Mid 15.47 14.99 14.85 14.65 14."
Tab. 8.2: Euler beam: relevant
asymptotic quantities
loc. linear quadratic
mod. 8e 16e 8e 16e
Ap Sec 22.27 22.04 22.10 22.00
Mid 22.42 22.08 22.23 22.03
A Sec —48.71 —48.51 —48.51 —48.47
Mid —48.77 —48.54 —48.58 —48.49
B Sec 8.104 8.329 8.321 8.395
Mid 7.954 8.308 8.241 8.379

Tab. 8.3: Planar shallow—{rame:
relevant asymptotic quantities



8.5.2 Spatial beams

The accuracy of the proposed approach is tested on some 3D spatial tests,
which will be referred to as: the narrow cantilever beam test, the hinged right
angle frame test and the cable hockling test. In all cases, the fundamental
path is characterized by uniform stress (shear, bending or torsion) that gen-
erates a buckling mode exploiting bending-torsional coupling. For the narrow
cantilever beam (fig. 8.4) and the hinged right angle frame (fig. 8.5.3) the

analytical solution for the buckling load [105] gives Ay = 47”5%2&]1 = 3.280

and )\, = =L E£2GJ1

The results, reported in tabs. 8.4, 8.5 and 8.6, are accurate also in the
case of coarse meshes. The results of a 64 element mesh denoted as (ref.)
are also reported and can be considered exact, remaining unchanged even

= 622.2, respectively.

for successive mesh refinements and unaffected by the local model which is
used.

For all tests, the quadratic model using Sec or Mid CR frame with 8
elements gives an error less then 1% on all quantities with respect to the
64 finite element mesh solution. Moreover in these cases, the quadratic
model and the Sec frame are more accurate than the linear and Mid ones.
The accuracy of local quadratic modeling is comparable with the ABAQUS
beam elements library. Really, using coarse mesh (4-8 finite elements for
each beam) the result, with respect to the buckling load and in recovering
equilibrium path, are in practice comparable with the "exact" ones. The
asymptotic equilibrium path is also accurate for very large displacements
and rotations. Finally, note that the stress distribution on the cross section
is very accurate along the equilibrium path (see fig. 8.7).
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Hinged right angle

frame: geometry and equilibrium

path. Displacement us of B node

loc. linear quadre
mod. de 8e 16e 4e 8e
Ab Sec 3.416 3.321 3.298 3.341  3.30
Mid 3.414  3.321 3.298 3.341  3.30.
B-10%  Sec 44.59 43.16 42.80 44.05 43.0.
Mid 44.42  43.16 42.81 44.18 43.0
Tab. 8.4: Narrow cantilever
beam: relevant asymptotic quan-
tities
loc. linear quadratic
mod. 8e 16e 16e
Ay Sec 651.7 629.3 626.2
Mid 656.3 630.3 626.2
B Sec —348.7 —294.36 —313.5 —286.6
Mid —340.96 —292.35 —311.7 —286.5
Tab. 8.5: Hinged right angle

frame: relevant asymptotic quan-

tities
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loc. linear quadratic
mod. 8e 16e 8e 16e
Ap Sec 241.1 226.7 222.7 222.2
Mid 248.8 228.2 229.0 222.2
B Sec —126.69 —100.40 -93.65 —92.97
Mid —130.53 —100.86 —86.40 —92.49

Tab. 8.6: Cable hockling prob-
relevant

lem:

comparison of

asymptotic quantities

=90

-60
M,

Fig. 8.7: Hinged right angle, torsional moment M; at middle. Cable hock-
ling problem bending couple M3 at middle

Channel-section beam subjected to axial

The method is also tested in a context where shear and bending centers

are not coincident.

8.8, under axial force.

The proposed test is an asymmetric-channel, see fig.

The evaluation of compliance operator H needed
for the recovery of the complementary energy (8.33) has been done through
FEM technique in the cross section domain (for further details see [93]).

-30 0



The equilibrium path recover for different relevant displacement component
agrees with the results proposed in the papers [106] and with the results
made using ABAQUS (see fig. 8.8).

8.5.3 Modal interaction test: 3D tower

The final test refers to the 3D tower, for which the geometry is shown in
fig.8.9. The structure exhibits 10 near coincident buckling modes, reported
in fig. 8.11 along with the corresponding buckling loads. The interaction
between global and local modes produces a strong instability in the equilib-
rium path. In fig. 8.12, the interaction between second and seventh buckling
mode is shown. The equilibrium path is recovered using 16-finite elements
for each beam for the asymptotic and path—following analysis. The accuracy
of the asymptotic formulation in particular in the evaluation of the limit load
is clear in comparison with the equilibrium path recovered using ABAQUS(see
fig. 8.10).
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Fig. 8.8: Channel-section beam subjected to axial force. Geometry and
equilibrium paths. Displacements up; and ups
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Chapter 9

FEM implementation of the
Saint Venant nonlinear beam
model-Total Lagrangian
formulation

A FEM implementation of 3D Saint Venant nonlinear beam model recovered
using ICM and completely defined by eqs. (5.6) is proposed to test the
accuracy and the reliability into the frame of Koiter’s asymptotic analysis
(see [1, 3] and related references). Obviously, being the asymptotic approach
based on a fourth order Taylor expansion of strain energy, it represents a
restrictive context for checking the objectivity and the accuracy of the beam
model more than path-following approach that require only second order
expansion of the strain energy. The implementation is carry out following
the scheme, the notation and choices presented in the paper [102] at which
the reader can refer for furthers details.

9.1 Mixed strain energy

Let be [ the length of the beam, the strain energy ®.[u] for the beam element,
recalling (5.6), is:

Bofu] = /Ol{tTe + LTty aa - ! /Ol{tTHt} dA (9.1a)

where generalized stress and strain are defined as

o ={° 9.1b
SVl T N (9.1b)
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being N = [Ny, Na, N3]T the vector collecting axial and shear forces, M =
[My, My, M3])"T the vector collecting torsional and bending couples. The
formulation will developed for linear local deformation (5.4), however the
outlines for quadratic local model will be given, then:

€= R%(“Oas +€1) —€e1, X= R3R07s (91C)
In the further develops we will assume a spatial representation for €, then
€ = UQ,s +(I — R0)61

while for curvature we will use a material representation for curvature x.
Using a vector like parametrization for rotations 48], matrix rotation can be
expressed in terms of ¢ trough Rodriguez formula as:

1

—cosp ,
TW[go]z with  ¢? = T (9.1d)

Ry=1+ SH;pW[SO] +

being W] = spin[yp] the skew—symmetric matrix associate to axial vector
. Previous choice (9.1d) allows to simplify noticeable the expression of
curvatures:

1 —cosp

© —singp
2 Wip] + ———W]g]

(9.1e)
For an easy evaluation of 4" order Frechét derivative of strain energy, the
strain € is expanded as:

x=RjRo,s=T"p,,, T=1I+

e = e1[0d1] + e2[dda] + e3]0ds] + eq[ody] + - - - (9.2a)

being the set dd,, defined as

od, ={di, do,--- .d,} (9.2b)
and
€1[(5d1] 82[5d2]
€1 [5d1] = s 62[(5(12] == y 63[(5d3] i (92C)
X1[0d1] X2[0do)]
where €, = {en, X}, with n = 1..4 are n—multilinear symmetric forms

which express the n*?* Frechét variations of function €, e and x respectively,
with respect to configuration parameters u = {t, d}, being d = {u, ¢} the
vector collecting the displacements/rotations parameters. For the deforma-
tion € we have than:

1
61[5(11] = U],s —91[5<p1]61 R €n[6dn] = —ﬁﬂn[édn]el , n> 2 (92d)



while for curvature x holds:

(_1)n+1

being the set dd,; defined as

690nk = {‘Pla Pas 790n} \ {‘pk} (92f)

and Q,[0¢,] the Frechet derivative of W"[¢p] and implicitly assuming the
summation on repeated index.

9.2 Finite element

The proposed finite element is based on three nodes: the edges and the
middle beam points. From now the quantities evaluated on the edge s = 0
and s = [, will we denoted with the pedex ¢ and j, while these evaluated in
the middle point s = % will be denoted with the pedex m. The axial-shear
forces, according to the equilibrium equations in absence of distributed loads-

couples, are assumed constant on the element while the couples are assumed

linear:
n fs =1- ?
N=—= |, M=m,+ fm, , 9 (9.3a)
! g ds s
c l [2
being
mg := —(Mj—}—MZ‘) , me:(Mj—Mi) (93b)

symmetric and skew-symmetric couples. Introducing the vector t, = {ne, ms, m.}
collecting the natural stress, the stress interpolation is rewritten as:

11 03
N=Dlt. , M=D}t. , D,=| 03 |,D,=| 3I3
03 ~Lr,
(9.3c)

with I3 and O3 the identity and zero matrix € R3. As regards to kine-
matic, displacements and rotation vector field are agssumed to be linear and
quadratic on the element. In particular defining the vector de = {¢,,,, ¢4, ¢, ®,},
collecting the natural modes:

Pi — Pj
2 b

_ Pt
2 Y

uj—ui

l
(9.4a)

Pm = Qo‘s:l/Q ) ¢s = d)e : ¢'r =



the interpolation becomes:

03 (1= fe)Is
0 I
Uys = nge y P = nge , D, = Oz ) Dgo = ;512
e
1 03
(9.4D)

9.2.1 Energy derivatives

2nd

In more compact form the order Frechét derivative of the strain energy

(9.1) is expressed as:

° 2nd
l
@Z[ul, ’u,z] :/ {N1€1[d2] + N2€1[d1] + ng[dl, dg]
0
+ Mle[dQ] + M2X1[d1] + sz[dl, dg]}ds (95&)

l
—/ {NlCNg —I—MlDMQ}dS
0

e nt" order with n > 2

l
O [du,) = / {NTen1[0duk]+NTe,[0d, ]+ Mi X1 (k] + M7 x,[0d] }ds
0
(9.5b)
being k =2..n—1
9.2.2 Discrete energy derivatives

Using interpolation (9.3) and (9.4), energy derivative (9.1) can be expressed
in discrete forms as:

o 2nd
O [u, ug] = 11,01 [dac] + t.01[dic] + ¢ 0s[d1c, doc] (9.6a)
e nt" order with n > 2
O [ur, ug, -+ up] = /Ol{teTanﬂ{dl,dza“' s doP\di]+t 0, [d1, ds, - -, dy)]

(9.6b)
being

l
Qn[dlead267"‘ 7dne] - / {Dnen[dledeev'” 7dne]+Dmxn[dlevd267"‘ ;dne]}ds
0

(9.6¢)
and (definizione della matrice di rigidezza)



9.2.3 Energy equivalences

Following the framework proposed into [102], for the implementation of
asymptotic analysis we had to define the following equivalences:
djosiltic] = t],01[dsc]
dicsoldje, the] = tho0oldic, dje] (9.7a)
djossldje, dhe, tre] = th03[dic, dje, dpe]
in particular
—3(mye + 1 x nje)
M
sitjel = | 2 ”

1
s(mje + 5e1 X nje)
nj1€1 + e1 X Mje

Sg[dje, the] = G[the]dj (97b)

For the definition of the Hessian needing

dz;Lthe = d;fl;sl [tje]

9.7c
dzz;G[the]dje = dg;SQ[djathe] ( )
With some algebra
iWiel] 03 3Wlei] eref Wie]
L= 03 I 0 0 (9.7d)
215 03 I3 0

) 145[Gn ] gulf[mhs] éW[lth] + 1]15Gn 0

sWimy, =Gy =W 9my, 0
Gt el = 3 B 6 6 y 9.7e
[ " ] %W[mhe] + TIE)GH %W[mhs] %Gn 0 ( )

0 0 0 0

where G,, = Wle; x ny] — 2niW?[ey]. In To simplify the expression of
83[djec, dpe, tie], it is convenient defines:

dg;si’)[djea dpe, tke] = dz;G[djea tke]dhe - 33[djea dpe, tke] = G[djea tke]dhe

(9.7)
In particular
Gi1 G2 Giz 03
T
Gld. tr] = |Cl2 G2 Gz 0Os (9.78)



begin:

+ o (Wler x n]Wlp,] + Wi, ]Wler x n)) (9.7h)

+ 3(W[mS]W[c,os] + Wip,|W[ms])

+ E(W[me]W[cpe] + Wip JW[m.])

1 2
Gao = 5(61 X n)T(§<Pm + )3

L2
45

Ll
15
4

45

+ L (WimdWle,] + Wie.|Wim.))

(Wer x nlWle,] + Wle,]Wle, x n])
(Wier x nlWle,] + We, [ Wley xnl)  (9.73)

(Wm W lp,] + Wie JW[my])



Chapter 10

FEM implementation of
nonlinear plate model

The shear undeformable plate model obtained in the previous section was
implemented in KASP code [4]-[6] in order to perform an asymptotic Koiter
analysis of plate assemblages. The sensitivity of Koiter approach to the
geometric exactness of the kinematical model is useful to test the accuracy
of the proposed plate model. The use of a formulation that can be easily
implemented without use finite rotations give the possibility to concentrate
the attentions only on the theoretical aspects discussed in the paper and to
reuse the KASP code base on HC finite element interpolation.

In this section we shortly recall the asymptotic method and the finite
element formulation for plate assemblages. A complete insight on this argu-
ments can be fount in previous cited reference and in [3].

10.1 The finite element of the plate

The FEM discretization is based on the HC finite element with a four Gauss
point integration scheme, already used in [4, 5, 6, 7].

Each panel of the structures is discretized by a rectangular mesh. Con-
tinuity is assumed at the inter—element boundaries for both displacements
(u,v,w) and their derivatives. Each element is described as a Von Karman
flat plate and is referred to a separate local system. This, as will be shown
in the sequel, allows rigid displacement to be filtered from the kinematical
relationships and, due to the small size of the elements, makes the approxi-
mations implied by the Karman theory acceptable.
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10.1.1 Displacements interpolation

Each component of the displacement d is interpolated through quadratic
splines. That is, d[z,y| is expressed on the element by

3 _ _

dig,n) = - lehlldy, €="n="2 0 (Em el
ij=1 x Y

(10.1)

where:

Z, y are the coordinates of the center of the element, /., ¢, the element
dimensions, and the nodal displacements d;; = {u;j, vij, w;;} are defined
as the displacements of control nodes initially located in the center of the
element which define, by the geometric construction , the deformed shape
of the element. A C! continuity is obtained with a minimal number of
parameters, approximately one node (three parameters) per element.

By collecting all 9 nodal displacements, pertaining to the element, in
the element vector de = {di1,di2,...,ds3}, Eq.(10.1) can be rewritten in
matrix form as:

d[¢,n] = H[¢, n]d. (10.2)
where H[¢, 1] is the [3 x 27] HC interpolation matrix
hih1 0 0 hhy O 0 .-+ hghg O 0
H .= 0 hlhl 0 0 hlhg 0 te 0 h3h3 0
0 0 hhi O 0  hihy --- 0 0  hshs

10.1.2 Numerical integration

A 2x2 Gauss scheme has been used to integrate all the energy terms required
by the analysis. Let (29, y9) be the position of the Gauss point g within the
element e, the components of the displacement gradient are evaluated in
matrix form as:

uvﬂﬁ [:L,g7 yg] = Z hl [gg}vx hj [ng]uij = HZxde (103)

where

H%I = [hl [é‘g]’x hl[ng]> 07 Oa h2[£g]7x hl [779]7 07 07 ceey h3 [gg]yx h3 [779]7 07 O]

is a [1 x 27] row matrix associated to the Gauss point. In the same manner
we define:

g _— g g — g
u?y - Huyde y Wgy = Huxx

de , -, wi =H¢ d (10.4)

Wy T TTwyy e



Egs. (10.3, 10.4) and (??), provide the Gauss—point strains €7 and x? as-
sociated to nodal displacements d.. By denoting by n, the plane stress
associated to the Gauss—point and by A, its influence area, the element
energy is evaluated by Gauss quadrature:

1
O [u] := Z Oeglu]  ,  Peglu] = S {ngT(sg —Fny) + engg + XZDXg} Ay
g
® [u]du = Z Oy [uldu D [u]du = {6n” (e — Fn) + n”'ée + x' Dix} A, (10.5)
g
O [u|udu = Z Y [uludu D [uludu = {n”s¢ + n” (Je — Fon) + én’ e + x' Dox} A,
g

where n, := {NJ, Nj, N7,} are the local in—plane stresses associated to the
Gauss point g.

Note that the proposed integration scheme implies a constant piecewise
interpolation of the in—plain element stresses and strains on the influence
area of each Gauss—point. While the proposed formulation could allow an-
alytical integrations and more sophisticated interpolations, this choice was
made because: i) it is the simplest from both the computational and im-
plementation point of view; ii) it provides an exact correspondence with
the available results by allowing to focalize the attemption on the approach
differences without introducing any disturbing discretization improvement.

It is also worth mentioning that, in the actual computation of expression
(10.5), it could be convenient to evaluate separately each quadratic and cubic
terms through

/ WU dA =) udugd Ay = Ay (HY,d.)(H,d.) (10.6)
A
€ g g

/ W Wog Wop dA =Y Ag(HY, d.)(HY,, d.)(HY,,d.) (10.7)
e 9

and the corresponding analogous ones.

10.2 Numerical results

The numerical results refer to Koiter’s asymptotic analysis of plate assem-
blages. The proposed simplified Kirchoff plate model (PM) has been imple-
mented in a code called KASP [6]. The results are compared with those ob-
tained by the same code using the technical model complete Green—Lagrange
(LC) and the simplified Green—Lagrange (LS), previously implemented.



The results are compared with analytical solutions, path—following anal-
ysis and 2D-3D beam model when possible.

Further details regarding the implementation of the Koiter’s asymptotic
method and the technical strain models can be found in [6, 4, 5|

10.2.1 The Eulero beam and Roorda Frame

The results obtained by the LC, LS and PM are compared with the analytical
solutions, available for these easy tests. In particular the critical load Ay ,
postcritical slope Ny and postcrical curvature M\ are been considered.

Finally the equilibrium paths are compared with those obtained by path—
following analysis using 2D-beam and plate models.

Constraints
u(0,0,0)=0
v(0,0,0)=v(L,0,0)=0
w(0,y,0)=w(L,y,0)=0

Z,w

Y,w a b N
o} < X,u
7 Ts)x 7
L K=EAL¥YEJ=3- 10°
1 I £=0.001
7 7
U
7 7 7
i

Fig. 10.1: Euler beam



Out plane In plane

N.elem. LC LS PM LC LS PM  Beam®

16 9.901 9.901 9.901 9.918 9.918 9.918
32 9.877 9.877 9.877 9.870 9.870 9.870  9.870
64 9.872 9872 9.871 9.867 9.870 9.870

16 -0.354 0.020 0.145 0.166 1.03 0.166
32 -0.375  0.000 0.125 0.126 1.00 0.126  0.125
64 -0.375  0.000 0.125 0.125 1.00 0.125

,_
—_

) Solution obtained by Antman model and exact interpolation functions

Tab. 10.1: Euler beam out plane: asymptotic quantity.
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Fig. 10.2: Euler beam: out-plane and in-plane equilibrium path.

Z,u
K=EALZEJ=3- 10°

A £=0.01 ) ) .
I b QE \C§ //lﬁ

Constraints

EA

- —>{a u(0,0,0)=0
v(x,0,0)=v(x,L,L)=0
w(x,0,0)=w(x,L,L)=0

Fig. 10.3: Roorda frame
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1 —o— Koiter 1C 14 |—e— Koiler LC
1 —o— Koiter LS 1| |—e— Koiter LS
97\\\\\\\\\\\\\\\\\\‘\\\\\\\\\‘\\\\\\\\\ 97‘!’\\\\\\\\i\\\\\\\\\i\\\\\\\\\\\\\\\\\\
-0.1 -0.075 -0.05 -0.025 0 0.05 0.1 0.15
w,/LL wa/L

elem.nf LC LS PM Beam™)
16 13.954 13.954 13.954

Ab 32 13.903 13.903 13.903 13.886
64 13.890 13.890 13.890
16 0.3815 0.3815 0.3815

R 32 0.3808  0.3808 0.3807 0.3805
64 0.3806  0.3806 0.3805
16 -0.6421 0.2178 0.4535

No/2X 32 -0.7165 0.1434  0.3797 0.3787
64  -0.7176 0.1422 0.3785

(*)Solution obtained by Antman model and exact interpolation functions

Tab. 10.2: Roorda frame: asymptotic quantity.

Fig. 10.4: Roorda frame: equilibrium paths.
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10.2.2 C section beam

In the numerical analysis of the C section beam reported in fig.10.5 the
good agreements between the numerical results obtained by the PM model
in comparison with the path—following analysis performed by a co-rotational
formulation proposed in [7|which is insensitive to the exactness of the strain
measures can be observed. As the critical mode is a torsional buckling the
behavior of the plate assemblages is practically the same as a 3D beam. The
buckling mode it is not followed by stress redistribution and the postcritical
curvature becomes very sensitive to the exactness of the strain model [7], as
shown in fig. 10.6.

Z,W
Constraints
Ap
7w u(0,y,z)=0 E=21000
v(0.y.2)=0 Ap v=0.3 B A
w(0,y,z)=0
-4 s=1
} X,u h=30
a
s=1.6
) S
—
| L=900 | b=10

Fig. 10.5: C section beam.

10.2.3 C section with stress redistribution

In this case, whose geometry is reported in fig. 10.7, we have stress redis-
tribution following the multimodal buckling. The structure is analyzed with
flexural positive imperfections. In this case the results are unaffected by the
strain model used and in practise the technical model also give exact results.
More details can be found in [6].



Fig. 10.7: Compressed C section beam.
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Fig. 10.6: Cantilever C section beam: equilibrium paths.
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Fig. 10.8: C section beam: equilibrium paths.



Chapter 11

Concluding remarks

A method that allows us to obtain, in a simple and automatic way, ex-
act strain measures for structures undergoing large displacements and small
strain, is described. As the displacement field is in the corotational frame
infinitesimal, linearized kinematical models for beams, plates and shells can
usefully been employed. Since linearized models are always available even
for complex structural models (plates or shells) it is easy to obtain the cor-
responding rational strain measures using this approach.

Geometrically exact strain measures for beams and plates have been ob-
tained. In the case of the beam the correctness of such measures is evident
in comparison with those available in literature [33]. An application to shear
undeformable beam is also presented. For thin plates the strain measures
were obtained for cases of both von Karman and Kirchoff models.

The strength of the method is that it makes it possible obtain, exact
strain measures for complex structural models, starting always from linear,
first order, theory. For example the extension to other complicated beam
models (i.e. including section warping) becomes trivial.

The measures obtained, both for beams and plates, have been used in
numerical analysis based on Koiter’s asymptotic approach. In this analysis
context, which is dramatically sensitive to the strain measure, the results
again show once more the correctness of the proposed approach.
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Appendix A

Some remarks on polar
decomposition

A.1 Recursive evaluation of polar decomposition

For the evaluation of the polar decomposition we assume an exponential
representation for the rotation :

1 1
,W3+7W4...

1 2
R=I+W+ W+ 5

The Wwill be a non linear function of gradient Vu, in particular we can
assume that:
W=W+Wo+W3+Wy+---

being W, the term corrisponding to a Taylor expansion for W. Each term
can be evaluated using the following recursive rule:

e First order
U=RI'F=(I+W)'(I+Vu)

for the symmetry on the tensor U, holds
IT+W)TI +Vu) = I+ Vu) I+ W)
requiring a first order accuracy for the symmetry of U
I+Vu+W{=I+Vu' + W,

thereby
1
W, = 5(Vu —vVaul)
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e Second order
U=R'F=T+W;+Wy+ %W1W1)T(I + Vu)
for the symmetry on the tensor U, holds
(I+W1+W2+%W1W1)T(I+Vu) = (I+Vu)T(I+W1+W2+%W1W1)

requiring a first order accuracy for the symmetry of U and remember-
ing the the expression of W

1 1

(I+Wq+Wy+ §W1W1)T(I +Vu)= T+ Vu)' (I + W, + W+ S WiW1)
WiVu + Wi =vu!wT + w,

we have then

1
Wy = S(WiVu - vulwT)

e Third order

1 1
U=R"F = (I+W1+W2+W3+§W1W1+6(W1W2+W2W1))T(I+Vu)

using the same approach presented in the first two step, we have that
1
W = 5(W,yVu - Vulwi)

e k- order The k-term of Taylor expansion series have thereby the ex-
pression

1
Wi =5 (WiaVu - vVuwi )



Appendix B

Objective interpolation

B.1 Objective Interpolation

The objectivity of the interpolation is first tested in the planar beam case.
We assume the Antman strain measure, the material form is

e=(14u,)cosp+uv,ysing—1 v=—(14u,)sing+v,5c08¢ X =p,
while for the spatial form we have that
e=14u,y—cosp y=wv,1—sinY x=¢,1

The quantities will be interpolated as

Ui — Us
U,1 = Jl :

PP pitp; v v U
va=fEE 1 (P ) + L
Y =1,

9071:.]0571 SOZ 80]+f€71(gpz SD] - J 1)

2 2 l

with 1
fs:1—2§ Jo= (65 — 651+ 1)
A rigid body motion make the following displacement field
u=s(cosp—1) , v=ssing

The discrete quantities are

u; =0 uj =l(cos¢p — 1) v; =0 vj = lsin¢ i =p;=¢

99



Using the interpolation law

u,lz%zcosqb—l

v,) = @ = fe(p —sing) +sin¢
©,1 = fe,1 (¢ —sing)

The evaluation of deformation gives for the material form

_fe ¢’ fed®
e=5P T=% Xx=7g
while for the spatial form
fe=1 4 ¢’ fed®
e="F5—¢ 1=% X=7¢

When the quantities will be interpolated as

Ui — U
U,1 = Jl -

_ PP pitp; v v — Y
vyl_fS 2 +f€( 2 l )+ l
» =1v,1+7
8071:](‘871 712 ]+f671( 22 ]_ ]l 2)

with

1
f5:1—2§ Jo= (65 — 651+ 1)

A rigid body motion make the following displacement field
u=s(cosp—1) , v=ssing
The discrete quantities are
u; =0 uj = l(cos p—1) v; =0 vj = lsing i=pj=¢

Using the interpolation law

U
u,lsz:cosqﬁ—l

vt = = fo(6 — sin ) + sin
©51 = fe71 (¢ - Sin¢)

The evaluation of deformation gives for the material form

c_Ie _ [t fed
"6 776 X6

¢4



while for the spatial form
PSRN RN
6 6

Alternative interpolation, we assume that

ud:u]‘luz
_’Uj (¥
v,1 = I
SOZQf)m
Ch. Y
P fea (B = 6)

gpﬂl :f871 2

vj v
J sin ¢, — 1

The discrete material representation of strain measures becomes
Ui — Uy
) €08 G +

e=(1+ ]
vy=—(1+ et ; ui)sinqﬁm Y l_ Ui COS O
x=for B, (PO
Assuming
¢m = arctan l ﬁjuj_ﬁluz

we have that
e=(1+ ujl_ui)cosqﬁm—i- vj;w sin ¢y, — 1

=0
Lt foa (B = 6m)

X:f871 QOZ 2

B.1.1 Equivalence with Corotational Formulation
Remembering the linear strain measure
E=U1 Y=UV1—9 X=¢1

The displacements in corotational frame will be interpolated as

u U;
7171 = I .
— @z SD] @1 + 95] . 17] Uy 6] V;
U,1 fs B +fe( 9 I )+ ]
@ = 6;1
. = - T s
i @J+fe’1(@z290j_ ]l z)




—v;

’Uj .
EETy— the strain measure becomes

Assuming ¢,, = arctan

e:(l—kujl_ui)cosd)m—kvjl_vi sin ¢, — 1
7=0
X=fon 2B (B g

2 2



Appendix C

The use of material-spatial
model in Koiters analysis

C.1 Shallow Frame - Analytical Solution

Exploiting the structure symmetry, we can only study the left side of the
whole structure. The geometric and material characteristic are

Lop=15 Hyp=0.45

EA=10° EJ;=10*

The structure is analyzed in local frame. This simplify the expression of the
the energy, but the boundary condition become:

ui[0)=0 , wi[L]cosa— us][L]sina =0
ug[0] =0 , Nji[L]sina + Na[L]cos o = Ap2 (C.1)
M3[0] =0 , @3[[’] =0

where po = —1, tana = Ig—g and L = \/L% + Hg. The first step consist in
the evaluation of fundamental path. The variational equation to be solved
is

didu — péu = 0 (C.2)

we have that

L
6”&5u = / (0N, +N10u,s +0N2 (2,5 —P3)
0

+ No(Suz,s —003) + 6 Msps,s +Mzdps, s

1 (5N1]\71 ONaNy | 5MsMs )ds
2\ EA EA EJs

+ po[duq [L] sin a + dug[L] cos o]

103



The Euler-Lagrange equations, associate to variational principle (C.2) could
be separated into two groups: compatibility and equilibrium equations. For
compatibility equations we have:

Nl = EA’&las
= FA (tg,s —p3) (C.4)
M3 = EJs ¢34

while for equilibrium equation

vas = 0
N,y =0 (C.5)
M37s +N2 =0

The boundary conditions obviously coincide with (C.1). To solve the groups
of equations (C.4) and (C.5) , it’s convenient substituting compatibility equa-
tion into equilibrium:

aluss =0

(2,5 —P3),s =0 (C.6)
EA R

(;03755 +EJ (u27s _§03) =0

The solution of the system of the equation give using the constraints

@ = —k1 (L* 4+ BHy) s

. 83 Hy L2 18
Uz = k2( L2) k3(3 +/8L28 + L2 5?) (07)
@3 = ky(s* — L?) = ag + ags?
where
EJs 1 1
= k = —
b=3%am = M7 (EA(1+3)HoL)
Loy Hy L} 3 Lo

ko = k ks ="k ky=—-—"k

2 5 Mo =gk ke=gpeh

Using the compatibility, with some algebra, the internal forces are

Ny = —EAk; (L? + 3Hy)
HO L?

L2 )+ /<J4L2)

Ny =EA (- kQ—kg(l—i-ﬂ

Mg = 2EJ3 k‘4 S



As reference the numerical value of Nl and Ng constant in the beam local
frame are reported

A

Ny = —14.524 | Ny = —0.06449

5E-005

4E-005 I

3E-005

u,

2E-005

1E-005

Fig. C.1: Function 4,
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Fig. C.2: Function s

The second step is the evaluation of the bifurcation problem

sy = 0 (C.8)
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so, we have

L
gu5u2=‘/‘(5Ph(u1m-+k¢3¢3)+-Ph(5u1m-+A¢35w3)
0

+ 8 Na (12,5 —p3) + No(Sua,s —dp3)

+ OM3p3,s +M3p3,s +AN160303

1 <5N1N1 L ONoNy | SMMy
2" FA EA EJ;

))ds =0

neglecting the terms higher than A2, The Euler-Lagrange equations associate
to variational principle (C.8),give the as compatibility equations

N1 = EA(i1,s +A@33)
Ny = EA(t2,s —¢3) (C.9)
Ms = EJzps.s
and as equilibrium equations
Ni,s=0
Ny,s=0 (C.10)
M3, +Na — AN1$3 — \pN1gpz = 0
The boundary conditions are homogeneous
w1 [0]=0 , wi[L]cosa— us[L]sina =0
p[0] =0 , Nj[L]sina+ Na[L]cosa =0 (C.11)
M0} =0 , @3[L]=0



As solution strategy, the compatibility equations (C.9) are substituted into
equilibrium equations (C.10), obtaining

(ulas +)\@39b3)as =0
(u275 _903)75 =0 (012)

EA AN,
: ss / s ’ — A4 )8 AP3¢ - D3 =
3, +EJ3 (2,5 —¢3) — AM(U1,s +AP3¢3)) BT, p3 =10

The solution of the system (C.12) of the equations gives:
. ( C1 AGnil )d I
Ul = _—
1 EA P3p3)as T Cs5

c
’&2 = /(Ef4 + @3)615 + ¢ce

where c1, c2, ¢5, cg are constant that will be evaluated using the boundary
condition (C.11). The functions %; and gy depend from @3 solution of the
differential equations:

$3,ss TV N3 = fla]

with 2[\] = f%—]:\g and f]\i] = % Solving

2

$3 =sin (1 s) c; +cos(¢s) cg + 1{2 - Ej;;i
The compatibility (C.9) allow to evaluated the internal forces. Using the
boundary condition and filtering the homogeneous solution, the constant
become

co =
c3 = —citana

B ¢y sin («)
T s (¢p L) 2 EJs cos (a) (1 + B)

¢y sin(a) B
"~ cos (4 L)y EJy cos (a) (1 + )
n 3 ALgcy
2 cos (v L) " LH)? EA EJ3 (1 + 3)

c5; =0
Ce — 0

where ¢, = ¥[Ap] and Ay the critical value

Ay = 21.9653
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Normalizing the buckling mode so that

uypSina + g cosa = —1

The evaluation of the energetic quantities gives:
L i .
o an? = / (N1¢3 + 2N19303 + Ay Na@3ds
0
+ Mo (No2 4 2Nop3p3)p3)ds
L
)i = / (3N19% + Ao No3 + 3Xp No3p3)ds
0
L . .
CI)g”iL4 _ / (4N2(p§ — /\le(pg — 4A\N1P303)ds
0

the numerical values are
O} t® = —2.7702
oy'u® = 316.11
o u* = —0.30364

The last step is the evaluation of the secondary critical modes. The varia-
tional problem is:

®Yiidu + O} i du + c®) wiadu = 0



Substituting the variation we have that:

L
pUoU = / (ON1(ii1,s +App3P3) + N1(du1,s +ApP30¢3)
0

+ O Na(iig,s —@3) + No(Sua,s —dp3)
+ OM3$3,5 +M3dps,s + A N10p33

1 (6N1N1 L ONoNy | SMMy
2" EA EA ElJs

))ds

L
"% du = / (ON145 + 2N1 93803 + A Nog3603
0
+ Ao (Nop? + 2Nag3d03) @3 )ds
L
" uidu = / (5N§05@3 + Ngb3(5g03 + N@g(sgog
0

+ Mo (N385 4+ G Nap3ps + Nopadps)ds
+ Mo No33003)ds
The constant ¢ are evaluated for the ratio
@///a3
b

C =

Neglecting as for the critical modes the terms higher than A. Also in this
case, the Euler-Lagrange equations could be subdivided into two groups. We

have the compatibility equations:
N1 = BA(ii1,s +Av@ads + ¢5 + c93d3)
Ny = BA(iiz,s — 33 + M@aps” + c M3 33)

Mz = EJ3@s,s
and equilibrium equations:
Ni,s=0
Noys=0
Ms,s +Ny

— Mo N1@3 — AN @3 — 2N13 — Ay Nog§ — 20, Nogss

— ¢(N1g3 + N3 + A N1gsps + Ay Nopaps + ApNag3) = 0
Substituting equilibrium into compatibility

(ii1,s +A6P3P3 + 33 + cp33),s = 0

(iig,s =33 + App3 + € App383),s = 0

EJ3$3,5s +FA(iig,s —$3)

— (Ao N1@3 + N B Adsiiy,s +N1g3 + Ao Nog3 + 20, Nopss)

— ¢ (N1¢3 + N3 + A N1gsds + A Nogsps + Ay Na@3) = 0

(C.13)

(C.14)

(C.15)



The solution of the system (C.15)of the equations gives

Uy = — /(/\bSb3§53 + G5+ P33 — ﬂ)ds +cn

Uz = /(@3 — Abip3 — c D33 + EA)ds + 12
with ¢3 solution of the ordinary equation:
B3+ Vi gs = fAwi, 1] (C.16)
where

FINtl, 4] = ——(—cg + ppacr + 2N g3 4+ Ay No3

1
EJs
+ 20 No@3p3 + ¢ (N1¢3 + N3 + My Nigsds+
Ao N3 + ApNa3))

for the further manipulation we define

FINit, 1) = Ejng

and
¢ = dy cos (1ys) + dysin (Yys) + dz + dys>
where
f =—cs fO =Ngacr fO =2Ngs fU = Ngser

FO =2\ No@sps fO =cNigps fO =cNgs

F® =cXNigsps  fO =cANogsps  f1O = e\ N3
and .

di=cy dy=c¢5 d3= JQ dy = _2):]0;2421

The solution of equation (C.16) can be expressed as:

33 = ¢ + P

being gbéo) the homogeneous solution and gbép ) the particulary solution. We

have that
0 .
$3 = cg cos (1ys) + c1osin (Yps)

The particulary solution is

() 1 o= .0
. p _ (2



being gbgi) the particular solution associate to each terms of f[)\bﬂ, 4. In

particular follow that

(1 Cs
-
2
.(2) ag ag  azs
¢35 =M -2+ —5)a
s Uy Wt
. 1 2
95:(33) Ny dy cosgwbs) n dy ssin (¢p s) +2i32+2 d4§
Uy (e) Uy Uy
_4%_ cos (1p s) dgs)
Uyt (o
3
ORIy 2 d; dg cos(¢p s) 1 didys
1dyd s? d; d 1d;d 1dsd
S (LS Sy o 2 0 sin(yy )
2 iy [ 2 2 4y
1do? 1d° ) 1dydys®
+ (g i 3 W)(COS(% s))” + (—g ”
1 d; d4 s2 1 dy d4 do dg d; dg
+ = + (= — s+ cos(p s
2 (2 p? y ) Pp? ) coslipe 5)
44,2 d; d d;? 2 d;? 1 dy?
Pl e 200 L0
by Py Py 3™ 3y
dyds  dg? ;>
—4 + 20 424t
P! b Vp°



)s

3 2
"(5):)\N }agdjs lagdgs
s ’ 2((3 (0 2 P’
1 as d1 ag d1 1 ag d,Q .
—= s — = —)sin(yy s
oy T Py
_’_(_1 as dQ 83 1 as d] 82 _(Lg dg 1 ag dg
3 2 y? (0 2
ag dy d; s*as ap d
" W) cosvps) +2 41/1172 e %24
d d
— 2 “5} 242 “ii3)52+48 “5} 442 dii"
b b b b
ap d4 as dg
- eyt - ! )
- — C
Y3 9N, 3
A7) N1 L9
.8) _ N1 s
= — C
¥3 2N2<P3
29) _ N sp
- = — C
¥3 2N2§03
2.4 2
..(10) -~ a°s ag agp az”, 9 ag ap
Py = cApNao( +(2 12—=7)s" —4 ——
’ Wy by Uyt oyt
2 2
ag ag

The constants in the evaluated functions are determined imposing the bound-

ary conditions

ii1 [0]
1i2[0]
3

Ms[0]

)

0
0,
0

)

ti1[L] cos a — g L] sina = 0

Ni[L]sina + No[L]cosa = 0

@3(L] =0

and filtering the homogeneous solution. The numerical values are

c7 = 1233.48

610:0

Finally we could evaluated the energy quantities associate to the secondary

011:0

cg = —37.00

012:0

cg = 489.77



mode

L
" yiliii = / (2, (ii1,s +-No@aPs) + 2N (iin,s —33)
0

+ 2M3¢3,s A N1 383

“2YEA TEA T ER VY

numerically

[ \pti)ii? = —43.65

As references value the internal forces become

Ny =1233.49 Ny, = —37.00

0
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Fig. C.7: Function i

C.1.1 Shallow frame solution using - material model

The shallow frame could be solved using material beam model:

€= (14 u1,1)cosps+ uz,singps — 1
¥ = —ug,1 sings + (1 + u1,1 ) cos g3
X = 3,1

The potential energy in mixed form is

1, N} N M3
ey = I

q)" N N M-
/{ 1€ + No7y + M3zx — EA T EA T E,
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Using the material model the solution in term of displacement field is the
same of that obtained using spatial model. Really, for the fundamental
path the problem is the same of (C.3). The solution is the same in term of
kinematics and static quantities. The bifurcation problem is defined from
linearized second variation energy. By some algebra it is easy to demonstrate
that the equilibrium equation are the same of (C.9).The static quantities are
obtained from compatibility equation. The compatibility equations are

Ny = EA(i1,1 +(tig1 —$3) A3 + Mig,1 3)
Ny = EA(tg,1 —p3 — 1,1 Ap3 — Paur,1 ) (C.17)
Ms = EJs$3.

These last are obviously the linearization of the consistent compatibility
equations

N, = EA(t1,1 cos (Ap3) — g3 sin (Aps) (1 + Mg, )
~+ 19,1 Sin ()\903) + u9,1 COS ()\QD;;))\QDQ,)

Ny = EA(—11,1 sin (Ap3) — @3 cos (Ap3) (1 + Aug, ) (C.18)
+ 12,1 €08 (Ap3) — Aug,1 sin (Ap3)p3)
Mz = EJ3$s,1

Using the displacement fields obtained with the spatial model is possible to
obtain the static quantities associate to the critical mode.  Using exact
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compatibility equation we have while using linearized compatibility The
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evaluation of the energy quantities ®"”'[\y@] will be analyzed.
" [\yit] = —12 3N, dig,s + 465Nz — 123N 0y,

.3jv .
+ <4g02j + ¢ — 480'%1'61,2) Ay Ny

.3jv .

4530, —a L3\, T

+< P3Up,1 7A b1’y
+ (—12 <P%j\71 Uy, + 12 ¢§,N2 dzu) AbP3

The use of the compatibility equation (C.18) or (C.17) give very different
result. In particular for exact and approximate compatibility equation we
have

&' [ \pii] = —1.900 &' [ \pii] = —4.108

The fourth variation substituting linearized compatibility in the energy quan-
tities evaluated for the material and spatial model are respectively
" \yi] = BEA(12 % tig, 12 — 1263 tig, 1 + 1265 4,2
+ (665 — 1263 1z, 1) Apdia,s +126541,1 Apiia,s
+ (=16 6%ty 1 + 124% tiy,1 2 + 126% tig,12) Apds”
4G N 2 + 4G5+ 16 G5 N dr s s Aeds
+ (=885 + 1665 tia,1) A @atia,1)

"' N\ya] = EA(4¢% tig,1 — 4% — 49503 t1,1 — 48508 — ug,1 $5)



So the different value is associate to a different extrapolation quantities de-
scribing the problem. The same treatment could be done for the secondary
mode.



