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Introduction

This thesis is concerned with the following two problems of nonlinear anal-
ysis:

Problem 1: The estimates of the lower Hausdorff norm and of the Hausdorff norm of
a retraction from the closed unit ball of an infinite dimensional Banach
space onto its boundary;

Problem 2: The evaluation of the Wosko constant W (X) for an infinite dimensional
Banach space X , where W (X) is the infimum of all k ≥ 1 for which
there exists a retraction of the closed unit ball onto its boundary with
Hausdorff norm less than or equal to k.

Let X be a Banach space and let

B(X) = {x ∈ X : ‖x‖ ≤ 1} and S(X) = {x ∈ X : ‖x‖ = 1}.

A continuous map R : B(X) → S(X) is a retraction if Rx = x, for all
x ∈ S(X)

If R : B(X) → S(X) is a retraction, then −R is a continuous fixed point free
self-mapping of the closed unit ball. Therefore, by the Brouwer’s fixed point
principle, if X is finite dimensional there is no retraction from B(X) onto
S(X).
The Scottish Book [36] contains the following question raised around 1935
by Ulam: ”Is there a retraction of the closed unit ball of an infinite dimensional
Hilbert space onto its boundary?”
In 1943, Kakutani [32] gave a positive answer to this question. Later Dugundji
[21](1951) and Klee [33](1955) gave a positive answer to Ulam’s question in
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INTRODUCTION

the more general setting of infinite dimensional Banach spaces.

Assume that X is infinite dimensional and set inf ∅ = ∞. Given a retrac-
tion R : B(X) → S(X), we denote by

Lip(R) = inf{k ≥ 1 : ‖Rx−Ry‖ ≤ k‖x− y‖ for all x, y ∈ B(X)}

the Lipschitz norm of R.
In [9] Benyamini and Sternfeld, following Nowak [37], proved that for any
Banach space X there is a retraction R : B(X) → S(X) with Lip(R) <∞.

It is of interest in the literature the problem of evaluating the following quan-
titative characteristic

L(X) = inf{k ≥ 1 : there is a retraction R : B(X) → S(X) with Lip(R) ≤ k},

called the Lipschitz constant of the space X .
A general result states that in any Banach space X , 3 ≤ L(X) ≤ 256 × 109

(see [29],[2]). In special Banach spaces more precise estimates have been ob-
tained by means of constructions depending on each space. We refer to [29]
for a collection of results on this problem and related ones.
Recall that the Hausdorff measure of noncompactness γX(A) of a bounded sub-
set A of a Banach space X is defined by

γX(A) = inf {ε > 0 : A has a finite ε−net in X} ,

where by a finite ε−net forAwe mean, as usual, a finite set {x1, x2, . . . , xn} ⊂
X such that

A ⊂
⋃

i=1,...,n

(xi +Bε(X))
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INTRODUCTION

with Bε(X) = {x ∈ X : ‖x‖ ≤ ε}.
Given a retraction R : B(X) → S(X), we denote by

γ
X

(R) = sup {k ≥ 0 : γX(R(A)) ≥ kγX(A) for A ⊆ B(X)}

and

γX(R) = inf {k ≥ 0 : γX(R(A)) ≤ kγX(A) for A ⊆ B(X)} ,

the lower Hausdorff norm and the Hausdorff norm of R, respectively.
Actually γ

X
(R) is a maximum, while Lip(R) and γX(R) are minima.

Then two interesting problems arise in nonlinear analysis (see for example
[22],[41],[4],[15] ) : the estimates of γ

X
(R) and γX(R) for a given retraction R

and, in connection with the Hausdorff norm, the evaluation of the following
quantitative characteristic

W (X) = inf {k ≥ 1 : there is a retraction R : B(X) → S(X) with γX(R) ≤ k} ,

called the Wosko constant of the space X . The constant was introduced by
Wosko in [42].
From

γX(R(B(X))) = γX(S(X)) = γX(co(S(X))) = γX(B(X)),

where co(X) is the closed convex hull of S(X), it follows that W (X) ≥ 1 for
every space X.
Observe that for a given retraction R, we have γX(R) ≤ 2Lip(R) which be-
comes γX(R) ≤ Lip(R), when X has the ball intersection property ( see [38]
), infact, in this case γX(A) = γB(X)(A) for every A ⊂ B(X), where

γB(X)(A) = inf{ε > 0 : A has a finite ε−net in B(X)}.

Therefore W (X) ≤ 2L(X) for any space X . In particular W (X) ≤ L(X), if
the space X has the ball intersection property.
Concerning general results about the evaluation of W (X), in [41] it was
proved that W (X) ≤ 6 for any Banach space X , and W (X) ≤ 4 for sepa-
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INTRODUCTION

rable or reflexive Banach spaces. It has also been proved that W (X) ≤ 3

whenever X contains an isometric copy of lp with p ≤ (2− log 3
log 2

)−1 ' 2.41 . . .

Moreover it has been proved that W (X) = 1 in some spaces of measurable
functions ( [14] ) and in Banach spaces whose norm is monotone with re-
spect to some basis ( [4]).
Regarding Banach spaces of real continuous functions, which in the sequel
we assume to be equipped with the sup norm, we cite that in C([0, 1]) for
any k > 1, there exists a retraction R : B(C([0, 1])) → S(C([0, 1])) with
γC([0,1])(R) ≤ k so that W (C([0, 1])) = 1 ( see [42] ). However we point out
that the first evaluation of the Wośko constant of the space C([0, 1]) has been
given by Furi and Martelli in 1974.
In [26], [25] they have proved that W (C([0, 1]))) ≤ 9.
If E is a finite dimensional normed space and K a convex compact set in
E with nonempty interior, the same result has been obtained in the Banach
space C(K) of all real continuous functions on K (see [40]), and in the Ba-
nach space BC([0,∞)) of all real bounded continuous functions on the non-
compact interval [0,∞) (see [16]). In particular, in [16] it is shown that for
any k > 1 the same retraction R can be chosen with γBC([0,∞))(R) ≤ k and
γBC([0,∞))

(R) > 0.

The aim of this thesis is to construct retractions with positive lower Haus-
dorff norms and small Hausdorff norms in Banach spaces of real continuous
functions which domains are not necessarily bounded or finite dimensional.
Moreover by means of some examples we give explicit formulas for the lower
Hausdorff norms and the Hausdorff norms of such maps.
Let S and T , with T ⊂ S, be nonempty subsets of a topological space. In
the following we will denote by BC(S) and BCU(S) the Banach spaces of
real all functions defined on S which are, respectively, bounded and continu-
ous, bounded and uniformly continuous. Moreover we denote by BCT (S) the
Banach space of all real bounded functions that are continuous on S and uni-
formly continuous on T .
Assume that K is a set in a normed space E containing the closed unit ball
B(E). The main result of Chapter 2 is the following: For any u > 0 there is a
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INTRODUCTION

retraction Ru : B
(
BCB(E)(K)

)
→ S

(
BCB(E)(K)

)
such that

γBCB(E) (K)
(Ru) =

{
1
2
, u ≤ 4

2
u
, u > 4

and
γBCB(E)(K)(Ru) =

u+ 8

u

In particular we have that W (BCB(E)(K)) = 1.

As corollaries we obtain similar results in the case of the space BCU(E)

and in the space BC(E) when E is a finite dimensional normed space. In
particular, if E = R, we obtain [16] and, if K is a convex compact set in a
finite dimensional normed space E with nonempty interior, we obtain [40].
Moreover, by the invariance of the Hausdorff measure of noncompactness
under isometries, we obtain the same result in the Banach spaceBCh(B(E))(M)

being M a metric space homeomorphic to K under a map h, which is bi-
lipschitzian when restricted to B(E).

Chapter 3 is devoted to the construction of retractions from the closed
unit ball onto the unit sphere in the Banach space C(P ) of all real continuous
functions defined on the Hilbert cube P . As in the previous chapter, we
obtain explicit formulas for the lower Hausdorff norms and the Hausdorff norms
of such retractions.
Our main result is the following: For any u > 0 there is a retraction Ru :

B(C(P ))→ S(C(P )) such that

γC(P )
(Ru) =

{
1, if u ≤ 4
4
u

, if u > 4

and
γC(P )(Ru) =

u+ 8

u
.

In particular, we have that W (C(P )) = 1.

Let K be a metrizable infinite dimensional compact convex set in a topo-
logical linear space and assume K is an absolute retract ( e.g. a compact
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INTRODUCTION

convex subset of a normed space is an absolute retract). Then K is home-
omorphic to the Hilbert cube ([20] ), so that the Banach space C(K) of all
real continuous functions defined on K and the space C(P ) are isometric.
Therefore, since the Hausdorff measure of noncompactness is invariant un-
der isometries, the previous result holds also in the Banach space C(K).

We observe that a retraction R which has positive lower Hausdorff norm is
a proper map, which means that the preimage R−1(M) of any compact set
M ⊆ X is compact. Thus, all the retractions we construct are proper maps.
Finally we remark that the following questions are still open:

• Is W (X) = 1 for any infinite dimensional Banach space X?

• IsW (X) = 1 a minimum for any infinite dimensional Banach spaceX?

In [14], it is shown that the second question has a positive answer in a
class of Orlicz spaces, which contains the classical Lebesgue spaces Lp([0, 1])

(p ≥ 1).
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Chapter 1

Preliminary topics

1.1 Introduction

This chapter contains some basic concepts and background used throughout
this thesis, concerning measures of noncompactness, some metric and topo-
logical quantitative characteristics of nonlinear operators, Lipschitz constant
and Wośko constant of an infinite dimensional Banach space, and isometries.
References for this material are Banaś and Goebel [7], Akhmerov et al. [1],
Acedo et al. [5] and Banaś [6] for the measure of noncompactness; Goebel
and Kirk [29] and Appel et al. [3] as well as papers [8],[9], [10], [11], [12],
[13], [24], [28], [27], [30], [34], [37], [4], [35], [39], [40], [15], [41], [42] for the
quantitative characteristics of nonlinear operators and for the constants of
an infinite dimensional Banach space ; and Fleming and Jamison [23] for the
isometries.

1.2 Notations

Throughout this thesis we shall use the following notations. We will denote
by N and R the set of natural and real numbers, respectively. Moreover X
will denote an infinite dimensional Banach space with the norm ‖·‖ and the
zero element 0. If A ⊂ X is a non-empty set, we denote by A, coA, coA and
diamA the closure, the convex hull, the closed convex hull and the diameter
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1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

of A, respectively. Further, we wil use the notation

Br,x0(X) = {x ∈ X : ‖x− x0‖ ≤ r}

for the closed ball centered at x0 and of radius r > 0 in X, and

S(X) = {x ∈ X : ‖x‖ = 1}

for the unit sphere in X. In the case x0 = 0 we simply write Br,0(X) =

Br(X) and B1,0(X) = B(X).

Given a subsetA ofX, a finite ε−net forA inX is a finite set {y1, y2, ..., ym}
in X such that

A ⊂
m
∪
i=1

(yk +Bε(X)).

WheneverE is a topological space, BC(E) ( or C(E), ifE is compact ) will de-
note the Banach space of real bounded continuous functions on E, endowed
with the sup norm ‖ · ‖∞ defined by

‖f‖∞ := sup
x∈E

|f(x)|.

Further, let T and S, with T ⊆ S, be nonempty sets of a topological space.
In the following we will denote by BC(S) and BCU(S) the Banach spaces of
all real functions defined on S which are, respectively, bounded and contin-
uous, bounded and uniformly continuous. Moreover we denote by BCT (S)

the space of all real bounded functions that are continuous on S and uni-
formly continuous on T .

1.3 Measures of noncompactness and quantitative

characteristics

Roughly speaking, a measure of noncompactness is a tool to understand
how far is a set from being compact. The notion of measure of noncom-
pactness plays a central role in this thesis, thus we start giving a formal
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1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

definition.

Definition 1 Let X be a Banach space. A non negative function ψ defined on the
bounded subsets of X is called a measure of noncompactness on X, if it satisfies the
following properties, for A,B ⊂ X :

1. ψ(A) = 0 iff A is precompact;

2. ψ(A) = ψ(co(A));

3. ψ(A ∪B) = max {ψ(A), ψ(B)};

4. ψ(A+B) ≤ ψ(A) + ψ(B);

5. ψ(λA) = |λ|ψ(A), for all λ ∈ R.

The most important examples are the Kuratowski measure of noncompactness

α(B) = inf {ε > 0 : B can be covered by finitely

many sets with diameter ≤ ε} ,

the Istrătescu measure of noncompactness

β(B) = sup {ε > 0 : B contains a sequence

{xn} with ‖xm − xn‖ ≥ ε for m 6= n } ,

the Hausdorff measure of noncompactness

γ(B) = inf {ε > 0 : B has a finite

ε− net in X}

or equivalently,

γ(B) = inf {ε > 0 : B can be covered by finitely

many balls with radii ≤ ε} .
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1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

When we need to relate a measure of noncompactness to a specific space X ,
we shall write αX ,βX and γX , respectively.
We note that the following inequality holds for γ

Remark 2 Let A ⊂ B(X), then

γX(A) ≤ 2γB(X)(A),

where

γB(X)(A) = inf {ε > 0 : B has a finite

ε− net in B(X)}

Proof. Let A ⊂ B(X) and a > γX(A). By definition of γX , there exists a finite
a−net {ξ1, ξ2, . . . ξn} for A in X such that Ba,ξk ∩ A 6= ∅, for k = 1, 2, . . . , n.

We show that A has a finite 2a−net {ζ1, ζ2, . . . , ζn} in B(X).
For every ξk, fix ζk ∈ A ∩Ba,ξk(X).
Let x ∈ A and choose ξj such that

‖x− ξj‖ ≤ a.

Then
‖x− ζj‖ ≤ ‖x− ξj‖+ ‖ξj − ζj‖ ≤ 2a.

Hence γX(A) ≤ 2a which proves γX(A) ≤ 2γB(X).

The measures α,β and γ are related by the relations explained below.

Remark 3 The above measures of noncompactness are mutually equivalent in the
sense that

γ ≤ β ≤ α ≤ 2γ. (1.1)

In the sequel, the letter ψ will always denote one of the three measures of
noncompactness α, β or γ.
Given a Banach space X and an operator F : D(F ) ⊂ X → X, the quantita-
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1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

tive characteristics

Lip(F ) := inf {k ≥ 0 : ‖F (x)− F (y)‖ ≤ k‖x− y‖

for x, y ∈ D(F )} , (1.2)

ψ(F ) := sup {k ≥ 0 : ψ(F (B)) ≥ kψ(B)

for every bounded B ⊂ D(F )} , (1.3)

ψ(F ) := inf {k ≥ 0 : ψ(F (B)) ≤ kψ(B)

for every bounded B ⊂ D(F )} , (1.4)

are called the Lipschitz norm, the lower ψ-norm and the ψ-norm of the op-
erator F, respectively.

Proposition 4 Let X be a Banach space and

F : D(F ) ⊂ F → X

a continuous map. Then

(a) Lip(F ) is a minimum, whenever it is finite;

(b) ψ(F ) is a minimum , whenever it is finite;

(c) ψ(F ) is a maximum.

Proof.

(a). Put λ = Lip(F ) and H = {k ≥ 1 : ‖Fx − Fy‖ ≤ k‖x − y‖ for all
x, y ∈ D(F )}.
Suppose that λ 6∈ H. Then there are x, y ∈ D(F ) such that

‖Fx− Fy‖ > λ‖x− y‖. (1.5)

On the other hand, we have that

‖Fx− Fy‖ ≤
(
λ+

1

n

)
‖x− y‖ (1.6)
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1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

holds for every x, y ∈ D(F ) and n = 1, 2, . . . By 1.5 and 1.6, it follows
that

λ‖x− y‖ < ‖Fx− Fy‖ ≤
(
λ+

1

n

)
‖x− y‖.

Letting n→∞, we obtain

‖Fx− Fy‖ = λ‖x− y‖,

which is a contradiction.

(b). Put λ = ψ(F ) and H = {k ≥ 1 : ψ(F (A)) ≤ kψ(A) for A ⊂ D(F )}.
Suppose that λ 6∈ H. Then there are A ⊂ D(F ) such that

ψ(F (A)) > λψ(A). (1.7)

On the other hand, we have that

ψ(C) ≤
(
λ+

1

n

)
ψ(C) (1.8)

holds for every C ⊂ D(F ) and n = 1, 2, . . . By 1.7 and 1.8, it follows that

λψ(A) < ψ(F (A)) ≤
(
λ+

1

n

)
ψ(A).

Letting n→∞, we obtain

ψ(F (A)) = λψ(A),

which is a contradiction.

(c). Put λ = ψ(F ) and H = {k > 0 : ψ(F (A)) ≥ kψ(A) for A ⊂ D(F )}.
Suppose that λ 6∈ H. Then there are A ⊂ D(F ) such that

ψ(F (A)) < λψ(A). (1.9)

13



1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
CHARACTERISTICS

On the other hand, we have that

ψ(C) ≥
(
λ− 1

n

)
ψ(C) (1.10)

holds for every C ⊂ D(F ) and n = 1, 2, . . . By 1.9 and 1.10, it follows
that

λψ(A) > ψ(F (A)) ≥
(
λ− 1

n

)
ψ(A).

Letting n→∞, we obtain

ψ(F (A)) = λψ(A),

which is a contradiction.

Remark 5 The following inequalities are obtained from Remark 3,

(a) 1
2
γ(F ) ≤ α(F ) ≤ 2γ(F ),

(b) 1
2
γ(F ) ≤ α(F ) ≤ 2γ(F ),

(c) 1
2
γ(F ) ≤ β(F ) ≤ 2γ(F ),

(d) 1
2
γ(F ) ≤ β(F ) ≤ 2γ(F ).

Let X be a Banach space and set inf ∅ = ∞, the two quantitative characteris-
tics

L(X) := inf {k ≥ 1 : there is a retraction R : B(X) → S(X) with

Lip(R) ≤ k} (1.11)

and

Wψ(X) := inf {k ≥ 1 : there is a retraction R : B(X) → S(X)

with ψ(R) ≤ k} , (1.12)

are called the Lipschitz constant and the ψ−constant ofX , respectively. In the
sequel we shall write W (X) for Wγ(X) and refer to it as the Wosko constant
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of the space X .

The following definition has been given by Nussbaum in [38],

Definition 6 A Banach space X has the ball intersection property ( BIP ) if for
every r > 0 and every ε > 0 the intersection of the unit ball with any ball of radius
r can be covered with finitely many balls of radius r+ε centered at points contained
in the unit ball.

We note that for 1 ≤ p < ∞, the Banach space lp has the BIP, while the
Banach spaces C([a, b]),BC([0,∞)) and Lp(R) , for p 6= 2, fails to have the
property.

The following Proposition relates L(X) and Wψ(X) for a given Banach
space X .

Proposition 7 Let X be a Banach space, then

(a) W (X) ≤ 2L(X) and in particular W (X) ≤ L(X), if X has the BIP;

(b) Wα(X) ≤ L(X);

(c) Wβ(X) ≤ L(X).

Proof. Let C ⊂ B(X) and L(X) > c.By definition of L(X), there exists a
retraction R : B(X) → S(X) with Lip(R) = c.

(a). We show that γ(R) ≤ 2c.

Suppose that a < γ(C)a, then by Remark 2, C has a finite 2a−net
{ζ1, ζ2, . . . , ζn} ⊂ B(X).

Let x ∈ B(X) and k ∈ {0, 1, . . . n} such that

‖x− ζk‖ ≤ 2a,

then
‖R(x)−R(ζk)‖ ≤ c‖x− ζk‖ ≤ 2ac.

15
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Hence {Rζ1, Rζ2, . . . , Rζn} is a 2ac−net for R(A) in X , so that

γX(R(C)) ≤ 2cγX(C)

and
γX(R) ≤ 2c. (1.13)

Since 1.13 holds for any c > L(X), it follows

W (X) ≤ 2L(X).

Assume that X has the BIP, then a finite a−net for C in X is also a finite
a−net for C in B(X), so that

γX(R) ≤ c

and, by a similar proof,
W (X) ≤ L(X)

holds.

(b). Now we show that α(A) ≤ c.

Let a > α(C), then, by definition of α, there exist sets C1, C2, . . . , Cn ⊂ C

with diamCk ≤ a (k ∈ {1, 2, . . . , n}) such that

C =
⋃

k=1,...,n

Ck.

Then
R(C) =

⋃
k=1,2,...n

R(Ck)

and
‖R(x)−R(y)‖ ≤ c‖x− y‖ ≤ cdiam(Ck) ≤ ca,

for all x, y ∈ Ck and k = 1, 2, . . . n.

Therefore,
diam(R(Ck)) ≤ ca (k = 1, 2, . . . , n).

16



1.3. MEASURES OF NONCOMPACTNESS AND QUANTITATIVE
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Hence
α(R(C)) ≤ cα(A),

so that α(R) ≤ c. It follows that Wα(X) ≤ L(X).

(c). If β(R(C)) > a, then there exists a sequence {R(xn)} ⊂ R(C), such that
‖R(xn)−R(xm)‖ ≥ a for all n 6= m.

From
a ≤ ‖R(xn)−R(xm)‖ ≤ c‖xn − xm‖,

we obtain,
a

c
≤ β(C)

and then
β(R(C))

c
≤ β(C)

so that Wβ(X) ≤ L(X)

From Remark 5, we also obtain the following inequalities:

1. Wα(X) ≤ 2Wγ(X),

2. Wβ(X) ≤ 2Wγ(X).

We note that not every retraction from the unit ball onto its boundary has
positive ψ − norm:

Example 8 Let X be a Banach space, then there exists at least a retraction R :

B(X) → S(X) such that
ψ(R) = 0.

Proof. Let h : X → X\{0} be a deleting homeomorphism, such that h(x) = x

for every x ∈ X \B(X).
We define a continuous map

R : B(X) → S(X)

by,
R(x) := φ(h(x)), (1.14)
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where φ : B(X) \ {0} → S(X) is the radial retraction

φ(x) :=
x

‖x‖
.

We observe that R is a retraction since

R(x) = φ(h(x)) = φ(x) = x

for every x ∈ S(X).

To show that ψ(R) = 0, fix x ∈ S(X).
We have

R−1(x) = k−1(φ−1)(x) = h−1((0, x]). (1.15)

We note that h−1((0, x]) is closed because {x} is closed and R continuous,
though it is not compact.
To show this, let zn := h−1(x

n
) (n = 1, 2, . . .).

Assume that there exists a convergent subsequence {znk
} of {zn}, since h is

continuous, we should have

h( lim
k→∞

znk
) = lim

k→∞

x

nk
= 0.

But it is impossible, since 0 6∈ h(X). This show that R is not proper, hence
ψ(R) = 0.

We observe that there are retractions with Lip(R) = ∞. In order to give an
example, we need the following well known theorem ( [19])

Theorem 9 Let C be a non-empty bounded closed convex subset of a Banach space
X, ψ a measure of noncompactness on X and F : C → C a continuous mapping
such that ψ(F ) < 1. Then F has at least one fixed point.

Example 10 Let Lp([0, 1]) (1 ≤ p < ∞), be the classical Lebesgue space. Then
there is a retraction

R : B(Lp([0, 1])) → S(Lp([0, 1]))

with Lip(R) = ∞.
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1.4. ISOMETRIES

Proof. Let Q : B(Lp([0, 1])) → B(Lp([0, 1])) and Pp : B(Lp([0, 1])) → Lp([0, 1])

by setting, respectively,

Qf =
( 2

1 + ‖f‖p

) 1
p
f 2

1+‖f‖p
,

and

Ppf =


(

2
1−‖f‖p

(1− ‖f‖pp)
) 1

p
χ(

1+‖f‖p
2

,1
] if f ∈ B(Lp([0, 1])) \ S(Lp([0, 1]))

0 if f ∈ S(Lp([0, 1])).

In [14, Theorem 4.5] it has been proved that the mapping R : B(Lp([0, 1])) →
S(Lp([0, 1])) defined by Rf = Qf + Ppf satisfies γLp(R) = 1.

Then following [42] set T = −R take any 0 < ε < 1 and consider the
equation x = (1 − ε)Tx. Since γLp((1 − ε)T ) = 1 − ε by Theorem 9, the
map (1 − ε)T has a fixed point. If x = (1 − ε)Tx, then ‖x − Tx‖p = ε and
T 2x = −Tx = Rx. Suppose thatR is lipschitzian with constant k, then so it is
T . Hence we obtain 2 = ‖T 2x−Tx‖p ≤ k‖x−Tx‖p = kε. By the arbitrariness
of ε we get a contradiction. Hence Lip(R) = ∞. Using a similar proof, the
next remark can be obtained.

Remark 11 Let X be a Banach space and ψ a measure of noncompactness on X . If

R : B(X) → S(X)

is a retraction such that ψ(R) = 1, then Lip(R) = ∞.

1.4 Isometries

The measures of noncompactness of a set in a Banach space is invariant un-
der isometries.
In fact, assume that X and Y are two isometric Banach spaces and let H :

X → Y be an isometry.
If ψ is the same measure of noncompactness on X and Y , then ψ(A) =
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1.4. ISOMETRIES

ψ(H(A)) for any subset A of X. Therefore all the quantitative caracteristics
introduced in the previous section are invariant under isometries.
We recall that if two topological spaces, E1 and E2 are homeomorphic, then
the Banach spaces BC(E1) and BC(E2) are isometric, though, we may find of
particular interest to investigate about homeomorphisms.
Let l2 be the real Hilbert space, with the usual norm ‖·‖2 and canonical basis
(en). Denote by

P = {x = (xn) ∈ l2 : |xn| ≤
1

n
(n = 1, 2, ...)}

the Hilbert cube. Homeomorphisms between C and compact sets in infinite
dimensional spaces have been widely studied.
A first result due to Klee ( [33] ) is the following,

Theorem 12 Every infinite-dimensional compact convex subset of a normed space
is homeomorphic to the Hilbert cube.

For a generalization of the previous theorem, we recall the following,

Definition 13 [[31]] A topological space E is an absolute retract ( briefly, AR ) if
given any metric space M , a closed subspace A ⊂M and a continuous map

f : A→ E,

there exists a continuous map
F : M → E

such that F (a) = f(a) for any a ∈ A.

Taking into account the next

Theorem 14 [21] Let C be any convex subset of a locally convex linear topological
space.
Then for every metric space M and any closed A ⊂M each continuous

f : A→ C
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1.4. ISOMETRIES

has a continuous extension
F : M → C.

In particular, if C is metrizable, then C is an AR.

It follows that the following result ( [20] ) is a proper generalization of
Theorem 12.

Theorem 15 An infinite dimensional compact metrizable convex subset K of a
topological vector space is homeomorphic to the Hilbert cube, if it is a an AR.

Let E be a topological space. Our work will be partially based on subspaces
of BC(E), whose elements are uniformly continuous functions on some sub-
sets of E.
In particular, we shall work on BCU(S) and BCT (S), where T ⊂ S ⊂ E .
The next Lemma will be useful in the sequel.

Lemma 16 Let (M,d) a metric space. Assume that there are a setK, withB(E) ⊂
K, in a normed space E and an homeomorphism h : K → M such that both the
restrictions h|B(E) and h−1

|h(B(E)) are lipschitz.
Then H : BCB(E)(K) → BCh(B(E))(M) , defined by

H(f) := f ◦ h (1.16)

is an isometry.

Proof. It is well known that H maps isometrically BC(M) onto BC(K). For
sake of completeness we shall give a proof.
Let H−1(g) = f ◦ h−1. Then for every f ∈ BC(M) we have

H−1(H(f)) = f ◦ h−1 ◦ h = f

and for every g ∈ BC(K), it follows

H(H−1(f)) = f ◦ h ◦ h−1 = g.

Being linear, to prove that H and H−1 are continuous it is sufficient to show
that they are norm preserving.
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1.4. ISOMETRIES

Letf ∈ BC(M). Then

‖H(f)‖∞ = sup
x∈K

|f ◦ h(x)|

= sup
y∈M

|f(h(h−1(y))| = ‖f‖∞.

We shall show that, for any fixed f ∈ BCh(B(E))(M) the map Hf is uniformly
continuous on B(E).
To prove the above, we let ε > 0. Since f is uniformly continuous, we may
find δ0 > 0 such that if w1, w2 ∈ h(B(E)), with d(w1, w2) < δ0, then

|f(w1)− f(w2)| < ε. (1.17)

Since h is bilipschitzian on B(E), we may find two constants l, L > 0

such that for every x1, x2 ∈ B(E), we have

l‖x1 − x2‖ ≤ d(h(x1), h(x2)) ≤ L‖x1 − x2‖. (1.18)

If we fix δ ≤ δ0
L

, then for every x1, x2 ∈ B(E), with ‖x1 − x2‖ < δ, we have

d(h(x1), h(x2)) ≤ L‖x1 − x2‖ < Lδ ≤ δ0,

with h(x1), h(x2) ∈ h(B(E)). Thus from 1.17, it follows

|H(f)(x1)−H(f)(x2)| = |f(h(x1))− f(h(x2))| < ε.

Since from 1.18 it follows that

1

L
d(w1, w2) ≤ ‖h−1(w1)− h−1(w2)‖ ≤

1

l
d(w1, w2) (1.19)

holds for every w1, w2 ∈ B(E) we may prove that H−1(g) is also uniformly
continuous on h(B(E)) whenever g is in BCB(E)(K). To show this last, we
can replace h and L by h−1 and 1

l
in the proof above.
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Chapter 2

Retractions in BCB(E)(K)

Since the work of Väth [41] it is known that, in any infinite dimensional Ba-
nach space X , for any k > 6 there exists a retraction R : B(X) → S(X)

with Hausdorff norm γX(R) ≤ k, so that the Wośko constant W (X) = 6. In the
setting of infinite dimensional Banach spaces of real continuous functions,
according to our knowledge, better estimates of the Hausdorff norm and of
the Wośko constant are obtained only in some Banach space of real continu-
ous functions which domains are compact or finite dimensional. Precisely:

• for any u > 0 there exists a retraction R : B(C(K)) → S(C(K)) with
γC(K)(R) ≤ u+4

u
, where K is a convex compact set in a finite dimen-

sional normed space with nonempty interior (see [40],[42]);

• for any u > 0 there exists a retractionR : B(BC([0,∞])) → S(BC([0,∞)))

with γBC([0,∞))(R) ≤ u+4
u

(see [16]). Therefore W (C(K)) = 1, in partic-
ular W (C([0, 1])) = 1, and
W (BC([0,∞))) = 1.

Concerning the estimate of the lower Hausdorff norm in [16] it is proved that in
the Banach spaceBC([0,∞)) for any u > 0 the same retraction can be chosen
with γBC([0,∞))(R) ≥ 1

u+2
and γBC([0,∞))(R) ≤ u+4

u
. Consequently, as we have

already observed, there is a retraction with positive lower Hausdorff and
Hausdorff normarbitrarily close to 1.

This chapter is devoted to the study of “Problem 1” and “Problem 2” of
the introduction, when we restrict our attention to the setting of infinite di-
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mensional Banach spaces of real continuous functions which domains are
not necessarily bounded or finite dimensional, in particular we generalize the
results of [42] ,[40] and [16].
The reformulation, in our framework, of the above two problems is the fol-
lowing:

Problem 1: The estimates of the lower Hausdorff norm and of the Hausdorff
norm of a retraction of the closed unit ball of the Banach space BCB(E)(K)

onto its boundary;
Problem 2: The evaluation of the Wośko constant W (BCB(E)(K)) of the

space BCB(E)(K).

In Section 2.2 we show that in the space BCB(E) it is possible to construct a
retraction from B(BCB(E)(K)) onto S(BCB(E)(K)) with positive lower Haus-
dorff norm andHausdorff norm arbitrarily close to 1.Moreover, by means of
some “nice ” examples contained in Section 2.3, we give the main result of
this chapter: precise formulas for the lower Hausdorff norms and for the Hausdorff
norms of retractions we construct in the space BCB(E)(K). Infact we prove that
for any u > 0 there is a retraction Ru : B(BCB(E)(K)) → S(BCB(E)(K)) such
that

γBCB(E)(K)
(Ru) =


1
2
, if u ≤ 4

2
u
, if u > 4

and
γBCB(E)

=
u+ 8

u
.

Therefore the Wosko constant W (BCB(E)(K)) = 1.

Since the Hausdorff measure of noncompactness of a set is invariant un-
der isometries, we obtain the same result in the Banach space BCh(B(E))(M),
where M is a metric space homeomorphic to K under a map h which is bi-
lipschitz when restricted toB(E). Indeed in this case the space BCh(B(E))(M)

is isometric to the space BCB(E)(K) ( see Lemma 16 of Chapter 1)
We observe that all our retractions are proper maps.
Finally we observe that the Example 30 of Section 2.3 shows that the

construction of this chapter does not work in the case of the Banach space

24



2.1. PRELIMINARIES

BC(E), if E is an infinite dimensional normed space, or, as is easy to see, in
the case of the Banach space C(K), whenK is an infinite dimensional convex
compact set in a normed space. The results of this chapter are contained in
[18]

2.1 Preliminaries

Let (E, ‖ · ‖) be a normed space and K a subset of E containing the closed
unit ballB(E). Now for each a ∈ [0, 1] we introduce the maps λa, λa : E → E

by

λa (x) =


2

1+a
x, if ‖x‖ ≤ 1+a

2
x
‖x‖ , if 1+a

2
< ‖x‖ ≤ 1

x, if ‖x‖ > 1

and

λa (x) =

{
1+a
2
x, if ‖x‖ ≤ 1

x, if ‖x‖ > 1.

Moreover for f ∈ BCB(E)(K), we set

Af :=
{
f ◦ (λa)|K : a ∈ [0, 1]

}
,

Af :=
{
f ◦ (λa)|K : a ∈ [0, 1]

}
.

Observe that Af ⊆ BCB(E)(K) and Af ⊆ L∞(K), where L∞ (K) is the space
of all real essentially bounded functions defined on K.
The following lemmas are technical and the proofs are straightforward.

Lemma 17 Let a, b ∈ [0, 1]. Then for all x, y ∈ E

(a) ‖λa (x)− λa (y)‖ ≤ 4
1+a

‖x− y‖,

(b) ‖λa (x)− λb (x)‖ ≤ |a− b| ,

(c)
∥∥λa (x)− λb (x)

∥∥ ≤ 1
2
|a− b| .

Proof. (a) Let x, y ∈ E. Observe that∥∥∥∥xα − y

β

∥∥∥∥ ≤ 2

β
‖x− y‖ , (2.1)
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2.1. PRELIMINARIES

for α, β ∈ (0,∞) with ‖x‖ ≤ α ≤ β ≤ ‖y‖.
Now if ‖x‖, ‖y‖ ≤ 1+a

2
then ‖λa (x)− λa (y)‖ = 2

1+a
‖x− y‖. If ‖x‖, ‖y‖ > 1

then ‖λa (x)− λa (y)‖ = ‖x− y‖. Moreover, using (2.1) it is easy to check the
following implications:

‖x‖ ≤ 1 + a

2
,

1 + a

2
≤ ‖y‖ ≤ 1 ⇒ ‖λa (x)− λa (y)‖ ≤ 4

1 + a
‖x− y‖ ,

‖x‖ ≤ 1 + a

2
, ‖y‖ > 1 ⇒ ‖λa (x)− λa (y)‖ ≤ 2 ‖x− y‖ ,

1 + a

2
≤ ‖x‖ ≤ 1, ‖y‖ > 1 ⇒ ‖λa (x)− λa (y)‖ ≤ 2 ‖x− y‖ ,

1 + a

2
≤ ‖x‖ ≤ 1,

1 + a

2
≤ ‖y‖ ≤ 1 ⇒ ‖λa (x)− λa (y)‖ ≤ 4

1 + a
‖x− y‖ .

(b) and (c) can be easily checked.

Lemma 18 Let (am) be a sequence of elements of [0, 1] converging to a. Then
‖λam − λa‖∞ → 0 and ‖λam − λa‖∞ → 0.

Proof. The lemma follows immediately by (b) and (c) of Lemma 17.

Lemma 19 For all f ∈ BCB(E)(K), the sets Af and Afare compact in BCB(E)(K)

and in L∞(K), respectively.

Proof. Let (am) be a sequence of elements of [0, 1] converging to a. In order
to prove the compactness of the set Af we will show that∥∥∥f ◦ (λam)|K − f ◦ (λa)|K

∥∥∥
∞
→ 0.

Let ε > 0. Since f is uniformly continuous on B(E), there is δ > 0 such that

|f(y)− f(z)| ≤ ε, (2.2)

for all y, z ∈ B(E) with ‖y − z‖ ≤ δ. By Lemma 18 there is m ∈ N such that

‖λam (x)− λa (x)‖ ≤ δ, (2.3)
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2.2. RETRACTIONS IN THE SPACE BCB(E)(K).

for all m ≥ m and x ∈ B(E). By (2.2) and (2.3) we have∥∥∥f ◦ (λam)|K − f ◦ (λa)|K

∥∥∥
∞

= max
x∈B(E)

|f(λam(x))− f(λa(x))| ≤ ε,

for all m ≥ m. Hence the thesis. The proof of the compactness of the set Af

in L∞(K) is similar.

2.2 Retractions in the space BCB(E)(K).

Let K be a set in a normed space E such that B(E) ⊆ K. We begin by
defining a map Q : B(BCB(E)(K)) → B(BCB(E)(K)) as follows

Qf(x) :=


f

(
2

1+‖f‖∞x
)
, if ‖x‖ ≤ 1+‖f‖∞

2

f
(

x
‖x‖

)
, if 1+a

2
< ‖x‖ ≤ 1

f(x), if ‖x‖ > 1

Then ‖Qf‖∞ = ‖f‖∞ for all f ∈ B(BCB(E)(K)) and Qf = f for all f ∈
S(BCB(E)(K)). Observe that the mapping Q can be written as

Qf = f ◦ (λ‖f‖∞)|K . (2.4)

Proposition 20 The map Q is continuous.

Proof. Let (fm) be a sequence of elements of B(BCB(E)(K)) such that ‖fm −
f‖∞ → 0. Let ε > 0. Then there exists m1 ∈ N such that ‖fm − f‖∞ ≤ ε

2
for

all m ≥ m1. By the uniform continuity of f on B(E) there is δ > 0 such that
if ‖x− y‖ ≤ δ then

|f(x)− f(y)| ≤ ε

2
,

for all x, y ∈ B(E). Since ‖fm‖∞ → ‖f‖∞, by Lemma 18 we have that∥∥λ‖fm‖∞ − λ‖f‖∞
∥∥
∞ → 0. Hence there is m2 ∈ N such that

∥∥λ‖fm‖∞ − λ‖f‖∞
∥∥
∞ ≤ δ,
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2.2. RETRACTIONS IN THE SPACE BCB(E)(K).

for all m ≥ m2. Therefore∣∣∣f (
λ‖fm‖∞

)
|K (x)− f

(
λ‖f‖∞

)
|K (x)

∣∣∣ ≤ ε

2
,

for all x ∈ K and m ≥ m2. Then, for any x ∈ K and m ≥ max {m1,m2}, we
have ∣∣∣fm (

λ‖fm‖∞

)
|K (x)− f

(
λ‖f‖∞

)
(x)

∣∣∣
≤

∣∣∣fm (
λ‖fm‖∞

)
|K (x)− f

(
λ‖fm‖∞

)
|K (x)

∣∣∣
+

∣∣∣f (
λ‖fm‖∞

)
|K (x)− f

(
λ‖f‖∞

)
|K (x)

∣∣∣
≤ ‖fm − f‖∞ +

ε

2
≤ ε.

So we obtain ‖Qfm −Qf‖∞ → 0.
By the following proposition we give lower and upper estimates of the

Hausdorff measure of noncompactness of QA for a set A in B(BCB(E)(K)).

Proposition 21 Let A be a subset of B(BCB(E)(K)). Then

1

2
γBCB(E)(K)(A) ≤ γBCB(E)(K)(QA) ≤ γBCB(E)(K)(A).

Proof. LetA ⊆ B(BCB(E)(K)). First we prove γBCB(E)(K)(QA) ≤ γBCB(E)(K)
(A).

Fix α > γBCB(E)(K)(A) and let {f1, ..., fn} be an α-net of A in BCB(E)(K). By
Proposition 19 the set ∪ni=1Afi

is compact in BCB(E)(K). Hence given δ > 0

we can choose a δ-net {g1, ..., gm} of ∪ni=1Afi
in BCB(E)(K).

We show that {g1, ..., gm} is a (α + δ)-net of QA in BCB(E)(K). To this end
for g ∈ A let f ∈ A such that Qf = g and fix i ∈ {1, ..., n} such that
‖f − fi‖∞ ≤ α. Since fi ◦

(
λ‖f‖∞

)
|K ∈ Afi

we can find j ∈ {1, ...,m} such

that
∥∥∥(

(fi ◦ λ‖f‖∞
)
|K − gj

∥∥∥
∞
≤ δ. Then

‖gj −Qf‖∞
≤

∥∥∥gj − fi ◦
(
λ‖f‖∞

)
|K

∥∥∥
∞

+
∥∥∥fi ◦ (

λ‖f‖∞
)
|K − f ◦

(
λ‖f‖∞

)
|K

∥∥∥
∞

≤ δ +
∥∥∥(fi − f) ◦

(
λ‖f‖∞

)
|K

∥∥∥
∞
≤ δ + ε.
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Therefore γBCB(E)(K)(K)(QA) ≤ α + δ, so γBCB(E)(K)(QA) ≤ γBCB(E)(K)(A).
We now prove γBCB(E)(K)(QA) ≥ 1

2
γBCB(E)(K)(A). Fix β > γBCB(E)(K)(QA)

and let {h1, ..., hs} be a β-net for QA in BCB(E)(K). By Proposition 19 the
set ∪si=1A

hi is compact in L∞(K). Therefore given δ > 0 we can choose
a δ-net {p1, ..., pk} for ∪si=1A

hi in L∞(K). We now show that {p1, ..., pk} is
a (β + δ)-net for A in L∞(K). Let f ∈ A. Fix l ∈ {1, ..., s} such that
‖Qfl − hl‖∞ ≤ β. Since hl ◦ (λ‖f‖∞)|K ∈ Ahl we can find m ∈ {1, ..., k} such
that

∥∥hl ◦ (λ‖f‖∞)|K − pm
∥∥
∞ ≤ δ. Then

‖f − pm‖∞
≤

∥∥∥f − hl ◦
(
λ‖f‖∞

)
|K

∥∥∥
∞

+
∥∥∥hl ◦ (

λ‖f‖∞
)
|K − pm

∥∥∥
∞

≤
∥∥∥(
f − hl ◦

(
λ‖f‖∞

)
|K

)
◦

(
ϕ‖f‖∞

)
|K

∥∥∥
∞

+ δ

= supn
x∈K:‖x‖∈

h
0,

1+‖f‖∞
2

i
∪(1,∞)

o
∣∣∣((

f − hl ◦
(
λ‖f‖∞

)
|K

)
◦

(
λ‖f‖∞

)
|K

)
(x)

∣∣∣ + δ

= supn
x∈K:‖x‖∈

h
0,

1+‖f‖∞
2

i
∪(1,∞)

o
∣∣∣(f ◦ (

λ‖f‖∞
)
|K

)
(x)− hl(x)

∣∣∣ + δ

≤ ‖Qf − hl‖∞ + δ ≤ β + δ.

Therefore γL∞(K)(A) ≤ β + δ, so we obtain γBCB(E)(K)(A) ≤ 2 (β + δ) and
consequently 1

2
γBCB(E)(K)(A) ≤ γBCB(E)(K)(QA).

Remark 22 Observe that for all f ∈ BCU(B(E)) the set Af is compact in
BCU(B(E)). Therefore

γBCU(B(E))(QA) = γBCU(B(E))(A),

for all A ⊆ B(BCU(B(E))).

Next, for a given u ∈ (0,+∞), we define a map Pu : B(BCB(E)(K)) →
BCB(E)(K) by

(Puf) (x) =


0, if ‖x‖ ≤ 1+‖f‖∞

2
or ‖x‖ > 1,

u
(
‖x‖ − 1+‖f‖∞

2

)
, if 1+‖f‖∞

2
≤ ‖x‖ ≤ 3+‖f‖∞

4
,

−u(‖x‖ − 1), if 3+‖f‖∞
4

≤ ‖x‖ ≤ 1.
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Proposition 23 The map Pu is compact, i.e., Pu is continuous and PuB(BCB(E)(K))

is relatively compact.

Proof. First we prove that the map Pu is continuous. Observe that if f, g ∈
B(BCB(E)(K)) with ‖f‖∞ ≤ ‖g‖∞ and 1+‖g‖∞

2
≤ 3+‖f‖∞

4
we have

‖Puf − Pug‖∞ = u
‖g‖∞ − ‖f‖∞

2
. (2.5)

Let now (fm) be a sequence inB(BCB(E)(K)) converging to f. Then ‖fm‖∞ →
‖f‖∞. Moreover if ‖f‖∞ = 1 we have

‖Pufm − Puf‖∞ =
u

4
(1− ‖fm‖). (2.6)

On the other hand, if ‖f‖∞ 6= 1 there is m ∈ N such that for all m ≥m

‖fm‖∞ ≤ ‖f‖∞ =⇒ 1 + ‖f‖∞
2

≤ 3 + ‖fm‖∞
4

,

and
‖f‖∞ ≤ ‖fm‖∞ =⇒ 1 + ‖fm‖∞

2
≤ 3 + ‖f‖∞

4
.

Thus by (2.5), if ‖f‖∞ 6= 1, it follows that

‖Pufm − Puf‖∞ =
u

2
|‖fm‖∞ − ‖f‖∞| . (2.7)

for all m ≥m. By (2.6) and (2.7) it follows ‖Pufm − Puf‖∞ → 0. To complete
the proof it remains to show that PuB(BCB(E)(K)) is compact. Let (gm) be
a sequence in PuB(BCB(E)(K)) and let (fm) be a sequence in B(BCB(E)(K))

with Pufm = gm. Without loss of generality we can assume that ‖fm‖∞ →
‖f‖∞ where f ∈ B(BCB(E)(K)) and that (2.7) holds for all m. Then

‖gm − Puf‖∞ = ‖Pufm − Puf‖∞ =
u

2
|‖fm‖∞ − ‖f‖∞| → 0,

which completes the proof.
Now we are in the position to prove our main result.
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Theorem 24 Let K be a set in a normed space E such that B(E) ⊆ K. For any
u > 0 there is a retraction Ru : B

(
BCB(E)(K)

)
→ S

(
BCB(E)(K)

)
such that

γBCB(E)(K)
(Ru) =

{
1
2
, if u ≤ 4

2
u
, if u > 4.

and
γBCB(E)(K)(Ru) =

u+ 8

u
. (2.8)

In particular we have that W (BCB(E)(K)) = 1.

Proof. Let u ∈ (0,+∞). Define a map Tu : B(BCB(E)(K)) → BCB(E)(K) by
Tuf = Qf + Puf . Since Pu is compact, Proposition 21 implies

1

2
γBCB(E)(K)(A) ≤ γBCB(E)(K)(TuA) ≤ γBCB(E)(K)(A), (2.9)

for any A ⊆ B(BCB(E)(K)). We have Tuf = f for all f ∈ S(BCB(E)(K)) and
for any f ∈ B(BCB(E)(K)) we find

‖Tuf‖∞

= max

 supn
x∈K,‖x‖∈

h
0,

1+‖f‖∞
2

i
∪(1,∞)

o |(Tuf)(x)| , supn
x∈K:‖x‖∈

i
1+‖f‖∞

2
,1

io |(Tuf)(x)|


≥ min

f∈B(BCB(E)(K))
max

{
‖f‖∞ ,

u

4
(1− ‖f‖∞)− ‖f‖∞

}
≥ u

u+ 8
.

We define a retraction Ru : B(BCB(E)(K)) → S(BCB(E)(K)) by setting

Ruf =
Tuf

‖Tuf‖∞
.

Since ‖Tuf‖∞ ≥ u
u+8

holds, the definition of Ru implies that

RuA ⊆
[
0,
u+ 8

u

]
· (Q+ Pu)A.
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Therefore using the monotonicity property of the Hausdorff measure of non-
compactness and (2.9) we get

γBCB(E)(K)(RuA)

≤ γBCB(E)(K)

([
0,
u+ 8

u

]
· (Q+ Pu)A

)
=
u+ 8

u
γBCB(E)(K) ((Q+ Pu)A)

=
u+ 8

u
γBCB(E)(K)(QA) ≤ u+ 8

u
γBCB(E)(K)(A).

The latter inequality together with (2.13) of the Example 31 implies

γBCB(E)(K)(Ru) =
u+ 8

u
. (2.10)

On the other hand,

‖Tuf‖∞ ≤ max
{

1,
u

4

}
=

{
1, if u ≤ 4,
u
4
, if u > 4.

Fix u > 4. We have (Q + Pu)A ⊆
[
0, u

4

]
· RuA. Using the monotonicity

property of the Hausdorff measure of noncompactness and (2.9), we obtain

γBCB(E)(K)(A) ≤ 2γBCB(E)(K)((Q+ Pu)A)

≤ 2γBCB(E)(K)

([
0,
u

4

]
·RuA

)
=
u

2
γBCB(E)(K)(RuA).

Then for all u > 4 we have

γBCB(E)(K)
(Ru) ≥

2

u
. (2.11)

Now let u ≤ 4. We have (Q + Pu)A ⊆ [0, 1] · RuA. So γBCB(E)(K)(A) ≤ 2

γBCB(E)(K)(RuA) hence

γBCB(E)(K)
(Ru) ≥

1

2
. (2.12)

By Example 32 we obtain

γBCB(E)(K)
(Ru) =

{
1
2
, if u ≤ 4

2
u
, if u > 4.
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Finally by (2.10), since limu→∞
u+8
u

= 1, we have W (BCB(E)(K)) = 1.

The Example 30 of Section 2.3 shows that, given a set K in an infinite
dimensional normed space E with B(E) ⊆ K, the map Q is not anymore
continuous when considered from B(BC(K)) into itself. Therefore our con-
struction does not work in the case of the Banach space BC(K).

Since the Hausdorff measure of noncompactness of a set is invariant un-
der isometries, the following corollary enlarges the class of spaces for which
Theorem 24 holds.

Corollary 25 Let M be a metric space. Assume that there are a set K in a normed
space E containing B(E) and an homeomorphism h : K → M such that both the
restrictions h/B(E) and h−1

/h(B(E)) are lipschitz, where h−1 is the inverse homeomor-
phism of h. Then for any u > 0 there is a retraction Ru : B

(
BCh(B(E))(M)

)
→

S
(
BCh(B(E))(M)

)
such that

γBCh(B(E))(M)
(Ru) =

{
1
2
, if u ≤ 4

2
u
, if u > 4

and γBCh(B(E))(M) (Ru) = u+8
u

. In particular, we have W (BCh(B(E))(M)) = 1.

Proof. It is enough to observe that i : BCB(E)(K) → BCh(B(E))(M) defined
by i(f) = f ◦ h is an isometry.

Corollary 26 Let x0 ∈ E, r > 0 and K be a set in E such that Bx0,r(E) :=

{x ∈ E : ‖x − x0‖ ≤ r} ⊆ K. For any u > 0 there is a retraction Ru :

B(BCBx0,r(E)(K)) → S(BCB{x0,r}(E)(K)) such that

γBCBx0,r(E)(K)
(Ru) =

{
1
2
, if u ≤ 4,

2
u
, if u > 4,

and γBCBx0,r(E)(K)(Ru) = u+8
u

.

Proof. It follows by Corollary 25 when we consider h(x) = 1
r
(x − x0) for all

x ∈ K.
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Remark 27 As a particular case of Theorem 24, if E is a finite dimensional
normed space, then for any u > 0 there is a retraction Ru : B(BC(E)) →
S(BC(E)) such that

γBC(E)
(Ru) =

{
1
2
, if u ≤ 4,

2
u
, if u > 4,

and γBC(E)(Ru) = u+8
u

.
This result with Corollary 26 yields W (C(K)) = 1 ([40, Theorem 10]) when
K is a convex compact set in E with nonempty interior, and also yields
W (BC(R)) = 1 ([16, Theorem 2.4]).

The following corollary covers the case of the space BCU(E)). By repeating
the proof of Theorem 24, taking into account Remark 22, and by slight modi-
fications of Examples 31 and 32 we have a different evaluation of γBCU(E))

(Ru).

Corollary 28 For any u > 0 there is a retractionRu : B (BCU(E))→ S(BCU(E))

such that

γ
BCU(E)

(Ru) =

{
1, if u ≤ 4
4
u
, if u > 4

and γBCU(E)(Ru) = u+8
u

.

We point out that for all u ∈ (0,+∞) the retractions Ru we have consid-
ered are all proper maps.

At last, we observe that from Remark 5 of Chapter 1 the following holds:

Corollary 29 For every u > 0, the retraction Ru defined in Theorem 24 satisfies,

ψBCB(E)(K)
(Ru) ≥

{
1
4
, if u ≤ 4

1
u
, if u > 4

and
ψBCB(E)(K)(Ru) ≤

2u+ 16

u
,

for ψ ∈ {α, β}. Thus
Wα(BCB(E)(K)) ≤ 2
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and
Wβ(BCB(E)(K)) ≤ 2.

2.3 Examples

Example 30 Let (xk) be a sequence of elements ofB(BC(K)) such that ‖xk‖ =
1
2

(k = 1, 2, ...) and ‖xi − xj‖ ≥ 1
4

for all i, j ∈ N with i 6= j. Moreover let (ak)

be a monotone increasing sequence of elements of (0, 1) such that ak → 1. Set
yk = 2

1+ak
xk (k = 1, 2, ...). We have that ‖yk‖ = 1

1+ak
< 1 and ‖xk‖ = 1

2
< 1

1+ak

(k = 1, 2, ...). Set S = {xk : k = 1, 2, ...}∪{yk : k = 1, 2, ...}. Then S is a closed
subset of K and the map f : S → R defined by f(xk) = 1 and f(yk) = 0

(k = 1, 2, ...) is continuous. By the Dugundji’s theorem there is a continuous
extension f̃ : K → [0, 1] of f . We have that ‖f‖∞ =

∥∥∥f̃∥∥∥
∞

= 1 and f̃ is not
uniformly continuous on K. In fact, fixed ε ∈ (0, 1), since ‖xk − yk‖ → 0, for
all δ > 0 there is k such that ‖xk − yk‖ ≤ δ and |f(xk)− f(yk)| = 1 > ε. Now
we show that the map Q is not continuous. Put f̃k = ak f̃ (k = 1, 2, ...). Then∥∥∥f̃k − f̃

∥∥∥
∞
→ 0 but

∥∥∥Qf̃k −Qf̃
∥∥∥
∞

= 1 (k = 1, 2, ...). In fact

1 ≥
∥∥∥Qf̃k −Qf̃

∥∥∥
∞

≥
∣∣∣Qf̃k(xk)−Qf̃(xk)

∣∣∣ =
∣∣∣f̃k (

λ̃‖fk‖∞(xk)
)
− f̃

(
λ̃‖f‖∞(xk)

)∣∣∣
=

∣∣∣f̃k (
λ̃ak

(xk)
)
− f̃(xk)

∣∣∣ =

∣∣∣∣akf̃ (
2

1 + ak
xk

)
− f̃(xk)

∣∣∣∣ = 1.

In connection with Theorem 24 we have the following Examples 31 and
32.

Example 31 LetK be a set in a normed space E such thatB(E) ⊆ K. Define
the maps fn : K → R (n = 3, 4, ...) by

fn(x) =


u
u+8

, if ‖x‖ < 1
2
− 1

n
,

−n u
u+8

(
‖x‖ − 1

2

)
, if 1

2
− 1

n
≤ ‖x‖ < 1

2
+ 1

n
,

− u
u+8

, if ‖x‖ ≥ 1
2

+ 1
n
.

Then the following are the expression forQfn and, given u > 0, that for Pufn
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respectively

Qfn(x) =


u
u+8

, if ‖x‖ < 1+ u
u+8

2
(1

2
− 1

n
),

−2n
u

u+8

1+ u
u+8

(
‖x‖ − 1+ u

u+8

2
1
2

)
, if

1+ u
u+8

2
(1

2
− 1

n
) ≤ ‖x‖ < 1+ u

u+8

2
(1

2
+ 1

n
),

− u
u+8

, if ‖x‖ ≥ 1+ u
u+8

2
(1

2
+ 1

n
),

(Pufn)(x) =


0, if ‖x‖ ≤ 1+ u

u+8

2
or ‖x‖ > 1,

u
(
‖x‖ − 1+ u

u+8

2

)
, if

1+ u
u+8

2
≤ ‖x‖ < 3+ u

u+8

4
,

−u (‖x‖ − 1) , if
3+ u

u+8

4
≤ ‖x‖ ≤ 1.

Hence we obtain

‖Qfn + Pufn‖∞ = max
{
‖fn‖∞ ,

u

4
(1− ‖fn‖)− ‖fn‖

}
=

u

u+ 8
.

Setting A = {fn : n ≥ 3}, we have

RuA = {Rufn : n ≥ 3}

=

{
Qfn + Pufn

‖Qfn + Pufn‖∞
: n ≥ 3

}
=
u+ 8

u
(Q+ Pu)A,

and
γBCB(E)(K)(Ru(A)) =

u+ 8

u
γBCB(E)(K)(A). (2.13)

Example 32 Let K be a set in a normed space E. Without loss of generality
we may assume B2(E) ⊆ K. Define the maps fc,n : K → R (n = 3, 4, ...) by

fc,n(x) =


−c, if ‖x‖ < 1− 1

n
,

nc(‖x‖ − 1), if 1− 1
n
≤ ‖x‖ < 1 + 1

n
,

c, if ‖x‖ ≥ 1 + 1
n
.
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We have that

Qfc,n(x) =



−c, if ‖x‖ < 1+c
2

(1− 1
n
),

2n c
1+c

(‖x‖ − 1+c
2

), if 1+c
2

(1− 1
n
) ≤ ‖x‖ < 1+c

2
,

0, if 1+c
2
≤ ‖x‖ < 1,

nc(‖x‖ − 1), if 1 ≤ ‖x‖ < 1 + 1
n
,

c, if ‖x‖ ≥ 1 + 1
n
.

Set Ac = {fc,n : n ≥ 3}. Then γBCB(E)(K)(Ac) = c and γBCB(E)(K)(QAc) = c
2
. Let

u > 0. We find

Pufn(x) =


0, if ‖x‖ < 1+c

2
or ‖x‖ > 1,

u(‖x‖ − 1+c
2

), if 1+c
2
≤ ‖x‖ < 3+c

4
,

−u(‖x‖ − 1), if 3+c
4
≤ ‖x‖ < 1.

Thus ‖Pufn‖∞ = u1−c
4

. Moreover if c ≤ u
u+4

then ‖Qfn + Pufn‖∞ = max
{
c, u1−c

4

}
=

u1−c
4

. Hence

γBCB(E)(K)(RuAc) =
4

u(1− c)
γBCB(E)(K)(QAc) =

2

u(1− c)
γBCB(E)(K)(Ac).

Now by (2.11), γBCB(E)(K)
(Ru) ≥ 2

u
. Suppose γBCB(E)(K)

(Ru) = 2
u

+ σ with

σ > 0. Fix c such that 2
u(1−c) <

2
u

+ σ, then

γBCB(E)(K)(RuAc) =
2

u(1− c)
γBCB(E)(K)(Ac)

<

(
2

u
+ σ

)
γBCB(E)(K)(Ac) ≤ γBCB(E)(K)(RuAc),

which is a contradiction. So that γBCB(E)(K)
(Ru) = 2

u
. For each u ≤ 4 , by

(2.12) we have γBCB(E)(K)
(Ru) ≥ 1

2
. Suppose γBCB(E)(K)

(Ru) = 1
2

+ σ with

σ > 0. Fix c such that 2
u(1−c) <

1
2

+ σ, then

γBCB(E)(K)(RuAc) =
2

u(1− c)
γBCB(E)(K)(Ac)

< (
1

2
+ σ)γBCB(E)(K)(Ac) ≤ γBCB(E)(K)(RuAc),
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which is a contradiction so that γBCB(E)(K)
(Ru) = 1

2
.
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Chapter 3

Lower Hausdorff norm and Hausdorff
norm of retractions in C(P )

3.1 Introduction.

In this final chapter we consider the problems of evaluating the lower Haus-
dorff norm and the Hausdorff norm of a retraction of the closed unit ball of the
Banach space C(P ) onto its boundary, and that of the evaluation of the Wośko
constant W (C(P )). Section 3.3 is devoted to the construction of retractions
from B(C(P )) onto S(C(P )). As in the previous chapter, by means of the
examples contained in Section 3.4, we obtain explicit formulas for the lower
Hausdorff norms and the Hausdorff norms of a such retractions. Our main re-
sult is the following: For any u > 0 there is a retraction Ru : B(C(P )) →
S(C(P )) such that

γC(P )
(Ru) =

 1, if u ≤ 4

4
u
, if u > 4

and γC(P )=
u+8
u
. Hence the Wośko constant W (C(P )) = 1.

Let K be a topological space homeomorphic to the Hilbert cube P . Then
the Banach spaces C(K)and C(P ) are isometric. Therefore, since the Haus-
dorff measure of noncompactness of a set is invariant under isometries, the
previous result holds also in the space C(K). We observe that all our retrac-
tions are proper maps.

We conclude by observing that this chapter is in a certain sense comple-
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mentary to the previous one. On the one hand we have observed that the
construction we have made in Chapter 2 fails in the space C(K) when K is
a convex compact infinite dimensional set in a normed space, but now the
problem has been solved since such a K is homeomorphic to the Hilbert
cube P . On the other hand Example 44 of Section 3.4 shows that the con-
struction of this chapter does not work in the case of the Banach space BC(l2)

and in the case of the Banach spaces considered in the Chapter 2. Moreover
it can be easily seen that this construction does not hold in the case of the
Banach spaces considered in the previous chapter.

The results of this chapter are contained in [17]

3.2 Preliminaries.

Let l2 be the real Hilbert space, with the usual norm ‖·‖2 and canonical basis
(en). Denote by

P = {x = (xn) ∈ l2 : |xn| ≤
1

n
(n = 1, 2, ...)}

the Hilbert cube. We consider the Banach space C(P ) of all real continuous
function defined on P , endowed with the sup norm ‖ · ‖∞.

For a ∈ [0, 1] define the maps ϕa and ϕa : P → P by

ϕa (t) := (λa (t1) , t2, ..., tn, ...) ,

ϕa (t) := (λa (t1) , t2, ..., tn, ...) ,

where

λa (t1) :=


−1, if t1 ∈

[
−1,−1+a

2

)
,

2
1+a

t1, if t1 ∈
[
−1+a

2
, 1+a

2

)
,

1, if t1 ∈
[

1+a
2
, 1

]
,

and
λa (t1) :=

1 + a

2
t1, t1 ∈ [−1, 1]
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Moreover for f ∈ C(P ) set

Af = {f ◦ ϕa : a ∈ [0, 1]} ,

Af = {f ◦ ϕa : a ∈ [0, 1]} .

We begin with the following lemmas whose proofs are straightforward.

Lemma 33 Let a ∈ [0, 1]. Then

(a) |λa(x)− λa(y)| ≤ 2 |x− y|,

(b) |λa (x)− λa (y)| ≤ 1+a
2
|x− y| , for all x, y ∈ [−1, 1],

(c) the maps ϕa and ϕa are continuous.

Proof. (a) Set I1 =
[
−1,−1+a

2

)
, I2 =

[
−1+a

2
, 1+a

2

]
and I3 =

(
1+a
2
, 1

]
. If x, y ∈ I1

or x, y ∈ I3 then |λa (x)− λa (y)| = 0. If x, y ∈ I2 then

|λa (x)− λa (y)| =
∣∣∣∣ 2

1 + a
x− 2

1 + a
y

∣∣∣∣ ≤ 2

1 + a
|x− y| .

If x ∈ I1 and y ∈ I3, since |x− y| ≥ 1 + a, we have that|λa (x)− λa (y)| = 2 ≤
2 |x− y|. If x ∈ I2 and y ∈ I3 then

|λa (x)− λa (y)| =
∣∣∣∣ 2

1 + a

(
x− 1 + a

2

)∣∣∣∣ ≤ 2

∣∣∣∣x− 1 + a

2

∣∣∣∣ ≤ 2 |x− y| .

The case x ∈ I2 and y ∈ I3 is analogous.
(b) It is immediate.
(c) It follows by the definitions of the maps using (a) and (b), respectively.

Lemma 34 Let (am) be a sequence in [0, 1] and am → a. Then

‖ϕam − ϕa‖∞ → 0 and ‖ϕam − ϕa‖∞ → 0.

Proof. Let ε > 0. Then there is m such that |am − a| ≤ ε for all m ≥ m. It is
easy to verify that |λam(t1) − λa(t1)| ≤ |am − a| for any t1 ∈ [0, 1], hence we
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obtain that
‖ϕam (t)− ϕa (t)‖2

2 = |λam (t1)− λa (t1)|2 ≤ ε2,

for all m ≥ m and for all t ∈ P . Hence ‖ϕam − ϕa‖∞ → 0. The proof of
the continuity of the maps ϕa is similar, taking into account that |λam(t1) −
λa(t1)| ≤ 1

2
|am − a| for any t1 ∈ [0, 1].

Lemma 35 Let f ∈ C(P ). The sets Af and Afare compact in C(P ).

Proof. Let (am) be a sequence of elements of [0, 1] converging to a. In order
to prove the compactness of the set Af it will be sufficient to show that

‖f ◦ ϕam − f ◦ ϕa‖∞ → 0.

Let ε > 0. Since f is uniformly continuous on C(P ), there is δ > 0 such that
for all s, t ∈ P such that ‖t− s‖2 ≤ δ we have

|f(t)− f(s)| ≤ ε. (3.1)

By Lemma 33 (c) we can choose m such that

‖ϕam (t)− ϕa (t)‖2 ≤ δ, (3.2)

for any m ≥ m and t ∈ P . By (3.1) and (3.2) it follows that

‖f ◦ ϕam − f ◦ ϕa‖∞ = max
t∈P

|f(ϕam(t))− f(ϕa(t))| ≤ ε ,

for all m ≥ m. Hence ‖f ◦ ϕam − f ◦ ϕa‖∞ → 0. The proof of the compact-
ness of the set Af in C(P ) is similar.

3.3 Retractions in the space C(P ).

In order to construct retractions in the space C(P ) we now define a map
Q : B(C(P )) → S(C(P )) as follows

Qf := f ◦ ϕ‖f‖∞ . (3.3)
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It is easy to see that ‖Qf‖∞ = ‖f‖∞ for all f ∈ B(C(P )) and Qf = f for all
f ∈ S(C(P )).

Proposition 36 The map Q is continuous.

Proof. Let (fm) be a sequence in B(C(P )) such that ‖fm − f‖∞ → 0. Let
ε > 0 be given. Choose m1 such that ‖fm − f‖∞ ≤ ε

2
for all m ≥ m1. Since f

is uniformly continuous, we can find δ > 0 such that |f(s)− f(t)| ≤ ε
2

for all
s, t ∈ P with ‖t− s‖2 ≤ δ. Since ‖fm‖∞ → ‖f‖∞ , by Lemma 34 there is m2

such that ∥∥ϕ‖fm‖∞ − ϕ‖f‖∞
∥∥
∞ ≤ δ,

for any m ≥ m2. Hence we get

∣∣f(ϕ‖fm‖∞(t))− f(ϕ‖f‖∞(t))
∣∣ ≤ ε

2
,

for all t ∈ P and m ≥ m2. Therefore

∣∣fm(ϕ‖fm‖∞(t))− f(ϕ‖f‖∞(t))
∣∣ ≤

∣∣fm(ϕ‖fm‖∞(t))− f(ϕ‖f‖∞(t))
∣∣

+
∣∣f(ϕ‖fm‖∞(t))− f(ϕ‖f‖∞(t))

∣∣ ≤ ‖fm − f‖∞ +
ε

2
≤ ε,

for all t ∈ P and m ≥ max {m1,m2}, which gives ‖Qfm −Qf‖∞ → 0.
We now are in a position to calculate the Hausdorff measure of noncom-

pactness of QA for A ⊆ B(C(P )).

Proposition 37 Let A be a subset of B(C(P )). Then γC(P )(QA) = γC(P )(A).

Proof. Let A ⊆ B(C(P )). We start to prove the inequality γBC(P )(QA) ≤
γBC(P )(A). Let α > γBC(P )(A). There is an α-net {f1, ..., fn} for A in C(P ). By
Proposition 35 the set ∪ni=1Afi

is compact in C(P ). Hence for all δ > 0 we can
choose a δ-net {g1, ..., gm} for ∪nk=1Afk

in C(P ). We now show that {g1, ..., gm}
is a (α + δ)-net for QA in C(P ). Let g ∈ A and let f ∈ A such that Qf = g.
Fix i ∈ {1, ..., n} such that ‖f − fi‖∞ ≤ α . Since fi ◦ ϕ‖f‖∞ ∈ Afi

we can find
j ∈ {1, ...,m} such that

∥∥fi ◦ ϕ‖f‖∞ − gj
∥∥
∞ ≤ δ. Then

‖gj −Qf‖∞ ≤
∥∥gj − fi ◦ ϕ‖f‖∞

∥∥
∞ +

∥∥fi ◦ ϕ‖f‖∞ − f ◦ ϕ‖f‖∞
∥∥
∞

≤ δ +
∥∥(fi − f) ◦ ϕ‖f‖∞

∥∥
∞ ≤ δ + ε.
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Therefore γC(P )(QA) ≤ α + δ so that γC(P )(QA) ≤ γC(P )(A). Now we prove
the opposite inequality γC(P )(QA) ≥ γC(P )(A). Let β > γC(P )(QA). There is
a β-net {h1, ..., hs} for QA in BC(P ). By Proposition 35 the set ∪si=1A

hi is
compact in C(P ). Therefore for all δ > 0 we can choose a δ-net {p1, ..., pk} for
∪si=1A

hi in C(P ). We now show that {p1, ..., pk} is a (β + δ)-net for A in C(P ).
Let f ∈ A. Fix l ∈ {1, ..., s} such that ‖Qfl − hl‖∞ ≤ β. Since hl ◦ ϕ‖f‖∞ ∈ Ahl

we can find m ∈ {1, ..., k} such that
∥∥hl ◦ ϕ‖f‖∞ − pm

∥∥
∞ ≤ δ. Then

‖f − pm‖∞ ≤
∥∥f − hl ◦ ϕ‖f‖∞

∥∥
∞ +

∥∥hl ◦ ϕ‖f‖∞ − pm
∥∥
∞

≤
∥∥(f − hl ◦ ϕ‖f‖∞) ◦ ϕ‖f‖∞

∥∥
∞ + δ

= supn
t∈P :t1∈

h
− 1+‖f‖∞

2
,
1+‖f‖∞

2

io ∣∣((f − hl ◦ ϕ‖f‖∞) ◦ ϕ‖f‖∞)(t)
∣∣ + δ

= supn
t∈P :t1∈

h
− 1+‖f‖∞

2
,
1+‖f‖∞

2

io ∣∣(f ◦ ϕ‖f‖∞)(t)− hl(t)
∣∣ + δ

≤ ‖Qf − hl‖∞ + δ ≤ β + δ.

Hence γC(P )(A) ≤ β + δ and γC(P )(A) ≤ γC(P )(QA).
Let u ∈ (0,+∞). Define the map Pu : B(C(P )) → C(P ) by

(Puf) (t) :=



u(t1 + 1), if t1 ∈
[
−1,−3+‖f‖∞

4

)
,

−u(t1 +
1+‖f‖∞

2
), if t1 ∈

[
−3+‖f‖∞

4
,−1+‖f‖∞

2

)
,

0, if t1 ∈
[
−1+‖f‖∞

2
,

1+‖f‖∞
2

]
,

u(t1 − 1+‖f‖∞
2

), if t1 ∈
(

1+‖f‖∞
2

,
3+‖f‖∞

4

]
,

−u(t1 − 1), if t1 ∈
(

3+‖f‖∞
4

, 1
]
.

Proposition 38 The map Pu is compact.

Proof. The map Pu is continuous, in fact if (fm) is a sequence in B(C(P ))

converging to f , then

‖Pufm − Puf‖∞ =
u

2
|‖f‖m − ‖f‖∞| → 0,

since ‖fm‖∞ → ‖f‖∞. To complete the proof we show that PuB(C(P )) is
compact. Let (gm) be a sequence in PuB(C(P )) and let {fm} be a sequence in
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B(C(P )) such that Qfm = gm. Being 0 ≤ ‖fm‖∞ ≤ 1 we can assume without
loss of generality that ‖fm‖∞ → a ∈ [0, 1]. Choose f ∈ B(C(P )) such that
‖f‖∞ = a. Then

‖gm − Puf‖∞ = ‖Pufm − Puf‖∞ = u

∣∣∣∣‖fm‖∞ − ‖f‖∞
2

∣∣∣∣ → 0,

and the proof is complete.
The next theorem is our main result.

Theorem 39 For any u > 0 there is a retraction Ru : B(C(P )) → S(C(P )) with

γC(P )
(Ru) =

{
1, if u ≤ 4
4
u
, if u > 4

and
γC(P )(Ru) =

u+ 8

u
.

In particular, we have W (C(P ) = 1.

Proof. Let u ∈ (0,+∞). Define the map Tu : B(C(P )) → C(P ) by Tuf =

Qf + Puf . Since Pu is compact, Lemma 37 implies

γC(P )(TuA) = γC(P )(A), (3.4)

for any A ⊂ B(C(P )).
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Moreover Tuf = f for all f ∈ S(C(P )) and

‖Tuf‖∞ = max

{
supn

t∈P :t∈
h
− 1+‖f‖∞

2
,
1+‖f‖∞

2

io |(Tuf)(t)| , supn
t∈P :t∈

h
−1,− 1+‖f‖∞

2

”o |(Tuf)(t)| ,

supn
t∈P :

i
1+‖f‖∞

2
,1

io |(Tuf)(t)|

}

= max

{
‖f‖∞ , supn

t∈P :t∈
h
−1,− 1+‖f‖∞

2

”o
∣∣∣f((−1, t2, t3, ...)) +

u

4
(1− ‖f‖∞)

∣∣∣ ,
supn

t∈P :t∈
i

1+‖f‖∞
2

,1
io

∣∣∣f((1, t2, t3, ...)) +
u

4
(1− ‖f‖∞)

∣∣∣ }

≥ max
{
‖f‖∞ ,

u

4
(1− ‖f‖∞)− ‖f‖∞

}
≥ u

u+ 8
,

for all f ∈ B(C(P )). Consider the map Ru : B(C(P )) → S(C(P )) defined by

Ruf =
Tuf

‖Tuf‖∞
.

As ‖Tuf‖∞ ≥ u
u+8

, the definition of Ru implies

RuA ⊆
[
0,
u+ 8

u

]
· (Q+ Pu)A.

Therefore

γC(P )(RuA) ≤ γC(P )(

[
0,
u+ 8

u

]
.((Q+ Pu)A)) =

u+ 8

u
γC(P )((Q+ Pu)A)

=
u+ 8

u
γC(P )(QA) ≤ u+ 8

u
γC(P )(A).

The latter inequality together with (3.7) of the Example 45 implies γC(P )(Ru) =
u+8
u

. On the other hand,

‖Tuf‖∞ ≤ max
{
‖f‖∞ , ‖f‖∞ +

u

4
(1− ‖f‖∞)

}
≤ max

{
1,
u

4

}
.
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If u > 4 we have
(Q+ Pu)A ⊆

[
0,
u

4

]
·RuA.

Then

γC(P )(A) = γC(P )((Q+ Pu)A) ≤ γC(P )(
[
0,
u

4

]
RuA) =

u

4
γC(P )(RuA),

which gives

γC(P )
(Ru) ≥

4

u
(3.5)

By (3.9) of the Example 46 we have γC(P )
(Ru) = 4

u
. If u ≤ 4 we have

(Q+ Pu)A ⊆ [0, 1] ·RuA.

Hence

γC(P )(A) = γC(P )((Q+ Pu)A) ≤ γC(P )([0, 1] ·RuA) = γC(P )(RuA),

which gives
γC(P )

(Ru) ≥ 1. (3.6)

By (3.10) of the Example 46 we have γ(Ru) = 1.
Finally, since limu→∞

u+8
u

= 1 we obtain W (C(P ) = 1.
We point out that, in view of example 44, our construction does not work

in the case of the Banach space BC(l2).

Remark 40 We observe that a retraction which has positive γ
X

-norm is a
proper map, i.e., the preimage R−1M of any compact set M ⊆ X is compact.
Thus, for all u ∈ (0,+∞), the retractions Ru defined above are proper maps.

Since the measure of noncompactness of a set is invariant under isometries
and the Banach space C(K) of all real continuous functions defined on a
Hausdorff space K homeomorphic to the Hilbert cube is isometric to C(P ),
we get the following corollary.

Corollary 41 LetK be a Hausdorff space homeomorphic to the Hilbert cube P . For
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any u > 0 there is a retraction Ru : B(C(K)) → S(C(K)) with

γC(K)
(Ru) =

{
1, if u ≤ 4
4
u
, if u > 4

and
γC(K)(Ru) =

u+ 8

u
.

In particular, we have W (C(K) = 1.

Remark 42 The previous Corollary applies in two particular important cases.
(i) Every infinite dimensional compact convex subset K of a normed space
is homeomorphic to the Hilbert cube P (see [33]).
(ii) Let K be a metrizable infinite dimensional compact convex set in a topo-
logical linear space and assume K is an absolute retract, then K is homeo-
morphic to the Hilbert cube P (see [16]).

Taking into account Remark 5 of Chapter 1, it follows:

Corollary 43 For every u > 0, the retraction Ru defined defined in Theorem 39
satisfies,

ψC(P )
(Ru) ≥

{
1
2
, if u ≤ 4

2
u
, if u > 4

and
ψC(P )(Ru) ≤

2u+ 16

u
,

for ψ ∈ {α, β}. Thus
Wα(C(P )) ≤ 2

and
Wβ(C(P )) ≤ 2.

3.4 Examples

Example 44 The map Q defined in (3.3) is not anymore continuous when
considered from B(BC(l2)) into itself. Set Ik =

[∑2k
i=1

1
i
,

∑2k+1
i=1

1
i

)
and Jk =
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[∑2k+1
i=1

1
i
,

∑2k+2
i=1

1
i

)
, for each k = 1, 2, ...

Then let f : l2 → R defined by

f(t) =


0, if ‖t‖2

2 ∈
[
0, 3

2

)
,

(2k + 1)(‖t‖2
2 −

∑2k
i=1

1
i
), if ‖t‖2

2 ∈ Ik, (k = 1, 2, ...).

−(2k + 2)(‖t‖2
2 −

∑2k+2
i=1

1
i
), if ‖t‖2

2 ∈ Jk.

The map f is bounded, continuous and ‖f‖∞ = 1 but f is not uniformly
continuous. In fact, let 0 < ε < 1. Given δ > 0 find k ∈ N such that 1

2k+1
≤ δ

and choose t, s ∈ l2 such that ‖t‖2
2 =

∑2k
i=1

1
i

and ‖s‖2
2 =

∑2k+1
i=1

1
i
. Then

f(t) = 0 and f(s) = 1 so that |f(t)− f(s)| = 1 > ε.
Consider now the sequence (fm), where fm : l2 → R is defined by fm =

(1 − 1
m

)f (m = 1, 2, ...). Then ‖fm‖∞ = 1 − 1
m

and ‖fm − f‖∞ = 1
m
→ 0. We

now show that ∥∥∥f ◦ ϕ1− 1
p
− f ◦ ϕ1− 1

q

∥∥∥
∞

= 1,

for all p, q ∈ N. Suppose q < p so that 0 <
1+(1− 1

q
)

2
<

1+(1− 1
p
)

2
and 2

1+(1− 1
q
)
>

2
1+(1− 1

p
)
. Set

δq,p = (
2

1 + (1− 1
q
)
)2 − (

2

1 + (1− 1
p
)
)2 > 0.

Fix k such that (t1,k)
2 = 1

δq,p(2k+1)
and t1,k ∈

(
0,

1+(1− 1
q
)

2

)
. Set

t(k) = (t1,k, t(
2k∑
i=1

1

i
− (t1,k)

2(
2

1 + (1− 1
p
)
)2)

1
2 , 0, 0, ...).

Since

∥∥∥ϕ1− 1
p
(t(k))

∥∥∥2

2
= (t1,k)

2(
2

1 + (1− 1
p
)
)2 +

2k∑
i=1

1

i
− (t1,k)

2(
2

1 + (1− 1
p
)
)2 =

2k∑
i=1

1

i
,

we have

f(ϕ1− 1
p
(t(k))) = f(

2k∑
i=1

1

i
) = 0.
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On the other hand

∥∥∥ϕ1− 1
q
(t(k))

∥∥∥2

2
= (t1,k)

2(
2

1 + (1− 1
q
)
)2 +

2k∑
i=1

1

i
− (t1,k)

2(
2

1 + (1− 1
p
)
)2

=
2k∑
i=1

1

i
+

1

δq,p(2k + 1)
((

2

1 + (1− 1
q
)
)2 − (

2

1 + (1− 1
p
)
)2) =

2k+1∑
i=1

1

i
,

implies

f(ϕ1− 1
q
(t(k))) = f(

2k+1∑
i=1

1

i
) = 1.

Thus
∣∣∣f(ϕ1− 1

p
(t(k)))− f(ϕ1− 1

q
(t(k)))

∣∣∣ = 1 so that
∥∥∥f ◦ ϕ1− 1

p
− f ◦ ϕ1− 1

q

∥∥∥
∞

= 1.
Suppose Q : B(BC(l2)) → B(BC(l2)) continuous. Then if ‖fm − f‖∞ → 0 we
have that

‖Qfm −Qf‖∞ =
∥∥fm ◦ ϕ‖fm‖∞ − f ◦ ϕ‖f‖∞

∥∥
∞

=
∥∥∥fm ◦ ϕ1− 1

m
− f

∥∥∥
∞
→ 0.

Let ε > 0. Fix p, q ∈ N such that

‖f − fp‖∞ + ‖Qfp −Qfq‖∞ + ‖fq − f‖∞ < 1.

Then

1 =
∥∥∥f ◦ ϕ1− 1

p
− f ◦ ϕ1− 1

q

∥∥∥
∞
≤

∥∥∥f ◦ ϕ1− 1
p
− fp ◦ ϕ‖fp‖∞

∥∥∥
∞

+
∥∥fp ◦ ϕ‖fp‖∞ − fq ◦ ϕ‖fq‖∞

∥∥
∞ +

∥∥∥fq ◦ ϕ‖fq‖∞ − f ◦ ϕ1− 1
q

∥∥∥
∞

=
∥∥∥f ◦ ϕ1− 1

p
− fp ◦ ϕ1− 1

p

∥∥∥
∞

+ ‖Qfp −Qfq‖∞

+
∥∥∥fq ◦ ϕ1− 1

q
− f ◦ ϕ1− 1

q

∥∥∥
∞

= ‖f − fp‖∞ + ‖Qfp −Qfq‖∞ + ‖fq − f‖∞ < 1,

which is a contradiction. Observe that the set Af = {f ◦ ϕa : a ∈ [0, 1]} is
not compact.

In connection with Theorem 39 we have the following examples:
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Example 45 Define the maps fn : P → R (n = 3, 4, ...) by

fn(t) =


u
u+8

, if |t1| < 1
2
− 1

n
,

n u
u+8

(
|t1| − 1

2

)
, if 1

2
− 1

n
≤ |t1| < 1

2
+ 1

n
,

− u
u+8

, if 1
2

+ 1
n
≤ |t1| ≤ 1.

Then

Qfn(x)


u
u+8

, if |t1| <
1+ u

u+8

2
(1

2
− 1

n
),

−2n
u

u+8

1+ u
u+8

(
|t1| −

1+ u
u+8

2
1
2

)
, if

1+ u
u+8

2
(1

2
− 1

n
) ≤ |t1| <

1+ u
u+8

2
(1

2
+ 1

n
)

− u
u+8

, if
1+ u

u+8

2
(1

2
+ 1

n
) ≤ |t1| ≤ 1.

Moreover for u > 0 we find

(Pufn)(x)


0, if |t1| ≤

1+ u
u+8

2
,

u
(
|t1| −

1+ u
u+8

2

)
, if

1+ u
u+8

2
≤ |t1| <

3+ u
u+8

4
,

−u (|t1| − 1) , if
3+ u

u+8

4
≤ |t1| ≤ 1.

Therefore

‖Qfn + Pufn‖∞ =
u

u+ 8
.

Setting A = {fn : n ≥ 3} we have

RuA = {Rufn : n ≥ 3} =

{
Qfn + Pufn

‖Qfn + Pufn‖∞
: n ≥ 3

}
=
u+ 8

u
(Q+ Pu)A.

Hence

γC(P )(RuA) =
u+ 8

u
γC(P )(A) (3.7)

Example 46 Consider the maps fc,n : P → R (n = 2, 3, ...) defined by

fc,n(t) =

{
−c, if |t1| < 1− 1

n
,

nc(|t1| − 1), if 1− 1
n
≤ |t1| ≤ 1,

51



3.4. EXAMPLES

We have that

Qfc,n(t) =


−c, if |t1| < 1+c

2
(1− 1

n
),

2n c
1+c

(|t1| − 1+c
2

), if 1+c
2

(1− 1
n
) ≤ |t1| < 1+c

2
,

0, if 1+c
2
≤ |t1| ≤ 1.

Set Ac = {fc,n : n ≥ 2}. Observe that γC(P )(Ac) = c
2

and γC(P )(QAc) = c
2
. Let

u > 0. Then

Pufn(t) =


0, if |t1| < 1+c

2
,

u(|t1| − 1+c
2

), if 1+c
2
≤ |t1| < 3+c

4
,

−u(|t1| − 1), if 3+c
4
≤ |t1| ≤ 1,

and ‖Pufn‖ = u1−c
4

. If c ≤ u
u+4

we have ‖Qfn + Pufn‖ = max
{
c, u1−c

4

}
=

u1−c
4

. Then

γC(P )(RuAc) =
4

u(1− c)
γC(P )(QAc) =

4

u(1− c)
γC(P )(Ac). (3.8)

If u > 4, by (3.5) we have γC(P )
(Ru) ≥ 4

u
. Suppose γC(P )

(Ru) = 4
u

+ σ with
σ > 0. Fix c such that 4

u(1−c) <
4
u

+ σ. Then using (3.8)

γC(P )(RuAc) =
4

u(1− c)
γC(P )(Ac)

< (
4

u
+ σ)γC(P )(Ac) ≤ γC(P )(RuAc)

which yields to a contradiction. So that

γC(P )
(Ru) =

4

u
. (3.9)

If u ≤ 4, by (3.6) we have
γC(P )

(Ru) ≥ 1.
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Suppose γC(P )(K)
(Ru) = 1 + σ with σ > 0. Fix c such that 2

u(1−c) < 1 + σ, then

γC(P )(K)(RuAc) =
2

u(1− c)
γC(P )(K)(Ac)

< (1 + σ)γC(P )(Ac) ≤ γC(P )(RuAc),

which is a contradiction so that

γC(P )
(Ru) = 1. (3.10)
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