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*%'+ $%#,C)> ?%) 7+) "6 # 6"!<7&#*'", E#&'- 6"! C),)!'$ $!"++ +)$*'",+1 *%#*

!)6)!+ #&& *%) E#!'#8&)+ *" *%) +#<) #G'+ #,- B%'$% '+ #8&) *" -)*)$* )E),A

*7#& $"7 &',C 8)*B)), *"!+'",#& #,- +%)#! B#! ',C1 '+ # 67!*%)! #-E#,*#C)

)+ )$'#&&: ', *%) C)"<)*!'$#&&: ,",&',)#! $#+) ./21 M4>



 !"#$%& '

 !" #"$%& %''()%*!

 ! "#$ %$&'( '))*+',# -+ .$*/0$ -#$ 12 3+45-/+(

 ! "#$% %&'"$(! "#& )* %(+,"$(! $% -&%'.$/&- 0''(.-$!1 "( "#& 022.(0'# (3

 &40! 5678 9#(%& :0$! 0-;0!"01& '(!%$%"% $! $"% 1&!&.0+$"< 0% !( %$:2+$3<=

$!1 #<2("#&%$% (! "#& %".&%% >&+- 0.& $!".(-,'&-? @#$% 0++(9% 3(. $!%"0!'&

"( '(!%$-&. "#& 2.&%&!'& (3 -$A&.&!" >/&. :0"&.$0+% 0!- >/&. (.$&!"0"$(!%

9#$'# :0< '0,%& '(:2+&B 7C %".&%% %"0"&% D$!'+,-$!1 %$1!$>'0!" $!"&.+0:$=

!0. %".&%%&%E !(" 2.&%&!" $! "#& %"0!-0.- 3(.:,+0"$(!? F(. 0 .&;$&9 (3 "#&

)* 2.(/+&: 9& .&3&. 0+%( "( 56GH IJ8?

 ! ! "#$%&'&()#&$*

K&" ,% '(!%$-&. 0 '<+$!-&. ('',2<$!1 0 .&3&.&!'& '(!>1,.0"$(! B (3 +&!1"# ℓ

'(!>!&- /< "#& +0"&.0+ /(,!-0.< D"#& %( '0++&-  !"#$%E -&!("&- /< ∂B 0!-

"9( "&.:$!0+ /0%&% Ω0 0!- Ωℓ (! 9#$'# "#& &B"&.!0+ 3(.'&% 0.& 022+$&-?

@#& '<+$!-&. $% .&3&..&- "( 0 L0."&%$0! 3.0:& (O, s, x2, x3) 9$"# ,!$" ;&'=

"(.% {e1, e2, e3} 0!- e1 0+$1!&- 9$"# "#& '<+$!-&. 0B$%?  ! "#$% %<%"&:H %&&

F$1,.& 6?6H 9& -&!("& 9$"# X "#& 2(%$"$(! (3 0 2($!" P

X =X0 + x 9$"#







X0 = se1

x = xαeα

9#&.& X0 .&2.&%&!"% "#& 2(%$"$(! (3 P 9$"# .&%2&'" "( "#& /&0: 0B$%H s $%

0! 0/%'$%%0 9#$'# $-&!"$>&% "#& 1&!&.$' '.(%%=%&'"$(! Ω[s] (3 "#& /&0: 0!- x

$% "#& 2(%$"$(! (3 P $!%$-& Ω[s]? F$!0++< 9& #0;& 0%%,:&- "#& '(!;&!"$(! (3

%,::$!1 (! .&2&0"&- $!-&B&% 3(. "#& M.&&N +&""&. α "#0" 1(&% 3.(: 2 "( 3?

O
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x1 x2

x3

x3

x

ΩℓΩ0

B

s

X0

X

Ω

∂B
[0 n2 n3]

T

 !"#$% &'&( !"# $%&'()*'$ +,&')-

.),/0'(1 2 3,'1"04&'5# 620*'7 (,020',(8 0"# +0*2'( $,6/,(#(0+ 9'&& :#

$,&&#$0#) '( ;#$0,* ε 2+

ε =

[

e

g

]

<=-=2>

9"#*# e = {ǫ11, γ12, γ13} $,&&#$0+ 0"# 0#*6+ ,? 0"# +02()2*) @3 ?,*6A&20',(8

9"'&# g = {ǫ22, ǫ33, γ23}-

B(0*,)A$'(1 0"# )'+/&2$#6#(0 ;#$0,* u = ukek8 0"# +0*2'(+4)'+/&2$#6#(0+

*#&20',(+ ,? 0"# CD $,(0'(AA6 $2( :# #7/*#++#) '( 0"# ?,&&,9'(1 ?,*6

ε =Du+ Su,s <=-=:>

9"#*#

D =



































0 0 0
∂

∂x2
0 0

∂

∂x3
0 0

0
∂

∂x2
0

0 0
∂

∂x3

0
∂

∂x3

∂

∂x2



































, S =























1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0























EF- <=-=:> 2&&,9+ 0, #7/*#++ $,(0*':A0',(+ '( e 2() g +#/2*20#&% 2+

e =Deu+ u,s , g =Dgu, <=-=$>

,/#*20,*+ De 2() Dg :#'(1 '6/&'$'0&% )#G(#) 2+ :&,$5+ ,? D-

H'0" 0"# +26# (,020',( A+#) '( EF-<=-=2>8 +0*#++#+ $2( $,&&#$0#) '( ;#$0,*

σ =

[

s

r

]

<=-=)>



 !"#$%& ' ( )!% *%+", "##&-".!  

!"#$# s = {σ11, σ12, σ13} %&' r = {σ22, σ33, σ23}(

)"# #*+,-,.$,+/ #*+%0,1&2 %$#

DTσ + STσ,s= 0 1& B

Nσ = 0 1& ∂B
34(4#5

!"#$# ,&0$1'+6,&7 0"# &1$/%- +&,0%$8 9#601$ 01 0"# /%&0#- n = {0, n2, n3}

N =









0 n2 n3 0 0 0

0 0 0 n2 0 n3

0 0 0 0 n3 n2









:,&%--8 61&20,0+0,9# #*+%0,1&2 %$#

σ = Cε 34(4;5

!",6" ,& 0"# 20%&'%$' 6%2# 1; ,210$1<,6 /%0#$,%- .#61/# ;1$ ,&20%&6#























σ11

σ22

σ33

σ23

σ31

σ12























=























2µ+ λ 0 0 λ λ 0

0 µ 0 0 0 0

0 0 µ 0 0 0

λ 0 0 2µ+ λ λ 0

λ 0 0 λ 2µ+ λ 0

0 0 0 0 0 µ













































ε11

γ12

γ13

ε22

ε33

γ23























34(475

!"#$# µ %&' λ %$# 0"# =%/> 61&20%&02 '#?&#' %2

λ =
νE

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)

 ! !" #$% &%'%()*+,%- ./ 01*23+1'

:1--1!,&7 @#A%& 0"# ',2<-%6#/#&0 ?#-' u[X] ,2 1.0%,&#' ;1$ 0"# 6%2# 1; #BC

0#&2,1&D .#&',&7 %&' 01$2,1& .8 ,&0#7$%0,&7 %-1&7 s % <%$0,6+-%$ $,7,' ',2C

<-%6#/#&0 ?#-'D !",-# 0"# 21-+0,1& '+# 01 2"#%$2 6%& .# 1.0%,&#' .8 % &#!

,&0#7$%0,1& 1; 0"# ',2<-%6#/#&0 ?#-' 21 1.0%,&#' !"#& 0"# 61&0$,.+0,1&2 '+#

01 #B0#&2,1& %&' 01$2,1& %$# E#$1#'(

@& <%$0,6+-%$D 0"# ,&,0,%- $,7,' /10,1& 61&2,'#$#' ,2

u,s= α+ β ∧X 34(F%5
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!"#$ α % β &"'(%) #$*+,-$ #$% .+')"#"+'/

α =









aE

0

0









, β =









aT

aF3

−aF2









012 342567 .+'8%'"%'#&9 .6' :% *%!*"##%' "' #$% ;+*<

u,s= aEu0E + aTu0T + aF2
(s u0F2

+ u1F2
) + aF3

(s u0F3
+ u1F3

) 3425:7

!$%*%

u0E =









1

0

0









, u0F2
= −









0

1

0









, u0F3
= −









0

0

1









, u0T =









0

−x3

x2









6')

u1F2
=









x2

0

0









, u1F3
=









x3

0

0









=+#% #$6# 8%.#+*/ <,&#">&9"'- .+%?."%'#/ aβ *%>*%/%'# 6 *"-") /%.#"+' <+#"+'2

@$% A*/# "'#%-*6#"+' !"#$ *%/>%.# #+ s -"8%/

u1 = aE(su0E + u1E)

+ aT (su0T + u1T )

+ aF2
(
1

2
s2u0F2

+ su1F2
+ u2F2

)

+ aF3
(
1

2
s2u0F3

+ su1F3
+ u2F3

)

3425.7

!$"&% #$% /%.+') "'#%-*6#"+' ;,*'"/$%/ #$% #%*</

u2 = aS2
(
1

6
s3u0F2

+
1

2
s2u1F2

+ su2F2
+ u3F2

)

+ aS3
(
1

6
s3u0F3

+
1

2
s2u1F3

+ su2F3
+ u3F3

)

3425)7
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!" #$% &'() *"+, *"+ #$% -./0)(1%,%'# &%)- ./

u = aE(su0E + u1E)

+ aT (su0T + u1T )

+ aF2
(
1

2
s2u0F2

+ su1F2
+ u2F2

)

+ aF3
(
1

2
s2u0F3

+ su1F3
+ u2F3

)

+ aS2
(
1

6
s3u0F2

+
1

2
s2u1F2

+ su2F2
+ u3F2

)

+ aS3
(
1

6
s3u0F3

+
1

2
s2u1F3

+ su2F3
+ u3F3

)

2345%6

7$% 6 1"'#+.89#."'/

u1E , u1T , u2F2
, u2F3

, u3F2
, u3F3

-%0%'- "'): "' x ('- (00%(+ -9% #" .'#%;+(#."'/ <.#$ +%/0%1# #" s4

7$%: +%0+%/%'# #$% .'=0)('% ('- "9#="*=0)('% <(+0.'; *9'1#."'/ ('- 1('

8% %>()9(#%- 8: ,%('/ "* #$% %?9.).8+.9, %?9(#."'/ 2343%6 "'1% #$% /#+(.'

ε $(/ 8%%' "8#(.'%- *+", #$% 1",0(#.8.).#: 1"'-.#."' 234386 ('- #$% /#+%//

σ *+", #$% %)(/#.1 1"'/#.#9#.>% )(</ 2343*6

@9% #" #$% *"+, (//9,%- *"+ uA /%% B?/4 2345%6A #$% %?9.).8+.9, 1"'-.#."'

2343%6 *9+'./$%/ ( /%+.%/ "* ;%'%+().C%- 0)('% 0+"8)%,/ -%&'%- "' #$% 8%(,

/%1#."' -",(.' Ω[s] <$.1$ ())"< #$% %>()9(#."' "* #$% 18 1",0"'%'#/ "* #$%

;%'%+().C%- <(+0.'; *9'1#."'/ 2/%% D3EFA /%1#."'/ G45HG4G64 7$% /.I 1"'/#('#/

aβ (+% &'()): %>()9(#%- .' #%+,/ "* #$% 8%(, /%1#."' +%/9)#('# *"+1% N [s]

('- ,",%'# M [s] /" -%&'%-

N [s] =

∫

Ω
s dA , M [s] =

∫

Ω
x ∧ s dA. 234E6

<$%+% s = STσ ./ #$% #+(1#."' "' #$% /%1#."' <.#$ 0"/.#.>% '"+,() e14

@%'"#.'; (/W x #$% /0.' #%'/"+ (//"1.(#%- #" >%1#"+ x ('- +%1()).'; #$(#

*"+ .#/ -%&'.#."' x ∧ s = W xsA #$% )(##%+ "* 234E6 1(' 8% +%<+.##%' ()/" (/

*"))"</J

M [s] =

∫

Ω
W xs dA

7$% *"+,9)(#."' 0+%/%'#%- -"%/ '"# .'>")>% (': ( 0+."+. (//9,0#."' ('-

1"9)- ()/" 8% (00).%- #" '"'=$",";%'%"9/ ('- '"'=./"#+"0.1 ,(#%+.()/ <$%+%

#$% 0$:/.1() .'#9.#."' "* #$% /%,.H.'>%+/% ,%#$"-A 9/%- .' #$% /#('-(+-
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!"#$%&'$() (* '+" ,- .(/0'$()1 $. !$230/' '( &44/56 7+" .(/0'$() $. !"8)"!

&4&#' *#(9 & ."/* ":0$/$;#&'"! .'#".. .'&'" <+$3+ !"4")!. () '+" "=&3' *(#3"

!$.'#$;0'$() () '+" ")! ;&.".6



 !"#$%& '

 !"#$%&%'()#*%' +,-".'%)#,& +,-

/!%"$'#0! 1)-.*).-!1

 !" # $%&' ()(*+,'-(* ./0&1*(,'/) ./0 2%(&3*'4% $,01-3

,10%$

 ! "#$% &#'(")* ' %)+$ '!',-"$&', ./*+0,'"$/! ,$1) "#'" (*/(/%)2 $! 3456 476 589

$% 0%)2 "/ 2)*$:) ' &/!:)!$)!" 2)%&*$("$/! /. %,)!2)* %"*0&"0*)% $! ")*+% /.

"#)$* ';$', 2$+)!%$/! <$"#/0" ,//%$!= "#) >'%$& "#*)) 2$+)!%$/!',$"- /. "#)

(*/>,)+ '% $! "#) %"'!2'*2 ?@ %/,0"$/!A

B >)'+ 2)%&*$("$/! %0$"'>,) "/ '!',-C) "#) ,'*=)%" =)!)*',$"- /. &*/%%D

%)&"$/!% $! ")*+% /. >/"# &/+(/%$"$/! '!2 %#'() &'! >) %/ *)&/:)*)26 '% $"

$% (/")!"$',,- (/%%$>,) "/ &/!%$2)* "#*)) 2$+)!%$/!', %"'")% /. %"*)%% 20) "/

'!$%/"*/(- '!2 0!#/+/=)!)$"- /. "#) +'")*$',% '% <),, '% )!2D)E)&"% '% ./*

);'+(,) "#) @,'%/: !/!0!$./*+ <'*($!= /* ,/&', 2)./*+'"$/! +/2)% /. "#)

&*/%%D%)&"$/!%A

F#) >'%$& $2)' /. "#) ./*+0,'"$/! $% />"'$! "#) )G0$,$>*$0+ >)'+ )G0'D

"$/!% );(,/$"$!= "#) :$*"0', </*1% (*$!&$(,) <#)*) ' %)('*'"$/! /. "#) 2)*$:'D

"$:)% <$"# *)%()&" "/ "#) ';$', &//*2$!'") .*/+ "#) /"#)* /!)% $% $!"*/20&)2

<#)! );(*)%%$!= "#) %"*'$!D2$%(,'&)+)!" *),'"$/!%A H. ' +'"#)+'"$&', (/$!"

/. :$)< "#$% ',,/<% "/ %)('*'") "#) %/,0"$/! ',/!= "#) >)'+ ';$% <#$&# $%

./0!2 $! ' &,/%)2 ./*+ .*/+ "#) "#) &*/%%D%)&"$/! <#)*) ' (*/()* IJK 2$%D

&*)"$C'"$/! $% *)G0$*)2A F#$% ,)2% "/ %)'*&# "#) )$=)!%/,0"$/!% /. ' +'"*$;

(/,-!/+$', <#)! 2)%&*$>$!= "#) )!2D)E)&"%6 <#$,) $" *)%0,"% G0$") )'%- "/

4L



 !"#$%& ' ( )%*+ ","-.$+/"- 01&*2-"$+1, 01& 3%"*(-+4% 5$&2/$2&%5   

!"#$ %!$ &'()%*'+ ,"- ,-'. %!$ $+/01"&$& /$&2-*1$/ 13 " &$% ', (*+$"- "(4$0

1-"*2 $5)"%*'+&6 7% *& $"&3 %' &!'8 "& %!*& 2$+%-"( &'()%*'+ *& $5)*#"($+% %'

%!"% ', %!$ 4$+$-"(*9$/ :; <-'1($. "& ,'-.)("%$/ 13 7$="+ "+/ /$&2-*1$/ *+

%!$ <-$#*')& 2!"<%$-6

 ! "#$%&'()*#+ #, )-. /0 1$#2'.%

>$% 2'+&*/$- %!$ &".$ 23(*+/$- *+ ?4)-$  6 -$,$--$/ %' %!$ -$2%"+4)("- @"-%$0

&*"+ 2''-/*+"%$& &3&%$. (O, s, x2, x3) 8*%! )+*% #$2%'-& (e1, e2, e3) *+/*2"%$/6

A& *+  6 e1 -)+& "('+4 %!$ 1$". "B*&C 8!*($ 2-'&&0&$2%*'+& "-$ ("*/ *+ %!$

x2 − x3 <("+$6 D*+"((3 $B%$-+"( ,'-2$& "-$ "<<(*$/ '+(3 '+ %!$ $+/ 1"&$&6

E!$ %$-.& *+ %!$ #*-%)"( 8'-F $5)"%*'+

δLi − δLe = 0 GH6 "I

2"+ 1$ $B<-$&&$/ "& ,'(('8& ,'- %!$ <'-%*'+ ', %!$ 1$". 1$%8$$+ 2 &$2%*'+&

"% %!$ *+?+*%$&*."( /*&%"+2$ ds *+ "1&$+2$ ', 1'/3 ,'-2$&

δLi =

∫

Ω
δεTσdAds, δLe =

∫

Ω

(

δuT [s,x]s[s,x] + δuT [s+ ds,x]s[s+ ds,x]
)

dA

GH6 1I

s[s] 1$*+4 %!$ %-"2%*'+& '+ %!$ %8' &$2%*'+& s+ ds "+/ s ', +'-."( ±e1

-$&<$2%*#$(3 8!*2! 2"+ 1$ $#"()"%$/ "&

s = ±STσ GH6 2I

A E"3('- $B<"+%*'+ ', u "+/ σ "1')% s = 0 4*#$&

Le =

∫

Ω

(

δu,Ts [s,x]STσ[s,x] + δuT [s,x]STσ,s [s,x]
)

dAds GH6 /I

JB<('*%*+4 $56 G 6 1IC %!$ *+%$-+"( 8'-F *+ GH6 1I 1$2'.$&

Li =

∫

Ω
(δuTDTσ + δu,Ts S

Tσ)dA ds GH6 $I

:)1&%*%)%*+4 J5&6 GH6 /I "+/ GH6 $IC J56 GH6 "I 1$2'.$&

∫

Ω
(δuTDTσ − δuTSTσ,s )dAds = 0 GH6 ,I

JB<-$&&*+4 %!$ &%-$&&$& σ %!-')4! $56 G 6 ,I *+ %$-.& ', %!$ &%-"*+& εC

J56 GH6 ,I 1$2'.$&

∫

Ω

{

δuTDTCDu+ δuT (DTCSu,s−S
TCD)u,s−δu

TSTCSu,ss
}

dA = 0

GH6 4I



 !"#$%& ' ( )%*+ ","-.$+/"- 01&*2-"$+1, 01& 3%"*(-+4% 5$&2/$2&%5  !

 !" #$%&'($) $* '+, "- ./$0%,1

"# $%&'% ($ )$*+' ,-. /!. 01 2 3%$3'% 4#('%3$*2(4$# $5 (6' &4)3*27'8'#( 9'*&

u 4) 4#(%$&:7'& (62( 72# ;' '<3%'))'& 4# 2 )=8;$*47 5$%82( 2)

u[s, x] = Φ[x]q[s] /!.!21

Φ[x] ;'4#0 (6' 4#('%3$*2(4$# $3'%2($% 4# (6' 7%$))>)'7(4$# &$824# 2#& q[s]

(6' #$&2* +2*:') $5 (6' :#?#$@#) )(4** &'3'#&'#( $# s.

"#(%$&:74#0 82(%4<

Ψ[x] =DΦ[x] /!.!;1

7$**'7(4#0 (6' &'%4+2(4+') $5 (6' )623' 5:#7(4$#) 4# Φ[x]A ,-. /!. 51 72#

;' %'@%4(('# 2)

Mq[s],ss−Wq[s],s−Kq[s] = 0 /!.!71

@6'%' (6' ('%8)

M =

∫

Ω
Φ
TSTCSΦ dA, W = E −ET , K =

∫

Ω
Ψ
TCΨ dA,

E =

∫

Ω
Ψ
TCSΦ dA

/!.!&1

72# ;' 72*7:*2('& ;= 2 )(2#&2%& B,C 2))'8;*20' $#7' 2 *$72* 4#('%3$*2(4$#

5$% u 4) &'9#'& $+'% 2 0'#'%47 '*'8'#(A &:' ($ (6' 2&&4(4+4(= $5 4#('0%2*).

"( 4) 3$));*' ($ %'@%4(' ,-. /!.!71 ($ 2 )=)('8 $5 9%)( $%&'% &4D'%'#(42*

'-:2(4$#) 2)

[

M 0

0 I

][

q,ss

q,s

]

=

[

W K

I 0

][

q,s

q

]

/!.E21

F$A 4#(%$&:74#0

d =

[

q,s

q

]

, Ω =

[

M 0

0 I

]

, Γ =

[

W K

I 0

]

,-. /!.E21 4)

Ωd,s= Γd /!.E;1

@6'%' Ω 4) 2 )=88'(%47 2#& 3$)4+' &'9#'& 82(%4<.

G6' )=)('8 4# /!.E;1 72# ;' )$*+'& ;= :)4#0 (6' (%2#)5$%82(4$# 4# (6' H$%>

&2# 72#$#472* 5$%8 $5 (6' 82(%4<Ω
−1
Γ. I) )6$@# ;= C4'*?' J KLA (6' H$%&2#

82(%4< J $5 (6' )=)('8 /!.E;1 4) 762%27('%4M'& ;= ! 4×4 #$#>&420$#2* ;*$7?)
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"#$$%&'#()*(+ ,# ,-% &#./,*#( 0#$ 1%()*(+& 2() &-%2$&3 4 2× 2 (#(5)*2+#(2.

1.#"6& .*(6%) ,# %7,%(&*#( 2() ,#$&*#( 2.. 2&&#"*2,%) ,# (/.. %*+%(82./%& *(

J 2() 19 2 )*2+#(2. '2$, 2&&#"*2,%) ,# (#(5(/.. %*+%(82./%& :&%% ;*+< 4< =

>-#&% %*+%(8%",#$& $%'$%&%(, %()5%?%",&<

0 0 0 0 0 0 0 0 0 0

1 1 1
1 1 1

1

λ1
λ2

λn

0 01

0

bending

bending

torsion
axial

exponential solutions

 !"#$% &'() @-2$2",%$*&,*" '2,,%$( #0 ,-% A#$)2( 0#$B #0 ,-% &9&,%B<

C-% &#./,*#( #0 ,-% &9&,%B :4<!1= *& ,-%( "#(&,*,/,%) 19 '#.9(#B*2. "#(5

,$*1/,*#(& >-*"- '$#'2+2,% /()*&,/$1%) 2.#(+ ,-% 1%2B 2() %7'#(%(,*2. #(%&

,-2, )%"29 B#8*(+ 2>29 0$#B ,-% D$&, #$ ,-% %() 12&*& $%&'%",*8%.9< E*+%(82.5

/%& $%'$%&%(, ,-% "-2$2",%$*&,*" )%"29 .%(+-, #0 ,-% +%(%$2.*F%) %*+%(8%",#$&

2&&#"*2,%) &# )%0#$B2,*8% B#)%& .*(6%) ,# ,-% &B2..%&, :'#&*,*8% #$ (%+2,*8%=

82./%& #0 ,-%B 2$% B#$% *B'#$,2(, 2() >*.. 1% *("./)%) *( ,-% +%(%$2. 1%2B

B#)%. ,-2, >*.. 1% )%$*8%) *( ,-% 0#..#>*(+ "-2',%$<

G/% ,# ,-% &,$/",/$% #0 J %7,%(&*#( 2() ,#$&*#( &-#/.) 1% )%&"$*1%) 19

,># +%(%$2.*F%) %*+%(8%",#$&3 >-*.% ,-% '2$, #0 ,-% &#./,*#( .*(6%) ,# &-%2$&

2() 1%()*(+& *& )%&"$*1%) *( ,%$B& #0 4 + 4 +%(%$2.*F%) %*+%(8%",#$&<

H$2",*"2..9 ,-% "%(,$2. &#./,*#( )/% ,# 1%()*(+& 2() &-%2$& "2( 1% %75

'$%&&%) *( ,-% 0#$B

qα[s] =
[

q0α q1α q2α q3α

]

















1 s
1

2
s2

1

6
s3

0 1 s
1

2
s2

0 0 1 s

0 0 0 1
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"#$%$ α = F2 &% F3' "#()$ (*+%&,-.(*/ β = E &% T "$ #01$

qβ [s] =
[

q0β q1β

]

[

1 s

0 1

][

a0β

a1β

]

234!56

7&% $8+$*9(&* 0*, +&%9(&*4

:$*$%0)(;$, $(/$*1$.+&%9 .&%%$9<&*,(*/ +& +#$ 12 *-)) $(/$*10)-$9 &7 J

.0* 5$ .0).-)0+$, (*+%&,-.(*/ 0 /$*$%0+&% 1$.+&% d0 k 7&% ,(=$%$*+ >&%,0*

.#0(*9 k 7%&?

Γd0 k = 0 234@06

0*, +#$* 9-59$A-$*+ 1$.+&%9 di k 7%&?

Γdi k = Ωd(i−1) k. 234@56

B$+ .&*9(,$% 7&% (*9+0*+ 0 9&)-+(&* qk = q0 k .&*9+0*+ "(+# s4 C* +#(9 .09$

d0 k =

[

0

q0 k

]

4 D-59+(+-+(*/ +#$ 099-?$, 9&)-+(&* (* EA94 234@06 "$ &5+0(*

Kq0 k = 0 234@.6

"#(.# ?$0*9 +#0+ /$*$%0+&% 1$.+&%9 .0* 5$ &5+0(*$, 09 +#$ ,(%$.+(&* &7 9(*F

/-)0%(+G &7K 9& +#$ %(/(, +%0*9)0+(&*9 0*, +#$ %&+0+(&* 05&-+ +#$ 5$0? 08(9'

0)) .&*9+0*+ "(+# s' .0* 5$ .&*9(,$%$,4 H%&? *&" &* "$ "()) ,$*&+$ 09 q0E

0*, q0T +#$ *&,0) 1$.+&%9 ,$.%(5(*/ 0 %(/(, ,(9<)0.$?$*+ &7 +#$ 5$0? 0)&*/

x1 0 %&+0+(&* 05&-+ (+' "#()$ q0F2
0*, q0F3

"()) %$<%$9$*+ +#$ )0+$%0) ,(9<)0.$F

?$*+9 0)&*/ x2 0*, x34 D+0%+(*/ 7%&? $0.# &7 +#$ 5&,G ?&+(&*9 (*+%&,-.$,

0 9$+ &7 4 >&%,0* .#0(*9 .0* 5$ /$*$%0+$,4

C+ (9 $09G +& ,$?&*9+%0+$ +#0+ 0 9$+ &7 1$.+&% q1 k ... q3 k .0).-)0+$, 09

(* EA94 234I6 0%$ +#$ +$%?9 &7 0 >&%,0* .#0(* "#&9$ )$0, 1$.+&% (9 d0 k

0*, +#$ &+#$% +$%?9 0%$ di k =

[

q(i−1) k

qi k

]

"(+# i = 1 7&% $8+$*9(&* 0*,

+&%9(&* 2k = E &%T 6 "#()$ (+ /&$9 7%&? 1 +& 3 7&% +#$ 5$*,(/ .&*+%(5-+(&*9

2k = F2 &%F364















Kq1 k = −Wq0 k

Kq2 k =Mq0 k −Wq1 k

Kq3 k =Mq1 k −Wq2 k

234I6
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 !"!# $%&'(') *+ ,-% )%'%.&/(0%1 %()%'2%3,*.4

"#$% &'%()* )+, &'%(-* .)+ -/ /01)+,/, )$ 234435$

qα = a0αq0α

+ a1α(sq0α + q1α)

+ a2α(
1

2
s2q0α + sq1α + q2α)

+ a3α(
1

6
s3q0α +

1

2
s2q1α + sq2α + q3α),

qβ = a0βq0β

+ a1β(sq0β + q1β)

&'%6*

57/8/ ) .4/)8 $9:94)89;< 59;7 ;7/ ,9$14)./:/+; =/4, )$$>:/, -< ?/@)+ 9+

"#$% & %'/* .)+ -/ $//+% A 1)8; 283: ;7/ B"C ,9$.8/;9D);93+ 32 ;7/ $3E

4>;93+ 3F/8 ;7/ .83$$E$/.;93+G "#$% &'%6* )+, & %'/* ,9H/8 238 ) 89I9, -3,<

:3;93+ 8/18/$/+;/, -< ;7/ ;/8:$ a0αq0α )+, a0βq0β 59;7 α = F2 )+, F3

)+, β = E )+, T 579.7 7)F/ ;7/ .4/)8 :/)+9+I )48/),< ,9$.>$$/,G 5794/

;/8:$ a1α(q0αs + q1α) 8/18/$/+; ) 89I9, 83;);93+$ )-3>; )0/$ x3 )+, x2 8/E

$1/.;9F/4< )$ F/.;38$ q1F2
)+, q1F3

283: ) .3:1)89$3+ 59;7 .3+;89->;93+$

u1F2
= {x2, 0, 0} )+, u1F3

= {x3, 0, 0} 9+ "#% & %'/* )8/ ) 83;);93+ 32 ;7/

.83$$E$/.;93+%

 !"! 5*/2&6(/(,7 *+ ,-% 3-&('4

J/; 9+;83,>./ +35 ;7/ I/+/8)49D/, ;/+$93+$ F/.;38 η ,/=+/, -< ;7/ /#>9F)E

4/+./

δqTη =

∫

Ω
δuT t = δqTETq + δqTMq,s . &'%K*

A44 .3+$;)+; F/.;38$ q = q0 j )8/ .7)8).;/89D/, -< +>44 $;8/$$/$ )+, +>44

I/+/8)49D/, ;/+$93+$ η 579.7 9:14</$

ETq0 j = 0 &'%L*

M9:94)8< 238 ;7/ ;53 89I9, :3;93+ ,/=+/, -< ;7/ 49+/)8 $34>;93+$ q =

q0αs+ q1α 5/ 7)F/ ;7/ 2>8;7/8 .3+,9;93+

ETq1α +Mq0α = 0 &'% N*
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"#$% &'()* +, +- .$--+/01 ,$ -2$3 ,24, ,21 #+52,61786-+81 ,1#% +7 ,21 9#-,

$: ;<( &'(!* 24- 7$ =$%.$717,- 40$75 ,21 8+#1=,+$7- q0 j $: -+75>04#+,? :$#

K( @1=400+75 ,21 8197,+,+$7 $: ,21 $.1#4,$# W +7 ;<( &'('8* 31 24A1

qT0 jWq0 k = q
T
0 kE

Tq0 j − q
T
0 jE

Tq0 k &'(  4*

"#$% ;<-( &'()* 478 &'( B* +, +- 40-$ -?%.0? ,$ -2$3 ,24,

qT0 j(Mq0α −Wq1α) = 0. &'(  /*

C034?- :#$% &'('8*D ;<( &'(  /* /1=$%1-

qT0 j(Mq0α +ETq1α)− q
T
1αE

Tq0 j = 0 &'(  =*

E+,2 #1-.1=, ,$ ,21 04-, $: &'(!* +, +- .$--+/01 ,$ 81%$7-,#4,1 ,21 $#,2$56

$740+,? /1,3117 ,21 F7$37 ,1#% 478 ,21 $70? 8+#1=,+$7- q0α(

E1 24A1

qT0 j(Mq1α −Wq2α) = q
T
0 jMq1α − q

T
1 jKq2α &'(  8*

#1=400+75 ,21 9#-, $: &'(!*(

G>/-,+,>,+75 ,21 -1=$78 ;<( +7 &'(!*D ;<( &'(  8* /1=$%1-

qT0 j(Mq1α −Wq2α) = q
T
0 jMq1α − q

T
1 j(Mq0α −Wq1α) &'(  1*

32+=2 1H.#1--+75 W +7 ,1#%- $: E 478 ET
&-11 ;<( &'('8** 478 #1=400+75

;<( &'( B* :>#7+-21-

qT0 j(Mq1α −Wq2α) = q
T
1α(Mq0 j +E

Tq1, j) &'(  :*

,24, =014#0? +- I1#$ $70? 3217 j = α(

 !" #$%&'( )(*%+,

J1,,+75

Lε[x] =
[

SΦ[x], Ψ[x]
]

-,#4+7- =47 /1 3#+,,17 4- ε = Lǫ[x]d[s] 478 ,21 -,#4+7 171#5? 817-+,? /1=$%1-

Φ =
1

2

∫

Ω
εTCεdA =

1

2
dTCdd &'( '*
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"#$%$

Cd =

∫

Ω
LTε CLε dA =

[

M ET

E K

]

&'% ('") '(*+ ,#$ ,$%-. /0$ ,' ,#$ 1$(,%2* .'*0,3'( '4 567 897:;< 2%$

1'(.3/$%$/7

=#$ ,$%-. qk = a0 kq0 k 2(/ qα = a1α(q0αs + q1α) 2%$ %3>3/ -',3'(.7

?$1,'%.

dk = a0 k

[

0

q0 k

]

= d0 k 897 :2<

2(/

dα = a1α

[

q0α

q0αs+ q1α

]

= a1α(sd0α + d1α) 897 :;<

,#$%$4'%$ @%'/01$ (' .,%23( $($%>+ "#13# 3-@*+$.







Cdd0 k = 0 ∀k

Cd(sd0α + d1α) = 0⇒ Cdd1α = 0 α = F1, F2

897 :1<

A @2%, 4%'- ,#$ %3>3/ -',3'( 3( 897!<) $B,$(.3'( 2(/ ,'%.3'( "3** 1'(C

,%3;0,$ "3,# ,#$ /3.@*21$-$(,

qβ(s) = a1β
(

sq0β + q1β
)

897 D2<

'% 3( ,$%-. '4 E$1,'% d

dβ(s) = a1β

[

q0β

q1β + sq0β

]

= a1β(sd0β + d1β) 897 D;<

"#$%$) %$12**3(> 567 897 :1<) '(*+ ,$# ,$%- a1βd1β "3** ;$ 3(1*0/$/ ,' ,#$

.,%23( $($%>+7

&%'- 897!< "$ #2E$ 4'% ;$(/3(>

qα[s] = a3α

(

1

6
s3q0α +

1

2
s2q1α + sq2α + q3α

)

+ a2α

(

1

2
s2q0α + sq1α + q2α

)
897 F2<
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"#$ %&' dα[s]

dα[s] = a3α

[

1
2s

2q0α + sq1α + q2α
1
6s

3q0α + 1
2s

2q1α + sq2α + q3α

]

+ a2α

[

sq0α + q1α
1
2s

2q0α + sq1α + q2α

]

= a3α(
1

6
s3d0α +

1

2
s2d1α + sd2α + d3α)

+ a2α(
1

2
s2d0α + sd1α + d2α)

()* +,-

./". '01"223#4 567* 3# ()* 81- 43907 "7 &#2: 1&#.'3,;.3&#7

a3α(sd2α + d3α) + a2α(d2α)

<#.'&$;13#4 6;"#.3.307

Qd =
[

d1E d2F2
d2F3

d1T d3F2
d3F3

]

a =
[

aE aF2
aF3

aT aS2
aS3

]
()* =-

>3./















aE = a1E , aT = a1T ,

aF2
= a2F2

+ s a3F2
, aS2

= a3F2
,

aF3
= a2F3

+ s a3F3
, aS3

= a3F3
,

./0 ?&'0 1&?@"1. 0A@'0773&# &% d[s] 37 &,."3#0$

d[s] = Qda[s] ()* B-

C/0 7.'"3# 0#0'4: 3# ()* )- 37 ./0#

Φ =
1

2
d[s]TCdd[s] =

1

2
aTCaa ()* !-

>/0'0

Ca[s] = Q
T
dCdQd

D&$"2 "?@23.;$07 3# a 1"# ,0 0A@'0770$ 3# .0'?7 &% ./0 1'&77E701.3&# '07;2E

."#.7* C/0 1&#7.3.;.390 2">7 "22&> .& 09"2;".0 7.'07707 "7

σ = Lσ[x]d

>/0'0 Lσ[x] = CLε[x]* 567* ( *8- 4390 ./0#

N =

∫

Ω
{STLσdA}d, M =

∫

Ω
{W xS

TLσdA}d ()* F-
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"#$" %&"'()*+%&, tp = {N ,M} $&) -$"'%.

Lp =

[

∫

Ω S
TLσdA

∫

ΩW xS
TLσdA

]

=

[

∫

Ω S
TCSΦdA

∫

Ω S
TCΨdA

∫

ΩW xS
TCSΦdA

∫

ΩW xS
TCΨdA

]

+$& /0 '01'%""0& $2

tp = Lpd 345467

80+$99%&, 345 :/7 $&) 345 ;/7 $&) "#$" "#0 <(99(1%&, +(&)%"%(& #(9)2 1%"#

'02=0+" "( "#0 '%,%) =$'" (< "#0 -("%(& %& 345 >$7 $&) 345 >/7







Lpd0 k = 0 ∀k

Lp(sd0α + d1α) = 0⇒ Lpd1α = 0 α = F1, F2

3454 7

?0+"(' d +$& /0 0?$9*$"0) $2 %& 345 @7 $&) AB5 345467 /0+(-02

tp = Qaa, Qa = LpQd 345447

C%&$99DE %&"'()*+%&, Qt = Q
−1
a "#0 +(-=90-0&"$'D <('- (< "#0 2"'$%& 0&0',D

%& 345 F7 /0+(-02

ψ[s] =
1

2
tp[s]

THtp[s] 3454>7

1#0'0 H = QT
t CaQt %2 "#0 G0.%/%9%"D -$"'%. (< "#0 +'(22H20+"%(&5
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 !"#"$%&'(") *"%+ +,)"&

 !" # $%&%'()*+%, -*.%, /%(- -0,%)

 ! "#$% &#'(")* ' +)', ,-.)/ %0$"'+/) "- '!'/12) "#) /'*3)%" 3)!)*'/$"1 -4

&*-%%5%)&"$-!% $! ")*,% -4 +-"# &-,(-%$"$-! '!. %#'() $% (*-(-%).6 7#) +'%$&

$.)' $% "- *)0%) "#) &)!"*'/ %-/0"$-! -4 "#) 3)!)*'/$2). 89 (*-+/), .)%&*$+).

$! "#) (*):$-0% &#'(")* )!*$&#). ;$"# %-,) -4 "#) ,-.'/ %#'()% &-**)%(-!.5

$!3 "- "#) !-! !0// )$3)!:'/0)% -4 "#) (*-+/), <=6>+?@ $!.)()!.)!"/1 ',(/$A).

'/-!3 "#) +)', 'B$% "#*-03# :'*$'+/) ;'*($!3 .)%&*$("-*%6

C ,$B). '((*-'&# ;$// +) 4-//-;). ;$"# '! )%%)!"$'/ D$!),'"$&'/ .)%&*$(5

"$-! +'%). -! ' *$3$. %)&"$-! ,-"$-! '!. "#) '..$"$-!'/ $!5(/'!) -* -0"5-45

(/'!) ,-.'/ %#'()% -4 "#) &*-%% %)&"$-!@ ;#$/) "#) %"*)%% A)/. .0) "- +-"#

"#) &)!"*'/ %-/0"$-! '!. "#) '..$"$-!'/ &-!"*$+0"$-!% ;$// +) )B'&"/1 "'D)!

$!"- '&&-0!"6 E-;):)*@ "#$% $% %0F&$)!" "- *)&-:)* "#) )B'&" )B(*)%%$-! -4

"#) $!")*!'/ ;-*D $! ")*,% -4 3)!)*'/$2). G0'!"$"$)% '!. "#) &-%"$"0"$:) /';

+)";))! 3)!)*'/$2). %"*'$!% '!. %"*)%%)%6

 !1 23% ,*45)(6%-%&7 8%),

7#) .$%(/'&),)!" A)/. $% )B(*)%%). '%H

u[X] = u0[s] +ϕ[s] ∧ x+Aω[x]µ[s] <>6I?

;#)*) u0[s] '!. ϕ[s] '*) "#) ,)'! "*'!%/'"$-! '!. *-"'"$-! -4 "#) %)&"$-!@

;#$/) µ[s] 3$:) "#) :'*$'+$/$"1@ '/-!3 "#) +)', 'B$%@ -4 "#) ;'*($!3 :)&"-*%

=J
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ω̄i[x] = Φ[x]q̄ω i "#$$%"&%' () &*% +#',$ +,&-(. Aω ,/

Aω[x] =
[

ω̄1[x] ... ω̄n[x]
]

012 3

4,-5()6 +#'%/ ,-% )#-+,$(7%' ,""#-'()6 &# &*% 8#$$#9()6 "#)'(&(#)/:

∫

Ω
ω̄k[x] dA =

∫

Ω
W xω̄k[x] dA = 0 . 01213

&*,& (/ 9% /",$% &*% #-(6(),$ +#'%/ ωk ,/ 8#$$#9/

ω̄k[x] = ωk[x]− kk −W xck

9*%-% "#)/&,)&/ () kk ,)' () ck ,-% ",$";$,&%' 8-#+ <=2 0>2!?3 ,/ 8#$$#9/

[

AI
∫

ΩW x
∫

ΩW x

∫

ΩW xW x

][

kk

ck

]

=

[

∫

Ωωk
∫

ΩW xωk

]

@8 &*% #-(6() #8 &*% /A/&%+ O (/ %/&,B$(/*%' ,& &*% 6%#+%&-(",$ "%)&-#(' #8 &*%

"-#//C/%"&(#) ,)' ,.%/ x2 ,)' x3 "#()"('% 9(&* (&/ 5-()"(5,$ '(-%"&(#)/D 9%

*,E%

∫

ΩW x = 0 ,)'

∫

ΩW xW x = −'(,6[Jo, J22, J33] 9*%-% J33 =
∫

Ω x
2
2D

J22 =
∫

Ω x
2
3 ,)' Jo = J22 + J332

F-#+ &*% '(/5$,"%+%)&/ () 012!3D %.5$#(&()6 0!2!B3D &*% 8#$$#9()6 %.5-%/C

/(#) 8#- &*% /&-,()/ "#$$%"&%' () e ,)' g (/ #B&,()%'

e = εL[s] + χL[s] ∧ x+Aω[x]µ,s [s] +Deω[x]µ[s]

g =Dgω[x]µ[s]
012>3

@) <=2012>3 εL[s] ,)' χL[s] ,-% 6%)%-,$(7%' /&-,() 5,-,+%&%-/ /# '%G)%'

εL[s] = u0,s [s] + e1 ∧ϕ[s], χL[s] = ϕ,s [s] 012H3

9*($% Deω[x] =DeAω[x] ,)' Dgω[x] =DgAω[x]2

I*% B%,+ ()&%-),$ 9#-J (/

W [s] =

∫

ℓ

∫

Ω
σTε dAds =

∫

ℓ

∫

Ω

{

sTe+ rTg
}

dAds 012K3

&*,&D /;B/&(&;&()6 &*% /&-,() %.5-%//(#) #8 &*% <=/2012>3D B%"#+%/

W [s] =

∫

ℓ

{N [s] · εL[s] +M [s] · χL[s] +B[s] · µ,s [s] + T [s] · µ[s]} ds

012L3
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!"#$# %"# $#&'(%)*% +,$-# N [s] )*. /,/#*% M [s] )$# %"# &)/# ,+ 012 34256

!"7(# %"# 8#*#$)(79#. )-%7,*& .'# %, %"# *,*:'*7+,$/ !)$;7*8 72#2 %"# 0-(

121%+$ B[s] )*. %"# 0-(3!%"& T [s] )$# &, .#<*#.

B[s] =

∫

Ω
AT
ωs dA, T [s] =

∫

Ω

{

DT
eωs+D

T
gωr

}

dA
352=6

7*.#;#*.#*%(> ,* %"# &%$#&& .#&-$7;%7,*2 ?#-)((7*8 012 3424@6 !"7-" .#<*#&

,;#$)%,$& De )*. Dg %"# ()%%#$ ,+ 012 352=6 -)* @# $#!$7%%#* 7* ) /,$#

-,/;)-% +,$/)% )&

T [s] =

∫

Ω
DT
ωσ dA

")A7*8 7*%$,.'-#. Dω =DAω = Ψ[q̄ω 1 ... q̄ω n]2

 !"!#$ "%%&'(!#)*%

B%$#&&#& σ )$# 7*.#;#*.#*%(> .#&-$7@#. )& ) ;)$% .'# %, %"# -#*%$)( &,('%7,*

,+ 012 3 25@6 -)((#. #&-1"&4 3$&%33 )*. .#*,%#. )& σp )*. )* )..7%7,*)(

%#$/ σω .'# %, %"# !)$;7*8 /,.#& A)$7)@(# !7%" s )..#. %, %"7& &,('%7,*

)*. -)((#. 3%52+/"&4 3$&%33

σ = σp + σω 352C6

D* ;)$%7-'()$ %"# +,((,!7*8 .7&%$7@'%7,* ,* %"# &#-%7,* 7& ).,;%#.

σ = Lσ[x]d[s] = Lσ[x](Qpap[s] +Qωaω[s]) 3524E6

!"#$# ap[s] = {a1 ... a6} )*. aω[s] = {aω 1 ... aω n, aω (n+1) ... aω (n+n)} )$#

8#*#$)(79#. &%$)7* ;)$)/#%#$& %, @# .#<*#. '&7*8 01&2 34256 )*. 352=6F !"7(#

/,.)( /)%$7-#& Qp )*. Qω -,((#-% %"# /,.#& .'# %, %"# -#*%$)( &,('%7,*

3 24G6 )*. %"# -,*%$7@'%7,*& .'# %, %"# !)$;7*8 #78#*A#-%,$&2 H"# ()%%#$ 7&

.#<*#. )& +,((,!&

Qω =
[

dω 1 ... dω n,dω (n+1) ... dω (n+n)

]

352446

!7%"

dω i =

[

q̄ω i

0

]

, dω (n+i) =

[

0

q̄ω i

]

H"# .#<*7%7,* ,+ %"# $#&'(%)*% +,$-# )*. /,/#*% N )*. M (#.& %, 012

3 24C6 ,*-# /,$#F !"7(# !7%" $#&;#-% %, %"# @7:/,/#*% B )*. %"# @7:&"#)$

T 7* 012 352=6 !# ,@%)7*

B =

∫

Ω
{AT

ωS
TLσdA}d, T =

∫

Ω
{DT

ωLσdA}d 3524 6



 !"#$%& ' ( ) *%+%&",-.%/ 0%"1 12/%,  !

"# $%&'#()*$%+ t = {tp, tω}, -./'/ tω = {B, T } *#00/*&1 &./ 2*&$#%1 ()/ &#

-2'3$%+ 4#(/1, 2%( 42&'$5

Lω =

[

∫

ΩA
T
ωS

TLσdA
∫

ΩD
T
ωLσdA

]

=

[

∫

ΩA
T
ωS

TCSΦdA
∫

ΩA
T
ωS

TCΨdA
∫

ΩD
T
ωCSΦdA

∫

ΩD
T
ωCΨdA

]

$& $1 3#11$60/ &# -'$&/

t = Ld 7!89!:

-./'/

L =

[

Lp

Lω

]

;'#4 <=8 7!89!: -/ #6&2$% &./%

t = Qa pap +Qaωaω, Qa p = LQp, Qaω = LQω 7!89>:

&.2& *2% 6/ 201# '/2''2%+/( $% &./ 4#'/ *#432*& ?#'4

t = Qaa

Qa =
[

LQp LQω

]

, a =

[

ap

aω

]

7!89@:

;$%200A, $%&'#()*$%+ Qt = Q−1a , 21 ?#' &./ */%&'20 1#0)&$#% 1&)($/( $% &./

3'/B$#)1 *.23&/', &./ 1&'2$% /%/'+A $% $&1 *#430/4/%&2'A ?#'4 7 89C: 6/*#4/1

ψ[s] =
1

2
t[s]THt[s] 7!89D:

-./'/ H = QT
t CaQt $1 &./ E/5$6$0$&A 42&'$5 #? &./ *'#11F1/*&$#%8



 !"#$%& '

 !"#$"%&' ()* +","-.)."/!

0.(, 1&#+ 2($&(03. 1($%&)-!

 !" #$% &' ()*+,-). /)0 $)1)2%.)+( 30)((4(%3,-).

5-,$ -(),0)6-3 17,%0-7*

 !" #$ %&'()"* +, -'&*.)+/"0 12 3!+%/"& 4 3+2 (" "+,)5 ,')6"0 12 /!" 3+,"

'- !'*'7"2'., +20 1,'/&'%13 ("+*,8 92 /!" -'))':127 /!" +2+)5/13+) ,')./1'2

-'& /!" 12;%)+2" :+&%127 -.23/1'2, 1, &"%'&/"0< :!1)" ,!"+& +20 /'&,1'2 +./;

'-;%)+2" :+&%127, *.,/ (" 3+)3.)+/"0 2.*"&13+))5 +, ,')./1'2 '- + ,"/ '- 3

=".*+22 ('.20+&5;6+)." %&'()"*, 0">2"0 '2 /!" 3&',,;,"3/1'28

 !"!" #$%$&'($)* +,$**-*'+./$( 0/.1 /*$.,$2/+ %3.',/34

?&'* 2': '2 :" +,,.*" /!" &"-"&"23" ,5,/"* +)172"0 :1/! /!" %&1231%+) +@",

'- 12"&/1+ '- /!" 3&',,;,"3/1'2 +20 1/, '&1712 )'3+/"0 12 /!" 3"2/&'108

92 /!" 1,'/&'%13 3+," /!" "A.1)1(&1.* "A.+/1'2, -.&21,! B,"" C4DE< ,"3848FG

/!" -'))':127 "@%&",,1'2 -'& /!" 7"2"&+)1H"0 :+&%127 -.23/1'2,<

u1E =









0

−νx2

−νx3









, u2F2
=











0

ν
x23 − x

2
2

2
−νx2x3











, u2F3
=











0

−νx2x3

ν
x22 − x

2
3

2











,

u1T =









ω1[x]

0

0









, u3F2
=









ω3[x]

0

0









, u3F3
=









ω2[x]

0

0









BI84G

JI



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$%$ &'(%)*+,&'- (#$ .$,()% ω[x] = {ω1, ω2, ω3}/ (#$ 0$( )1 2340 () 0)5.$

)' (#$ ,%)0060$,(&)' Ω &0 *$7'$* 80 1)55)"0







ω,22+ω,33+2x = 0 ∈ Ω

n2ω,2+n3ω,3= g ∈ ∂Ω
, g =















x3n2 − x2n3,

ν

(

x22 − x
2
3

2
n2 + x2x3n3

)

−ν

(

x22 − x
2
3

2
n3 − x2x3n2

)















.

9:; <

 !" #$%"## #&'($)&*

4=>5)&(&'- 4?; 9@;A< (#$ )'5B ')'C$%) 0(%$00 ,)D>)'$'(0 8%$ 90$$ E@A/  F/ @!G<

s =Dn[x]N [s] +Dm[x]M [s] 9:;A<

"#$%$

Dn =









1

A
0 0

0 Dτ 22 Dτ 23

0 Dτ 32 Dτ 33









, Dm =









0
x3
J22

−
x2
J33

Dτ 11 0 0

Dτ 21 0 0









9:;:<

"&(#



















































































Dτ 11 =
1

Jt
(ω1,2−x3),

Dτ 21 =
1

Jt
(ω1,3+x2),

Dτ 22 =
c3
Jt
(ω1,2−x3) +

2ω2,2+ν(x
2
3 − x

2
2)

4J33(1 + ν)
,

Dτ 23 = −
c2
Jt
(ω1,2−x3) +

ω3,2−νx2x3
2J22(1 + ν)

,

Dτ 32 =
c3
Jt
(ω1,3+x2) +

ω2,3−νx2x3
2J33(1 + ν)

,

Dτ 33 = −
c2
Jt
(ω1,3+x2) +

2ω3,3+ν(x
2
2 − x

2
3)

4 J22(1 + ν)

9:;!<

J22 8'* J33 H$&'- (#$ >%&',&>85 &'$%(&8 D)D$'(0 )1 (#$ ,%)0060$,(&)'/ ν (#$

2)&00)' %8(&)/ "#&5$ Jt/ c2 8'* c3 8%$ (#$ $+&*,+."6 ,.%&$," 8'* *!%"& -%.$%&

-++&/,."$%* *$7'$* 80

Jt ≡

∫

Ω
{(ω1,3+x2)x2 − (ω1,2−x3)x3} dA ,

c2 ≡
1

2 J22(1 + ν)

{
∫

Ω
(x2ω3,3−x3ω3,2 )dA+

ν

2

∫

Ω
x2(x

2
2 + x23)

}

,

c3 ≡
1

2 J33(1 + ν)

{
∫

Ω
(x3ω2,2−x2ω2,3 )dA+

ν

2

∫

Ω
x3(x

2
2 + x23)

}

9:;I<
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 !" # $%&%'()*+%, )*&%(' -%(. ./,%) -(0%, /& (&

%12%&0*/& /3 24% 56 0/)72*/&

"# $%&' '()$&*# + ,&-(. /(+, ,*.(0 &' */$+&#(. *# $%( /+'&' *1 $%( 2(00&#3(45

6(&''#(4 7+4&+$&*#+0 84&#)&80(9 &#$4*.:)&#3 +# &#.(8(#.(#$ .(')4&8$&*# 1*4 $%(

;< '$4('' +#. .&'80+)(,(#$ =(0.' (-84(''(. &# $(4,' *1 3(#(4+0&>(. ?:+#$&$&('

7+4@&#3 +0*#3 s +#. *1 +# +'':,(. .&'$4&/:$&*# *# $%( /(+, '()$&*# .*,+&#A

B%(@ +4( $%(# &#$4*.:)(. &# $%( 2(00&#3(456(&''#(4 1:#)$&*#+0

ΠHR ≡ W − ψ − Lext CDAEF

G%(4( $%( )*,80(,(#$+4@ '$4+&# (#(43@ ψ +#. $%( &#$(4#+0 G*4H W +4(

ψ =
1

2

∫

ℓ

∫

Ω
σ : C−1σ dA ds , W =

∫

ℓ

∫

Ω
σ : ε[u] dA ds CDAIF

G%&0( Lext 4(84('(#$' $%( (-$(4#+0 G*4H +#. : &' $%( ')+0+4 84*.:)$A B%(

&#$(34+$&*# *7(4 $%( )4*''J'()$&*# +00*G' K?ACDAEF $* /( (-84(''(. &# $(4,' *1

3(#(4+0&>(. '$4('' +#. .&'80+)(,(#$ 8+4+,($(4' +0*#(A

B%( /(+, ,*.(0 '* */$+&#(. )+# /( :'(. 1*4 +00 H&#.' *1 )4*''J'()$&*#'

+#. &' #*$ 0&,&$(. $* $%&#JG+00(. *#('A B%( L0+'*7 +#. ML '*0:$&*# +4(

4()*7(4(. +' 8+4$&):0+4 )+'('A

 !"!# $%&'()*%+ ),,-(.*%/&, )&0 %&*'1&)2 3/14

B%( /(+, H&#(,+$&)' &' .(')4&/(. +'

u[X] = u0[s] +ϕ[s] ∧ x+Aω[x]µ[s] CDANF

G%(4( u0[s] +#. ϕ[s] +4( $%( ,(+# $4+#'0+$&*# +#. 4*$+$&*# *1 $%( '()$&*#

G%&0( µ[s] 3&7( $%( 7+4&+/&0&$@9 +0*#3 $%( /(+, +-&'9 *1 $%( ML G+48&#3 ω̄[x]

)*00()$(. &# Aω[X] +'

Aω[x] =









ω̄1 ω̄2 ω̄3

0 0 0

0 0 0









O+48&#3' ω̄[x] +4( (7+0:+$(. +' &# K?ACDA F +#. #*4,+0&>(. +))*4.&#3 $* $%(

1*00*G&#3 )*#.&$&*#'

∫

Ω
Aω[x] dA =

∫

Ω
W xAω[x] dA = 0 CDAPQF



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$ %&'()*&$ +$,-./*0%-& +1$ 0- 2-%33-& $4$503 (.-6%+$+ 78 0#$ 9: 3-)10%-&

5*& 7$ &$;)$50$+ <%0#-10 +.*<7*5=3>

?.-/ 0#$ =%&$/*0%53 *331/$+ %& @A>BC>DE <$ #*6$ 0#$ ,-))-6%&; $F(.$33%-&

,-. 0#$ 30.*%&3

e = εL[s] + χL[s] ∧ x+Aω[x]µ,s [s] +Deω[x]µ[s] BC>GGE

<#$.$ εL = {εL1, εL2, εL3} *&+ χL = {χL1, χL2, χL3} *.$ 0#$ ;$&$.*)%H$+

30.*%& (*.*/$0$.3 +$I&$+ *3

εL[s] = u0,s [s] + e1 ∧ϕ[s] , χL = ϕ[s],s BC>G E

*&+

Deω[x] =









0 0 0

ω̄1,2 ω̄2,2 ω̄3,2

ω̄1,3 ω̄2,3 ω̄3,3









"#$ 30.*%&J+%3()*5$/$&0 .$)*0%-&3#%( BC>GGE *))-<3 0#$ $6*)1*0%-& -, 0#$ %&J

0$.&*) <-.= W %& 0$./3 -, 0#$ ;$&$.*)%H$+ *50%-&3 -& 0#$ 3$50%-&K

W =

∫

ℓ

∫

Ω
s·edAds =

∫

ℓ

(N [s]·εL[s]+M [s]·χL[s]+B[s]·µ,s [s]+T [s]·µ[s])ds

BC>GLE

<#$.$ 0#$ .$31)0*&0 ,-.5$ N [s] *&+ /-/$&0 M [s] *.$ +$I&$+ %& @A> BG>LE

<#%)$

B[s] =

∫

Ω
AT
ωs dA *&+ T [s] =

∫

Ω
DT
eωs dA BC>GCE

*.$ 0#$ &$< ;$&$.*)%H$+ *50%-&3M +1$ 0- 0#$ &-&J1&%,-./ <*.(%&;M 5*))$+ ,.-/

&-< -& 3,(0+0%.$ *&+ 3,(*!%"& .$3($50%6$)8>

 !"!" #$%$&' %(()*+$&,-(

90.$33$3 σ *.$ %&+$($&+$&0)8 %&0$.(-)*0$+ *&+ *.$ -70*%&$+ 78 *++%&; 0- *

(*.0 5*))$+ #&,0"&7 *$&%** *&+ +$&-0$+ *3 σsv *& *++%0%-&*) 0$./ σω 5*))$+

*%-+./"&7 *$&%** +1$ 0- 0#$ 6*.%*7)$ <*.(%&;K

σ = σsv + σω.

N$ *331/$ 0#*0 0#$ 3%;&%I5*&0 5-/(-&$&03 -, σ <%0# .$3($50 0- {e1, e2, e3}

*.$ σ11M σ12 *&+ σ13 5-))$50$+ %& s *3 %& 0#$ 9: 5*3$> O& (*.0%51)*. 0#$

,-))-<%&; +%30.%710%-& -& 0#$ 3$50%-& %3 *+-(0$+ ,-. 0#$ (.%/*.8 0$./3

ssv =Dn[x]an[s] +Dm[x]am[s] BC>GPE



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$%$ an &'( am &%$ )#$ *$'$%&+,-$( .)%$.. /&%&0$)$%. )1 2$ ($3'$( 24 )#$

$56,7&+$'8$ 81'(,),1' ",)# )#$ .$8),1' .)%$.. %$.6+)&').9 "#,+$ Dn &'( Dm

&%$ %$/1%)$( ,' :5.; <=;=>9<=;?>;

@#$ .)%$.. &..60/),1' ,' :5; <=;A?> &8816'). B1% &++ )#$ 81%%$8) 816/+,'*

$C$8). 81')&,'$( ,' )#$ DE .1+6),1' "#,8#9 ,' )#,. "&49 ,. ($.8%,2$( $F&8)+4

,' )#$ /%1/1.$( B1%06+&),1' "#,+$ ,) ,. 0,..$( ,' 1)#$% .,0,+&% 01($+.9 .$$ B1%

$F&0/+$ GH9 AI9 B1%06+&)$( 1' )#$ 2&.,. 1B .,0/+,3$( J,'$0&),8 &..60/),1'.;

@"1 (,C$%$') &//%1&8#$. ",++ 2$ 81'.,($%$( &'( 810/&%$( B1% )#$ $7&+6K

&),1' 1B )#$ .#$&% .)%$.. 810/1'$'). 1B σω;

 !"!# $%&' ()%(')*+', %- *.' $/ ,*)',, +0*')(%12*+%0

L%10 :5;<A;M> )#$ B1++1",'* /%1/$%),$. 8&' 2$ ($%,7$(

∫

Ω
Dn dA = I,

∫

Ω
Dm dA = 0 <=;AN&>

&'(

∫

Ω
W xDn dA = 0,

∫

Ω
W xDm dA = I <=;AN2>

L6%)#$%01%$ B%10 <=;AO> &'( <=;=> &'( $F/+1,),'* )#$ /%1/$%),$. 810,'* B%10

)#$ .1+6),1' 1B /%12+$0. <=; > &'( )#$ 6.$ 1B & /%,'8,/&+ %$B$%$'8$ .4.)$0 "$

#&7$

∫

Ω
AT
ωDn dA =

∫

Ω
AT
ωDm dA = 0

∫

Ω
DT
eωDn dA =

∫

Ω
DT
eωDm dA = 0

<=;AN8>

 !" #"$%&'(")*(+," %()"%% -.%()./0(.'$

@#$ 3%.) .)&),8 ($.8%,/),1' $7&+6&)$. )#$ &((,),1'&+ .)%$.. )$%0 σω 1' )#$

2&.,. 1B )#$ (,./+&8$0$') &..60/),1' <=;P> &++1",'* )#$ "&%/,'* B6'8),1' )1

7&%4 ",)# s ,' & "&4 .,0,+&% )1 )#&) ,',),&++4 /%1/1.$( 24 Q$'.81)$% ,' G=I

&'( 6.$( &+.1 ,' GA9 HI; @#$ B1++1",'* $F/%$..,1' ,. )#$' &(1/)$(

sω = Aω[x]ab[s] +Deω[x]at[s] <=;AH>

"#$%$ ab[s] &'( at[s] &%$ )#$ *$'$%&+,-$( .)%$.. 810/1'$'). (6$ )1 "&%/,'*

:56&),1' <=;AH> &++1". )#$ )1)&+ .)%$.. )1 2$ "%,))$' &.

s =Dn[x]an[s] +Dm[x]am[s] +Aω[x]ab[s] +Deω[x]at[s] . <=;A!>



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$ %&'( $)*+$,,-.& ./ 0#$ ,0+$,, 1-,0+-230-.& -& 0$+4, ./ 0#$ ,$50-.& ,0+$,,

+$,3(0'&0, N , M , B, T -, 1$0$+4-&$1 67,8 9:8;< '&1 9=8:=<8 >32,0-030-&?

678 9=8:@< -& 678 9:8;< '&1 $)*(.0-&? 9=8:A< '&1 67,8 9=8:B<C 0#$ /.((.D-&?

$)*+$,,-.&, /.+ an[s] '&1 am[s] 5'& 2$ .20'-&$1

an[s] =N [s]−Ωn at[s] , am[s] =M [s]−Ωm at[s] 9=8:!<

D#$+$

Ωn =

∫

Ω
Deω dA, Ωm =

∫

Ω
W xDeω dA

E+.4 0#$ 1$%&-0-.& ./ B '&1 T -& 6789=8:=< '&1 +$5'((-&? 0#$ *+.*$+0-$, -&

67,89=8:B< '&1 9=8:A<C D$ .20'-&

ab[s] =HBBB[s], at[s] = F TT [s] 9=8 B<

D#$+$

H−1
BB = Jω =

∫

Ω
AT
ωAω dA , F−1T =

∫

Ω
DT
eωDeωdA 9=8 :<

'&1 0#$ /3+0#$+ *+.*$+0F

∫

Ω
AT
ωDeω dA =

∫

Ω
DT
eωAω dA = 0. 9=8  <

-, $)*(.-0$18

E-&'((F -&0+.135-&? G$50.+ t[s] = {N [s],M [s], B[s], T [s]} 0#$ $)*+$,H

,-.& ./ 0#$ ,0+$,, %$(1 678 9=8:@< 5'& 2$ +$'++'&?$1 ',

s =D[x]t[s] 9=8 ;<

D#$+$

D[x] =
[

Dn[x], Dm[x], Db[x], Dt[x]
]

D-0#

Db[x] = Aω[x]HBB, Dt[x] = (Deω[x]−Dn[x]Ωn −Dm[x]Ωm)F T

 !"! #$% &'()*+,-./0.1% ,0)%,, 230%)1'4*02'3

"#$ ,0+$,, -& 678 9=8:@< 1.$, &.0 G$+-/F 0#$ $73-(-2+-34 $73'0-.&, ./ 0#$ ;I

*+.2($48 J(0$+&'0-G$(F 0#$ /.((.D-&? /.+4 /.+ 0#$ ,$5.&1'+F ,0+$,, %$(1 5'&

2$ ',,34$1

sω = Aω[x]aω[s] +Dψ[x]aω,s [s] 9=8 =<



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$%

Dψ[x] =









0 0 0

ψ1,2 ψ2,2 ψ3,2

ψ1,3 ψ2,3 ψ3,3









&%' *%-+./"&7 4"&#,.1 82.-$,+. ψ #( ')*+,*$'- ./01 $%' '2,#+#3/#,1 '2,*$#04

#4 $%' *5#*+ -#/'6$#047 ,4-'/ $%' ,(,*+ 89 *((,1:$#04 *30,$ $%' +0*-(; &%'

.0++0"#4< => :/03+'1 #( 03$*#4'-







ψ,22+ψ,33+ω̄ = 0 ∈ Ω

ψ,2 n2 +ψ,3 n3 = 0 ∈ ∂Ω
?@;=AB

C+(0 #4 $%#( 6*(' $%' 60'D6#'4$( an[s]7 am[s]7 aω[s] *4- aω,s [s] 6*4 3'

')*+,*$'- $%/0,<% E2; ?F; B *4- ?@;F@B #4 $'/1( 0. $%' ($/'(( /'(,+$*4$(; &%'

'2,#)*+'46' "#$% $%' 3#G101'4$ <#)'( $%' (*1' '5:/'((#04 .0/ aω /':0/$'-

#4 E2; ?@;=!B '5:+0#$#4< E2(; #4 ?@;FHB *4- $%' 4'" 604-#$#04

∫

Ω
AT
ωDψ = 0, ?@;=HB

"%#+' /'6*++#4< E2; ?@;==B ./01 3#G(%'*/ '2,#)*+'46' "' %*)'

aω,s [s] =HBBT [s] ?@;=IB

.0/ "%#6% 40"

Jω =

∫

Ω
AT
ωAω dA =

∫

Ω
DT
eωDψ dA ?@;=JB

K,*4$#$#'( n *4- m */' 6*+6,+*$'- ,(#4< :/0:'/$#'( ?@;FHB *4- $%' 4'"

604-#$#04(

∫

Ω
Dψ dA = 0,

∫

Ω
W xDψ = −(e1 ⊗ e1)Jω ?@;=LB

"%#6% *++0" ,( $0 03$*#4

an[s] =N [s], am[s] =M [s] + T1[s]e1

&%' ($/'(( M'+- #( $%'4 -'M4'- *( #4 E2; ?@;= B "#$% $%' 04+N -#O'/'46' $%*$

$%' 1*$/#5 Dt #( 40"

Dt[x] =Dψ[x]HBB +Dm[x](e1 ⊗ e1)
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 !"!# $%& '&(()*+&,-.&)//*&, 01*23)4*5(

"#$%&'()*#+ A = '*,+{1/E, 1/G, 1/G} -*$. E ,#' G $./ 0&(#+ ,#' $./

1./,% 2&'(3, &4 $./ 2,$/%*,35 4&% 6&$. $./ 1$%/11 '/1)%*7$*&#1 $./ )&273/8

2/#$,%9 /#/%+9 ψ ),# 6/ 4&%2(3,$/' ,1

ψ =
1

2

∫

ℓ

∫

Ω
s ·As dAds =

1

2

∫

ℓ

tTHt ds :;< =>

-./%/

H =

∫

Ω
DTAD =













HNN HNM 0 HNT

HT
NM HMM 0 HMT

0 0 HBB 0

HT
NT HT

MT 0 HTT













:;< !>

,11(2/1 $./ 2/,#*#+ &4 ?/@*6*3*$9 2,$%*@ %/3,$*A/ $& $./ )%&1181/)$*&#<

B&% $./ 1/C(/35 $./ )&273/2/#$,%9 /#/%+9 *# DC< :;< => ),# 6/ )&#A/8

#*/#$39 %/,%%,#+/' *# $./ 4&33&-*#+ 4&%2

ψ =
1

2E

∫

ℓ

tTnHntn ds+
1

2G

∫

ℓ

tTsHsts ds

-./%/

tn =

[

tσ

B

]

, ts =

[

tτ

T

]

-*$. tσ = {N1, M2, M3} ,#' tτ = {M1, N2, N3}< E,$%*)/1

Hn =

[

Hσσ 0

0 HBB

]

, Hs =

[

Hττ HτT

HT
τT HTT

]

,%/ *273*)*$39 '/F#/' 69 DC< :;< !><

"# $.*1 -,9 *$ *1 7&11*63/ $& '/)&(73/ $./ #&%2,3 ,#' 1./,% 7,%$1 &4

$./ 2&'/3 ,#' /@73&*$ $./ 4,)$ $.,$ Hσσ *1 , '*,+&#,3 2,$%*@ '/F#/' ,1

Hσσ = '*,+[ 1
A
, 1
J22
, 1
J33

]<

G*$. $.*1 #&$,$*&#5 $./ *#$/%#,3 -&%H W *# DC<:;<! > ),# 6/ /@7%/11/'

*# )&27,)$ 4&%2 ,1

W =

∫

ℓ

(tn[s]
T̺n[s] + ts[s]

T̺s[s]) ds :;< I>

-./%/

̺n =

[

̺σ

µ,s

]

, ̺s =

[

̺τ

µ

]



 !"#$%& ' ( )*+$&+#,- "./ !+0+1%.%+2* 3%"0 4,$! 5"&,"36% 4"&#,.1*  !

"#$ ̺σ = {εL1, χL2, χL3}% ̺τ = {χL1, εL2, εL3}

&'( )*$(+ ,- .*)/+(0($ 12 0'( $(3#,0,*# *4 0'( (50(6#"+ 7*689 :# /"6;

0,.<+"6 0'( .*#06,1<0,*# $<( 0* 0'( 1*$2 4*6.( b[X]% <#$(6 0'( $,-/+".()(#0

"--<)/0,*# =>9?@% 1(.*)(-

Lext =

∫

ℓ

(p[s] · u0[s] +m[s] · φ[s] + q[s] · µ[s]) ds =>9  @

7'(6(

p[s] =

∫

Ω
b[X]dA , m[s] =

∫

Ω
x ∧ b[X]dA , q[s] =

∫

Ω
b1[X]ω̄[x2, x3]dA .

=>9 >@

 !" #$"%&'("$)'#$*+ ,"*( "-.*/'#$)

A6*) 0'( -0"0,*#"62 .*#$,0,*# *4 ΠHR 7,0' 6(-/(.0 0* 0'( $,-/+".()(#0 /";

6")(0(6-% 7( *10",# 0'( %72,6,3&,20 %72"$,+.* 4*6 0'( *#(;$,)(#-,*#"+ )*$(+















N ,s+p[s] = 0 ,

M ,s+ e1 ∧N +m[s] = 0 ,

B,s−T + q[s] = 0 .

=>9 B@

7',+( 46*) 0'( -0"0,*#"62 .*#$,0,*# 7,0' 6(-/(.0 0* -06(-- /"6")(0(6- 7(

*10",# $!% -+.*$,$2$,5% 6"4*C

̺n =
1

E
Hntn , ̺s =

1

G
Hsts =>9 D@

E2 ,#F(60,#G HI-9=>9 D@ 7( *10",#

[

tσ

B

]

=

[

Kσσ 0

0 KBB

][

̺σ

µ,s

]

,

[

tτ

T

]

=

[

Kττ KτT

KT
τT KTT

][

̺τ

µ

]

. =>9 J@

HI-9 =>9 D@ "#$ =>9 J@ .*<+$ "+-* 1( 06"#-4*6)($ ,# 0(6)- *4 G(#(6"+,K($

-06(-- F"6,"1+(- N "#$ M 9



 !"#$%& '

 !"#$% &' ()*$% +, $#)-.

*/)0$ 12,-."+,

 !" #$% &'()% %*%+%') (')%,-.*/)(.'

 !"#$% %&%'%"$ ()*%+ ," ) '#-%+ #"$%./,&)$#," ,0 *$.%**%* )"+ +#*/&)1%'%"$*

#* /.%*%"$%+2 34% *4)/% 05"1$#,"* 5*%+ 0,. $4% 6%"%.)&#7%+ *$.%**%* ).% %-)1$

#" $4% 1)*% ,0 7%., (,+8 0,.1%* )"+ 1,5&+ (% %)*#&8 %-$%"+%+ %-/&,#$#"6 )

/).$#15&). *,&5$#," 94#14 )11,5"$ 0,. +#:%.%"$ &,)+ 1)*%*2 34% !"#$% %&%'%"$

*, %;)&5)$%+ #* $4%" %-)1$ (5$ )&*, *#'/&% )"+ *5#$)(&% 0,. 6%"%.)& 5*% )"+

)&&,9* $4% ;)&#+)$#," ,0 $4% (%)' ',+%&* /.%;#,5*&8 /.%*%"$%+ );,#+#"6 %..,.*

+5% $, $4% +,')#" +#*1.%$#7)$#,"2

 !"!" #$%&'' ()$&%*+,-$(+)

34% 0,&&,9#"6 #"$%./,&)$#,"* 0,.M )"+N < *)$#*08#"6 $4% 4,',6%"%,5* 0,.'

,0 =>2?@A< ).% )+,/$%+

N =
1

ℓ









na

−me3

me2









, M [s] =
1

2









ms1

ms2

ms3









+ r1[s]









0

me2

me3









94%.% r1[s] = s/ℓ−1/2 94#&%msk =Mk[0]+Mk[ℓ] )"+ mek =Mk[ℓ]−Mk[0]2

B,&&%1$#"6 $4% *$.%** /).)'%$%.* #" $4% ;%1$,.

βS =
[

na ms1 ms2 ms3 me2 me3

]T

??
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"#$ %&$'()*+ (,"$&%)-."(),+ /., 0$ &$.&&.,1$2 .+ 3)--)4+

tσ =Nσ[s]βS , tτ =N τβS 56789

4#$&$

Nσ[s] =









1
ℓ

0 0 0 0 0

0 0 1
2 0 r1[s] 0

0 0 0 1
2 0 r1[s]









, N τ =









0 1
2 0 0 0 0

0 0 0 0 0 −1
ℓ

0 0 0 0 1
ℓ

0









.

:) )0".(, "#$ $;./" +#.%$ 3*,/"(),+ 3)& B .,2 T 4$ ,$$2 ") +)-'$ "#$

0+(*2*%3$ %76+8+0&+6* %76"$+23 B,s= T "#."< ),/$ "#$ /),+"("*"('$ -.4+

5!7 =9 #.'$ 0$$, +*0+"("*"$2< 0$/)>$+

KBBµ,ss−Kµµ =KT
τT̺c ,







Kµ = (KTT −K
T
τTK

−1
ττKτT )

̺c =K
−1
ττ tτ

567?9

4#$&$ ̺c (+ /),+".," 4("# s .,2 Kµ (+ . %)+("('$ 2$@,("$ +A>>$"&(/ >."&(;7

:#$ +)-*"(), )3 "#$ 2(B$&$,"(.- %&)0-$> 567?9 (+ )0".(,$2< .%.&" 3)& .,

(,$++$,"(.- /),+".,"< 3&)> ("+ #)>)1$,$)*+ 3)&> 4#(/# "&.,+3)&>+ (,") "#$

3)--)4(,1 1$,$&.-(C$2 $(1$,'.-*$+ %&)0-$> .,2 . +$" )3 DEF+







fi,ss−λ
2
i fi = 0 ,

(Kµ − λ
2
iKBB)qi = 0

. 567 9

),/$ µ (+ $;%&$++$2 .+

µ =

3
∑

i=1

fi[s]qi = Qf [s] 567!9

4#$&$

Q =
[

q1 q2 q3

]

, f [s] =









f1[s]

f2[s]

f3[s]









. 56769

G+(,1 "#$ ,)&>.-(C."(), /),2("(), qTi KBBqk = δik "#$ 3)--)4(,1 &$-."(),+

#)-2+

QTKBBQ = I , QTKµQ = Λ , Λ = 2(.1[λ21, λ
2
2, λ

2
3] 567H9

4#$&$ I (+ "#$ (2$,"("A >."&(; .,2 λi .&$ &$.- .,2 %)+("('$ 2*$ ") "#$ %&)%I

$&"($+ )3 KBB .,2 Kµ7
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"#$% &'()*!)+, -./ *+) 0, 12 $34-5.

B =
3

∑

i=1

(ci cosh (λis) + di sinh (λis))KBBqi

16572 462 358(62-# 5( #29$:2#2/ -( T = B,s) ;62 9$2<952.4( ci -./ di -#2

2=>#2((2/ 5. 42#%( $? 462 2./ (2945$. :-7@2( $? B) A$772945.B 462 /5(9#242

>-#-%242#( 5. :294$#

βω =
[

Bs1 Bs2 Bs3 Be1 Be2 Be3

]T

,











Bsk =
Bk[ℓ] +Bk[0]

ℓ

Bek =
Bk[ℓ]−Bk[0]

ℓ
.

462 5.42#>$7-45$. $? B -./ T 329$%2(

B =KBBQA[s]Qeβω , T =KBBQA[s],sQeβω *!)0,

162#2 A[s] =NB[s]N e -./

Qe =

[

QT
0

0 QT

]

, N e = ℓ

[

NB[ℓ] +NB[0]

NB[ℓ]−NB[0]

]

−1

, NB =
[

N c N s

]

16572 N c = /5-B[cosh(λks)] -./ N s = /5-B[sin(λks)])

 !"!# $%& '()*+&,& -.+/ .- ,%& (0,&+012 3.+4

;62 /5(9#242 ?$#% $? 462 5.42#.-7 1$#C W 5. &') *+) D, 5( $34-5.2/ 1546$@4

@(5.B -.E 2=>75954 5.42#>$7-45$. ?$# 462 /5(>7-92%2.4() F. >-#459@7-#G -?42# 3E

>-#4( 5.42B#-45$.G 462 ?$77$15.B 2=>#2((5$. 5( $34-5.2/

W = βTSφS + βTωφω *!)H,

162#2 462 C5.2%-459-7 >-#-%242#(G 9$772942/ 5. 462 :294$#(

φS =
[

φr1 φs1 φs2 φs3 φe2 φe3

]T

, φω =
[

µs µe

]T

-#2 /2I.2/ -(

φe2 =
1

2
(ϕ2[0] + ϕ2[ℓ])− φr3 , φe3 =

1

2
(ϕ3[0] + ϕ3[ℓ]) + φr2

φsk =
1

2
(ϕk[ℓ]− ϕk[0]) , φrk =

1

ℓ
(uk[ℓ]− uk[0])

-./

µsk =
µk[ℓ]− µk[0]

2
ℓ , µek =

µk[ℓ] + µk[0]

2
ℓ .
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 !"!# $%& '()*+&,& -.+/ .- ,%& *./01&/&2,3+4 ),+3(2 &2&+54

"#$ %&'()$*$ +,)- ,+ *#$ (,-./$-$0*1)2 $0$)32 4&// 5$ ,5*1&0$% 52 '6--&03

*#$ (,0*)&56*&,0' ,+ *#$ 0,)-1/ 10% *103$0*&1/ '*)$''$'

ψ = ψσ + ψτ . 789:;

"#$ <)'* *$)- &' %$<0$% 1'

ψσ :=
1

2E

∫

ℓ

(tTnHntn)ds 789=>;

4#&(#? ,0 *#$ 51'&' ,+ @A'9789=;?789!;?789B; 10% 7C9 B;? 5$(,-$'

ψσ :=
1

2

(

βTωH
e
BBβω + βTSH

e
σσβS

)

4#$)$

He
BB = QT

e

∫

ℓ

ATA dsQe , He
σσ =

1

E

∫

ℓ

Nσ[s]
THσσNσ[s] ds . 789==;

D0 1 '&-&/1) 412 *#$ *103$0*&1/ .1)* &' %$<0$% 1'

ψτ :=
1

2G

∫ ℓ

0
(tTsHsts)ds .

E 52 5/,(F &0G$)'&,0 ,+ *#$ (,0'*&*6*&G$ /14 7C9 B; 1//,4' 6' *, %$G&($ *#$

)$/1*&,0 HTT = GK−1
µ ? 4#&(# *,3$*#$) 4&*# *#$ $&3$0G1/6$' .),.$)*2 &0

789!; 3&G$' *#$ $A61*&,0

QTKBBHTTKBBQ = GΛ−1 .

6'$+6// +,) )$4)&*&03 ψτ 1'

ψτ =
1

2

[

βS

βω

]T [

He
ττ He

τT

(He
τT )

T He
TT

][

βS

βω

]

,0($ *#$ '*)$'' &0*$).,/1*&,0' 789=;?789B; #1G$ 5$$0 '65'*&*6*$%9 "#$ &0*),H

%6($% %&'()$*$ ,.$)1*,)' 1)$

He
ττ =

ℓ

G
NT

τHττN τ , He
τT =

1

G
NT

τHτTKBBQ

∫ ℓ

0
A,s dsQe

He
TT = QT

e

∫ ℓ

0
A,Ts Λ

−1A,s dsQe
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"#$%&&' ()* (+(%& ,+-.&*-*$(%/' 0(/%#$ *$*/1' +2 ()* *&*-*$( ,%$ 3*

*4./*00*5 %0 2+&&+60

ψ =
1

2

[

βS

βω

]T [

He
SS He

Sω

(He
Sω)

T He
ωω

][

βS

βω

]

789:;<

6)*/*

He
SS =He

ττ +H
e
σσ , He

ωω =He
TT +He

BB , He
Sω =He

τT .

 !"!# $%&'( )% *(%+'( &%,)-.+/).%,

 ! "! !#$%&$'& "% (")*& +,'(-.$#",% #/* !,.-#",% "! ,0#$"%*& -!"%1 $ 2!*-&,3

4,(2$#"0.* +,'($# 5!** +,' *)$(2.* 678 9:; "% </"4/ #/* !#'*!!*!8 #/$# &, %,#

'*=-"'* "%#*'*.*(*%# 4,%#"%-"#>8 $'* .,4$..> !,.?*& $! $ +-%4#",% ,+ #/* *.*(*%#

&"!2.$4*(*%#!@

A/* $!!*(0.$1* '*=-"'*! #/$# #/* B"%*($#/"4$. *.*(*%# ?$'"$0.*! 0* *)C

2'*!! "% #*'(! ,+ #/* 1.,0$. ,%*! 0> -!"%1 !#$%&$'& 4/$%1* ,+ '*+*'*%4* '-.*!

</"4/ "%?,.?* #/* %,&$. &"!2.$4*(*%#! $%& ',#$#",%! </".* #/* <$'2"%1 2$C

'$(*#*'! $'* &"'*4#.> "&*%#"D*& <"#/ #/* 1.,0$. ,%*!@

 !" #$%&'()*+ &,*%-+&.

E% ,'&*' #, ?$."&$#* ,-' 2',2,!$. $ !*'"*! ,+ %-(*'"4$. #*!#! '*1$'&"%1 !"%1.*

0*$(! $%& +'$(*! /$?* 0**% 2*'+,'(*&@ F"%1.* 0*$(! /$?* 0**% 4,%!"&*'*&

($"%.> #, 4,(2$'* #/* $44-'$4> ,+ #/* G*%!,#*'3#>2* $%& H,-<'$!B>3#>2*

!#'*!! &*!4'"2#",%!@ I'$(*! /$?* $..,<*& -! #, ?$."&$#* #/* (,&*. "% (,'*

4,(2.*) 4$!*! '*=-"'"%1 #/* 4,%%*4#",%! ,+ (,'* D%"#* *.*(*%#!@

 2'*."("%$'>  !"## #$ %&"' ('()*#&# "! 2*'+,'(*& #, !,.?* #/* JK LKM!

2',0.*(! 5N@J; $%& 5N@JO;8 '*=-"'*& +,' #/* *?$.-$#",% ,+ #/* 4',!! !*4C

#",% P*)"0"."#> ($#'"4*!8 $%& #, 4$.4-.$#* #/* *"1*%!,.-#",% ,+ #/* 2',0.*( "%

M=@ 5O@O;@ A/*!* 4,(2-#$#",%! $'* 2*'+,'(*& 0> (*$%! ,+ #/* 1*%*'$. 2-'C

2,!* IMQ 4,&* RSQFST -!"%1 =-$&'$%1-.$' 9 %,&*! "!,2$'$(*#'"4 IM!@

A/* +'$(* $%$.>!"! "! 2*'+,'(*& 0> -!"%1 $ RUU 4,&* !2*4"D4$..> "(2.*C

(*%#*& +,' #/"! 2-'2,!*@ A/$%B! #, #/* *)$4# (")*& "%#*'2,.$#",% $.. #/*

#*!#! $'* 2*'+,'(*& 0> -!"%1 ,%.> ,%* D%"#* *.*(*%# +,' *$4/ (*(0*'@
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x1

x2

x3
G

M = 1000 kNm1

b = 3.5 m
h =

 5 
m

t =0.2 m

 !"#$% &'() "#$%%&'()#$*&+ )#&$, -$'' ./,& -01# $% &%+ 1/,23&4

 !"!# $%&'( )'** +,(&

5#& 6,)1 1&)1 ,&7$,+) 1#& )#&$, -$'' ./,& )#/-% 0% 8073,& 94: ;3''< ,&)1,$0%&+

$1 /%& &%+ $%+ )3=>&.1&+ 1/ $ 1/,23&M1 $1 1#& ;,&& &%+4 5#0) 1&)1? $%$'<@&+

=< A$%< /1#&, $31#/,) BCC? :D? :? EF? 0) G&,< )&%)010G& 1/ $% $..3,$1& &G$'3$(

10/% /; 1#& )&./%+$,< )#&$, )1,&)) $%+ ;/, 1#0) ,&$)/% 0) *$,10.3'$,'< )301$='&

1/ G&,0;< 1#& *&,;/,A$%.& /; 1#& H&%)./1&,I1<*& $%+ J/3-,$)K<I1<*& )1,&))

+&).,0*10/%)4 L% 5$='& 94: 1#& G$'3&) /; 1#& 1/,)0/%$' ,/1$10/% $1 1#& ;,&&

&%+ $,& ./A*$,&+ -01# ,&;&,&%.& )/'310/%) 0% 1#& '01&,$13,& $%+ =< )1$%+$,+

M'$)/G $%+ NM )/'310/%)4 5#& '$11&, 0) /=1$0%&+ -01# 1#& A/+&' 0% B:OF *&,(

;/,A0%7 /%'< 1#& '0%&$, )1&* /; 1#& $)<A*1/10. $%$'<)0)4 5#& )&%)010G01< 0%

1#& &G$'3$10/% /; 1#& )&./%+$,< )#&$, )1,&))&) 0) #07#'07#1&+ =< 1#& M'$)/G

)/'310/% 0% -#0.# '$.K) 1#0) &P&.14

5#& ,&)3'1) /=1$0%&+ =< 1#& 1-/ %&- *,/*/)$') 0A*,/G& 1#$1 /; 1#& M'$)/G

1#&/,< =31 /%'< 1#& J/3,$-)K<(1<*& A/+&' 70G&) $% $..3,$1& *,&+0.10/% /; 1#&

;,&& &%+ ,/1$10/%4 5#& +0P&,&%1 &G$'3$10/% /; 1#& 1$%7&%10$' )1,&)) 0) #07#(

'07#1&+ 0% 8073,& 94 -#&,& 1#& )07%06.$%1 ./A*/%&%1) /; σ $,& ,&*/,1&+4

Q/1& #/- 1#& )A$'' +0P&,&%.& -01# ,&)*&.1 BCC? :DF 0) ,&'$1&+ 1/ 1#& 3)& /;

1#& )&.1/,0$' $,&$ 1#&/,< 1/ .$'.3'$1& 1#& .,/))()&.10/% A&.#$%0.$' *,/*&,(

10&) $) ./%6,A&+ =< 1#& ,&)3'1 '$=&'&+ RJ/3,$-)K<()&.14R /=1$0%&+ -01# 1#&

J/3,$-)K<I1<*& )1,&)) &G$'3$10/% =31 +&).,0=0%7 1#& .,/)) )&.10/% 0% 1&,A) /;
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"#$% &'()* +,-$.(* &'()* /(##

0#-$+,.#(1.2)# 3 45 6*3 !7 6 * 89!

:,;('&$<21.2)# 3 45 6*9336 6 * 89!

:,;('&$<21$#+.* 3 45 6*9 == 6 *9=!9

>? @3AB 3 45 1 6 * 898

?C'$,D @9 B 1 6*AEA= 1

0'+< #. 'C* @3B = 45 6*93A 1

F('CCG @99B = 45 6*9 E! 1

HG" #. 'C* @36B 3 45 6*9 = 1
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