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Introduction

This thesis consists of two independent parts.
The first (Chapter 1, 2 and 3) is concerned with the following two problems of func-
tional analysis:

Problem 1 : The estimate of the measure of non convex total boundedness in terms of
simpler quantitative characteristics in the space Ly of measurable functions;

Problem 2 : The comparison of the measure of non equiabsolute continuity with the
Hausdorff noncompactness measure and the non convex total boundedness measure in con-
crete function spaces.

The second part (Chapter 4) deals with the study of the following topic of Non
Linear Operator Theory:

Implicit and inverse function theorems.

Throughout the first part of the thesis all linear spaces are real and all groups
are assumed to be additive and commutative. Moreover, we use the convention
inf () := +o0.
In 1988 Idzik [25] proved that the answer to the well-known Schauder’s problem
[23, Problem 54]: does every continuous self-map f defined on a convex compact sub-
set M of a Hausdorff topological linear space have a fixed point? is affirmative if M is
convexly totally bounded.

A subset M of a topological linear space X is said to be convexly totally bounded
(ctb for short) if for every O-neighborhood U there are points f1,..., f, € M and a

finite number of convex subsets C1, ..., C,, of U such that M C | (f; + C;). If X is
i=1

locally convex every totally bounded subset of X is ctb. This is not true, in general,

if X is nonlocally convex (see [17],[43] and [47]).

De Pascale, Trombetta and Weber [17] defined the measure of nonconvex total bound-
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edness, modelled on Idzik’s concept, that may be regarded as the analogue of the
well-known notion of Hausdorff measure of noncompactness in nonlocally con-
vex linear spaces. The above notions of ctb set and non convex total boundedness
are especially useful working in the setting of nonlocally convex topological linear
spaces (see e.g. [30], [36], [35]).

Let (G, | - ||¢) be a normed group, 2 a non empty set and P({2) the power set of €.
The space Ly := L (2, A, G, n) is a space of G—valued functions defined on Q2 which
depends on an algebra A in P(2) and a submeasure 7 : P(€2) — [0, +oo]. In partic-
ular, if (G, || - ||¢) = (E,| - | g) is a Banach space, i : A — R, where R is the extend
real number system, is a finitely additive measure and 7 its total variation, then the
space Lo = Lo(A, 2, E,n) coincides with the space of measurable functions intro-
duced in [21, chapter III], in order to develop the integration theory with respect to
finitely additive measures.

In Chapter 2, under the hypothesis that (G, |- ||¢) = (E, |- ||z) is a normed space
we estimate the measure of nonconvex total boundedness in Ly(A, 2, E,n) and we
characterize the convexly totally bounded subsets of Lj. For a subset M of Ly we
introduce two quantitative characteristics g ,, (M) and wy ,, (M) involving convex
sets, which measure, respectively, the degrees of nonconvex equal quasi-boundedness
and of nonconvex equal measurability of M. Then, let v ., (M) be the measure of non
convex total boundedness of M, we establish some inequalities between g ., (M),
Xo,w (M) and wo ., (M) that give, as a special case, a Fréchet-Smulian type convex
total boundedness criterion in the space Ly. This generalizes previous results of
Trombetta [42]. Moreover, we extend our result to the space £, that is a generaliza-
tion of the space Ly (see [7]).

Measures of noncompactness are very useful tools in various problems of func-
tional analysis and operator theory. They are very often used in the theory of func-
tional equations, including ordinary equations, equations with partial derivatives,
integral and integro-differential equation, in the optimal control theory, fixed point
theory, approximation theory and geometric theory of Banach space. There exist a
considerable literature devote to this subject (cf. [9], [8], [4], [2]). In several applica-
tions it is necessary to know the degree of noncompactness of a set of functions. For
this various authors introduced other quantitative characteristics (cf. [46],[32],[7])
and they compared such quantitative characteristics with the classical Hausdorff
or Kuratowski measures of noncompactness. By these comparisons they obtained
some inequalities, that give, as a special case the classical compactness criteria of
Arzela-Ascoli, Fréchet-Smulian and Vitali.

Assume that (G, || - ||¢) = (E, || - || g) is an F—normed space and let E! be the linear
space of all E—valued functions defined on .
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Motivated by the above considerations, in Chapter 3 we define a quantitative char-
acteristic, which measure the degree of nonequiabsolute continuity for subsets of
certain F-seminormed subspaces of E*.

We then compare the above quantitative characteristic with the Hausdorff noncom-
pactness measure and with the non convex total boundedness measure. By these
comparisons we establish some inequalities. In particular, as a special case of these
inequalities, we get sufficient conditions for the total boundedness of a set of func-
tions and for the convex total boundedness of a convex set of functions.

From our results we derive a Vitali-type compactness criterion and a convex to-
tal boundedness criterion in a particular class of F-seminormed subspaces of £},
which contains the classical vector-valued Orlicz’s spaces.

Finally we point out that it is not so clear if the Schauder’s problem has been solved
in its generality. In particular, the proof given by Cauty in [10] contains some un-
solved gaps (see [11], [12],[13]). However, the results of this thesis are meant to be
independent from the Schauder’s problem.

Implicit function theorems are an important tool in nonlinear analysis. They
have significant applications in the theory of nonlinear integral equations. One of
the most important results is the classic Hildebrandt-Graves theorem. The main
assumption in all its formulations is some differentiability requirement. Applying
this theorem to various types of Hammerstein integral equations in Banach spaces,
it turned out that the hypothesis of existence and continuity of the derivative of the
operators related to the studied equation is too restrictive. In [48] it is introduced
an interesting linearization property for parameter dependent operators in Banach
spaces. Moreover, it is proved a generalization of the Hildebrandt-Graves theo-
rem which implies easily the second averaging theorem of Bogoljubov for ordinary
differential equations on the real line.

Let X = (X,|]|x) and Y = (Y,]-]y) be Banach spaces, A an open subset of
the real line R or of the complex plane C, A an open subset of the product space
A x X and L(X, Y) the space of all continuous linear operators from X into Y.
An operator ® : A — Y and an operator function L : A — L(X,Y) are called
osculating at (Ao, xg) € A if there exists a function o : R? — [0, +00) such that

lim o(p,r)=0
(p, 7)—(0,0) (o:7)

and
(A, 21) — ®(A,22) — L(A) (21 — 22)[ly < 0(py7) |21 — 22| %
when [A — Xo| < pand ||z1 — x0|  , ||z2 — 20|l x < 7.

The notion of osculating operators has been considered from different points of
view (see [40], [41]).
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In Capter 4 we prove an implicit function theorem in locally convex topological
linear spaces, where the classical conditions of differentiability, are replaced by the
above linearization property, suitably reformulated. Moreover, as an example of
application, we study the stability of the solutions of an Hammerstein equation
depending on a parameter.



Chapter 1

Preliminary Topics

This chapter contains some basic concepts and background used throughout this
thesis. We first recall the definitions of pseudonormed group, F'—seminormed
space, Riesz pseudonormed group and Riesz F'—seminormed space. Then we re-
call the construction of the spaces Ly and the notions of Hausdorff noncompactness,
of non strongly convex and of non convex total boundedness measures. References
for this material are [1], [27], [34] for pseudonormed groups and for F'—seminormed
spaces; [7], [46], [16], [5], [6] for the space Lg; [9],[8], [4], [2] for the Hausdorff mea-
sure of noncompactness; [17] and [42], as well as papers [19], [47], [20] for the mea-
sures of non strongly convex and of non convex total boundedness.

1.1 Notations and definitions

Throughout this thesis we shall use the following notations. We will denote by N, R
and C the set of natural, real and complex numbers, respectively. Moreover (2 will
denote a non empty set and P({2) the power set of 2. For two non empty sets A and
B we denote by B4 the set of all maps from 4 to B.

Definition 1.1.1 Let G bea group. Themap ||-||¢ : G — [0, +00] is a group pseudonorm,
if

@ 0fl¢ =0,
@) || = flle = lflle
) f + 9l < lflla+ llglle

forall f,g € G.
If || flla = 0 = @ = 0 the group pseudonorms || - || is called a group norm.
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Let (G, | - ||¢) be a pseudonormed group. For M C G. We denote by M the
closure of M in (G, || - ||¢). Further, we will use the notation

B j(G) :={9€CG:|f—gle <r}

for the closed ball of center f and radius » > 0in G.

In the case f = 0 we simple write B, o(G) := B,(G).

Let X = X(+, ) be a linear space and M be a subset of X. We denote by coM the
convex hull of M. Moreover, if (X (+),] - |[x) is a pseudonormed group, we call
coMIx .= conl! X the closed convex hull of M.

Definition 1.1.2 (cf. [27], p.38). Let X be a linear space. An F-seminorm on X is a map
|- llx : X — [0, +oo|, which has the following properties:

IMllx <IIfllx, Ve X,VA e Ruwith |\ < 1; (1.1.1)
. 1

lim |- f|lx =0, Vf € X; (1.1.2)
If+glx < Iflx +llglx,  VigeX. (1.1.3)

Notice that 1.1.2 implies ||0|| x = 0. If the converse,
[flx=0= f=0, (1.1.4)
also holds, then the F'— seminorm || - || x is called an F'— norm.

Let G := (G, - |l¢) be a normed group and G* the group of all G—valued
functions on €.
For f € G*! we denote by || f|| the function = — || f(z)| c-

Definition 1.1.3 Let K be a subgroup of G*. A Riesz group pseudonorm on K is a map
| |lx : K — [0, +00] such that:

(1) 1[0][x =0,
2) |If +9llx < Ifllx + lgllx,

GB) Ifle <llglle = Ifllx < llglz,

forall f,g € K.
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We observe that || f||x = || — fl|x Vf € K it is a consequence of (3). Let (E,| - || g)
be an F— normed space and E*! the linear space of all E—valued functions on 2.

Definition 1.1.4 Let L be a linear subspace of E*. A Riesz F—seminorm on L is a map
Il - |lz : L — [0, 4o0[ such that:

1
lim ||Ef||L =0, VfeL; (1.1.5)
1f+glle < flle +llglle,  Vf.g€L; (1.1.6)
Iflle <lgle = IfllL <lglle,  Vf.g€L. (1.1.7)

We note that, if A € [—1, 1] then forall f € L
A (@)le <|[f(2)lle Vze
Then by 1.1.7 follows that
INfll <|Ifll. VYfeL,VAeRwith [A] < 1. (1.1.8)

Definition 1.1.5 A subset M of a topological group X is said to be totally bounded if for
all neighborhood V' of O there exist a finite number of elements fi, ..., f, from X such that
fi+V, . fn+V cover M.

Definition 1.1.6 The map o : A — [0, +00] is a submeasure if

(1) (@) =0;
(2) ACB=«a(A)<a(B) VA, Be A (monotonicity);
(3) a(AUB) <a(A)+a(B) VA, Bec A (subadditivity).

1.2 The space L

In this section we recall briefly the definition of the space L.

Let (G, | - ||¢) be a normed group and let n : P(©2) — [0, +-00] be a submeasure.

In this general setting it is possible to give a natural generalization of the topology
of the convergence in measure using a pseudonorm. This topology is generated
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on the group G* of all G—valued functions on 2 by the Riesz group pseudonorm
|- llo: G — [0, +0oc] defined by

[fllo :=inf{a>0:n(|flle = a) < a}

where {|fll¢ > a} = {a € Q|| f(a) ¢ > a}.
Let A be an algebra in the power set P(2) of {2 and

S:=85(2,A4,G) =span{yxa:y € Gand A € A}

the corresponding group of all G—valued simple functions on 2, where x 4 denotes
the characteristic function defined on €.

Then the closure Ly := Lo(2, A, G, n) = 5l of 5 in (G2, || ||o) is a subgroup of L.
In a more special setting the functions of L are called measurable.

Let (G, |- |l¢) == (E,||-||g) be an F—normed space. Then S({2, A, E) is a linear sub-
space of E* and the restriction of || - ||o on S(£2, A, E) is a Riesz ['—seminorm, hence
also the restriction of || - ||o on Lo(f2, A, E,7) is a Riesz F—seminorm. Identification
of function f, g € E* for which || f — g|lo = 0 turns (Lo, || - ||o) into a F-normed linear
space.

Let (E,| - ||g) := (G, || - ||¢) be a Banach space, 1 : A — R a finitely additive mea-
sure and 7 its total variation. Then the space Ly(f2, A, E,n) coincide with the space
of measurable functions introduced in [21].

Let Q2 be a Lebesgue-measurable subset of R", A the c—algebra of all Lebesgue-
measurable subsets of Q2 and 7,/ 4 the Lebesgue measure. If n(2) < +oo, then
Ly(£2, A, R, n) coincides with the space M (2) of all real valued measurable func-
tions defined on Q. If () = +o0, then Ly(12, A, R, 7n) coincides with the space
Tv(€2) of all real valued totally measurable functions defined on €2 (see [21]).

1.3 The Hausdorff noncompactness measure .The measures
of non convex and of non strongly convex total bound-
edness

The first to consider a quantitative characteristic a(A) measuring the degree of non-
compactness of a subset M/ in a metric space was K. Kuratowski in 1930, in connec-
tion with certain problems of General Topology. G. Darbo [15] used this measure
to generalized Schauder’s fixed point theorem to a wide class of operators, called
k—set-contractive operators, which satisfy the condition o(7'(A4)) < ka(A) for some
k € [0,1). Other measure of noncompactness have been defined since then. The
most important ones are the Hausdorff measure of noncompactness introduced by
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Gohberg, Goldenshtein and Markus [24] and the separation measure of noncom-
pactness considered by Istratescu [26], Sadovskii [38] and other authors.

Let Gbeagroup and || - ||¢ : G — [0, +00] be a group pseudonorm.

Recall that, if M C G, the Hausdorff measure of noncompactness of M is defined

by:
va(M) :=inf{e > 0 : There is a finite subset F' of G such that M C F + B.(G)}

A subset M of G is totally bounded if and only if v (M) = 0.
Proposition 1.3.1 below summarizes some properties of 7.

Proposition 1.3.1 Let M, N C G.
(a) Regularity: vg(M) = 0 iff M is totally bounded;
(b) Monotonicity: M C N implies yg(M) < yg(N);
(c) Nonsingularity:yq is equal to zero on every one-element set;
(d) Semi-additivity: yo¢(M U N) = max{yg(M),vc¢(N)};

(e) Invariance under translations: yg(x + M) = yg(M) forany x € G.

We can also define the internal measure of noncompactness 3¢ of M by

Ba(M) = inf{e > 0 : There is a finite subset F' of M such that M C F' + B.(G)}

It is easy to prove that the following inequalities hold:

Ya(M) < Ba(M) < 2va(M) (M CG)

Assume that G(+, ) is a linear space and that (G(+),] - |l¢) is a pseudonorm

group . Then we can define the measure of non convex total boundedness ¢ ., of a
subset M of G.

Definition 1.3.2 Let M C G.

Yow(M): = inf{e > 0: Thereis fi,..., f, € G and convex subsets

C1,...,Cr of Be(G) such that M C | J(fi + Ci)}

i=1

A subset M of G is called convexly totally bounded if and only if ¢ .,(M) = 0.



1.3. THE HAUSDORFF NONCOMPACTNESS MEASURE .THE
MEASURES OF NON CONVEX AND OF NON STRONGLY CONVEX
TOTAL BOUNDEDNESS

Analogously we can define the internal measures of non convex total bounded-
ness 3G, of M.

Definition 1.3.3 Let M C G.

Baw(M): = inf{e >0: Thereis f1,..., fr, € M and convex subsets

O,y .., O of Be(G) such that M C | J(fi + C)}

i=1

Proposition 1.3.4 below summarizes some properties of the parameters just de-
fined.

Proposition 1.3.4 Let M, N C G.
(@) (M) < yg.w(M);
(b) M is ctbiff vg (M) =0
(c) If M C N, then vGw(M) < vG.w(N);
(d) ve,uw(M) < Baw(M) < 29gw(M);

(€) ’)’G,w(M + N) < ’YG,w(M> + ’YG,w(N)

10



Chapter 2

The Measure of Non Convex Total Boundedness
in the Space L

In this chapter we deal with Problem 1 of the introduction in the space Ly :=
Ly(£2, A, E,n), where E is a normed space. To this end we introduce and study two
quantitative characteristics which measure the degree of nonconvex equal quasi-
boundedness and the degree of nonconvex equal measurability of a subset M of
Ly. By the comparison of this with the measure of nonconvex total boundedness of
a subset M of Ly we obtain some inequalities, that give, as a special case, a Fréchet-
Smulian type convex total boundedness criterion in the spaces Lg. In the last section
we extend our results to the space £y that is a generalization of the space L.

2.1 Preliminaries

In this section we present some definitions and known results which will be needed
throughout this chapter. We set vr, := 70 and vry.w = Y0,0- Let (G,] - ||¢) be a
normed group and Ay, ..., A, € Abe finite a partition of (2. We set

S(A1, ..., Ay) :={se€eS:s=>",vixa,, wherey; € Gfori=1,...,m}.

In [46] the following two quantitative characteristic Ao and wy are used to esti-
mate vy in Lo(2, A, G, n):

Xo(M) : =inf{e > 0 : there exists a finite subset F' of G such that
M C (F?NS) + B:(Lo)}
and

wo(M) := inf{e > 0: there exists a finite partition A4;,..., A, € Aof Q  such that
M c S(A17 7Am) + BE(LO)}

11
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A subset M C Ly is called equally quasi-bounded iff \o(M) = 0, and equally measur-
able iff wo (M) = 0.
In [46, Theorem 2.2.2] is proved the following theorem

Theorem 2.1.1 Let M C L. Then
max{)\o(M)7wg(M)} < ’YQ(M) < )\Q(M) + QWQ(M).

In particular M is ctb if and only if A\g(M) = wo(M) =0
Here we give a different prove of the above theorem with that assumption that
(G, ]| lle) = (E,| - ||g) is a normed space. For this we require the following lemma

Lemma 2.1.2 Let H C S(Ay, ..., Am) with vo(H) < +o0. Then

Proof. We prove that o (H) > \o(H).
Since wo(H) = 0 and maz{\o(H),wo(H)} < vo(H) it follows that

Ao(H) < ~0(H)

We prove now that vo(H) < A\o(H)
Let a > A\g(H) then by definition of )\ there exist F' = {z1, ..., z,} C E such that

H C (F? N S) + Ba(Lo).

Lets € Hthens =) ", zjxa, witha; € Efori=1,..,m.

Letp € (FNS) then ¢ = Z§:1 zjxg; withz; € I, j <m

Since H C (F® N S) + By(Ly) it follows that Vs € H Jp € (F*NS) and Jb, €
B,(Lp) suchthats — o =b, = [|s — ¢]jo < .

For all s € H we define the function

m

Pps = Z ZiXA;

=1

where z; € {z; : Bj N A; # 0} is such that ||z; — zj|| g = min.
We have that ||s — @s/lo < [|s — psllo < .
Let K := {@, : s € H} then K is a finite subset of S and

H C K + Bu(Ly).
This prove that o (H) < \o(H). O

Now we are in position to prove the theorem 2.1.1

12
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Proof.

We prove the left inequality. It is trivially if vo (M) = +oc.
Assume that yo(M) < a < +o0.
By definition of 7 there are function s, ..., s, € S such that

n
M C | si+ Ba(Lo).
i=1

Put F:=J;_, 5:(Q) and Ay, ..., A, € Abe a partition of Q such that s;| A, is constant
fori=1,...,nand j =1i,...,m.
Then

M C (FPNS(Ay, ..., Am)) + Ba(Lo) and M C S(Ay, ..., An) + BalLg).

Therefore max{Ao(M),wo(M)} < vo(M).

We now prove the right inequality. Clearly, it is true if A\g(M) = 400 or wo(M) =
+00.

Assume that \o(M) < a < +o00 and wy(M) < < +o0.

By definition of )\ there are a finite subset F' of E such that

M C (F*NS) + Bu(Lo).
By definition of wy there is a partition Ay, ..., A, € A of {2 such that
M C S(Ay,...,An) + Bg(Lo).
Set
H:= (M — Bg)NS(A1, ..., Ap).

Then M C H + Bg(Lg) and therefore o (M) < ~4(H) + 3. By Lemma 2.1.2 vy (H) =
Xo(H) therefore vo(M) < XAo(H)+ B < A(M)+ B+ 8 < a+20.
So

Yo(M) < Ao(M) + 2wo (M).

O
In particular, M is totally bounded iff A\o(M) = wo(M) = 0.
Moreover, in [7] it is defined the following quantitative characteristic o(M ) which
is useful for the calculation of A\o(M):

o (M) := {e > 0 : there exists a finite subset F’ of E such that for all f € M
thereis Dy C Q withn(Dy) <eand f (2\Dy) C F + B.(E)}.

The following result was established in [7, Proposition 2.1].

13
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Proposition 2.1.3 Let M C L. Then

We list below some properties, to be used later, of the quantitative characteristics vy
and v0,4-

Proposition 2.1.4 Let M, N C Lg. Then
a. vo(M) < vo,w(M);
b. if M C N, then vo(M) < 7o(IN) and 40, (M) < vo,u(N);
c. Yo(MUN) = max{v(M),~0(N)}and vo,,(MUIN) = maz{vo,,(M), 0w (N)};
d. (M + N) < v(M) +70(N) and 50,,(M + N) < 50,0(M) + 70,0 (N).

Proposition 2.1.5 Let M, N C Lg. Then

Yow (M) = inf{e > 0 : there exist functions sy, ..., s, € S and convex subsets
n
C1,...,Cp of B:(Lo) such that M C | (s; + Ci)}.
i=1

Proof. Seta := inf{e > 0 : there are sy, ..., s, € S and convex sets C1, ..., C, of B.(Lg)
such that M C G (si + C;i)}. Obviously 0., (M) < a. Clearly 7 ,(M) = 400 im-
plies a = +o0. A:slsume that v, (M) < a < 4oc. Then there exist fi,..., f, € Lo
and convex subsets C1, ..., Cy, of By(Lg) such that M C 6 (fi +C;)}. Letd > 0, we
choose s; € S such that || f; — s;|| < % for i < n.Then Cj Z:;lco{o, f1 =581, frn — S0}
is a convex subset of Bs(Lg) and M C 6 (si + C; + Cs)}. Therefore a < a + 4. So

=1
a < Yo,w(M). O

2.2 The non convex total boundedness in the space L

Definition 2.2.1 Let M C Lg. We define:

Xow (M) : =inf{e > 0: there exist a finite subset F' of E and convex subsets

Ch,...,Cpof B:(Lo) such that M C (FenS)+ U Cl}
=1

(2

14
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and
wo.w (M) : =inf{e > 0: there exists a partition Ay, ..., Ay, € Aof Q and convex

subsets C1, ..., Cp, of Be(Lo) such that M C S(A1,...,An) + U Ci}.
i=1

We call M convexly equally quasi-bounded if A\g., (M) = 0 and convexly equally
measurable if wg , (M) = 0.

We observe that if £ = R, then the quantitative characteristics Ao, and wp
coincide with those introduced in [42].

Proposition 2.2.2 below summarizes some properties of the quantitative charac-
teristics just defined that follows immediately by the definitions.

Proposition 2.2.2 Let M, N C Lj.
a. )\0(M) S )\07w(M) and w()(M) S w07w(M),'

b. lfM - N then )\07w(M) < )\U,w(N) and wo,w(M) < (,U(]yw(N),'

. Mo,w(MUN) = max{Ao.w(M), Xo,w(N)}and wo ,(MUN) = max{wo (M), wow(N)};

d. Xouw(M 4+ N) < Xow(M) 4+ Xo,w(N) and w (M + N) < wo (M) + wo,uw(N).
The following lemma is crucial in the proof of Theorem 2.2.4.

Lemma 2.2.3 Let Ay, ..., A, € Abea partition of Qand H C S(Ay, ..., Ay,). Then

Yo(H) = v0,w(H)

Proof. By proposition 2.1.4 (a), vo(H) < 70,w(H). Since wo(H) = 0, it follows by
theorem 2.1.1 and proposition 2.1.3 that yo(H) = o(H). Then it is sufficient to show
that 70, (H) < o(H). Observe that the last inequality is trivial if o(H) = 7(1Q).
Hence we can assume that o(H) < n(Q2). Let o € Jo(H),n(2)[. By the definition of
o we can find a finite set ' = {0, 21, ...,2,} € E and sets Dy =: §, Dy, ...,D, C Q,
with n(D;) < cand D; = Ule Agl for j =1,...,r, where {AZl, ,Aik} is a proper
subfamily of the partition Ay, ..., A,, such that forall s € H thereisj € {0,1,....7}
with s(2\ D;) C F + B,(E). Put

{A{M,...,A{n} = { A1, A\ {A{l,...,A{k}
for j =1,...,r. We define

C%:={s€ S(A,...,A) : 5(Q) C Bo(E)}

15



2.2. THE NON CONVEX TOTAL BOUNDEDNESS IN THE SPACE L

and
Ch = {s € (A1, .., An) 1 s(A], U..UA] ) C Ba(E)}.
Then it is easy to check that CY (j =0,1,...,r) are convex subsets of B (Ly).
Set Hy:={se€ H:5(Q) CF+By(E)}and H; :=={s € H:s(Q\D;j) C F+ B,(F)}
for j =0,1,...,7. We will prove that if H; # () then

H; C [FPNS(A1,..,Ay)] +CY forj=0,1,...,r.

Hence . -
H=|JH; C [F'nS(A,....A)] + | Ci.
§=0 j=0
It follows that vp..,(H) < «a, and therefore g .,(H) < o (H).
Lets =" yixa, € H.If s € Hy, we have that

n
s(Q) = | Jui € F + Ba(E).
i=1
Hence foralli € {1, ...,n} thereis z; € {0, 21, ..., 2, } such that y; — z; € B,(FE). Then
s = ¢+ h, where

n

P = Z ZiXA;»

=1

and . .
h = Z TiXA; + Z(yi — Zi)XA,;-
i=1 i=1
Therefore s = ¢ + h € [F? N S(Ay, ..., Ay)] + CL.
Suppose s € H\Hy. Then thereis j € {1,...,r} such that s € Hj, so

n
U..UA,) = |J v SF+BaE).
I=k+1

S(Aik-+l
Hence foralll € {k+1,...,n} thereis z;, € {0, 21, ..., 2, } such that y;, — z;, € By (E).
Then s = ¢ + h, where
n
QO = Z ZilXAilv

I=k+1
and
k n
h = sz‘lXAil + Z (yil — zil)XAil-
I=1 I=k+1

Therefore s = ¢ + h € [F N S(A1, ..., Ay)] + .
We are now in a position to prove the main result of this chapter.
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2.2. THE NON CONVEX TOTAL BOUNDEDNESS IN THE SPACE L

Theorem 2.2.4 Let M C Lg. Then
max{)\oM(M), u)07w(M)} § ’YQ,w(M) S )\07w(M) + 2&)07w(M).

Proof. We first prove the left inequality which is trivial if v ., (M) = 4+00. Assume
that 70, (M) < o < +o00. By proposition 2.1.5 there are functions sy, ..., s, € S and
convex sets C1, ..., Cp, in By(Lg) such that

i=1
Put F := |J;_; 5() and let {41, ..., A} C Abe a partition of 2 such that s;|4; is
constant fori =1,...,nand j = 4,...,m.Then

M C (FENS(A, ..., An) + | G,
=1

and
n

M C S(Ay, ... Am) + | Ci.
i=1
Therefore
max{Ao,uw(M),wouw(M)} < youw(M)  (¥).

We now prove the right inequality. Clearly, it is true if Ao ,, (M) = +00 or wg (M) =
+o00. Assume that Ao, (M) < o < 400 and wp (M) < B < 400. By the definition
of Ao, there are a finite subset F' of E and convex sets C1, ..., Cy, in B, (Lo) such that

M (FEnS)+ |

i=1

Moreover, we can find a partition {41, ..., A, } C Aof Qand a convexsets K1, ..., K,
of Bg(Ly) such that

M C S(Ay, ..., Ap) + | K.

Set

we have Ao ,(H) < Ao (M) + 3.
Finally, we prove that
A0,w(H) = Y00 (H).

17
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Of course wy(H) = 0. So by the above inequality (x), it follows that Ao, (H) <
~0,0(H). Therefore
A0,w(H) < 50,0(H) =7 (H) = Mo(H) < Ao,w(H),
which implies g ,,(H) = 70,1 (H ). By the definition of H it follows that
M C H+ U K;.
j=1

Hence

’YO,w(M) < VO,w(H) + ﬁ = AO,w(H) + 6 < )\O,u}(M) + B + ﬂ

< a+2B,

and
’YO,w(M) < )\O,w(M) + 2w0,w(M)-

The proof is complete.
As a corollary of Theorem 2.2.4 we obtain the following Fréchet-Smulian type
criterion of convex total boundedness.

Corollary 2.2.5 A subset M of Ly is ctb if and only if X ,,(M) = wo (M) = 0.

Corollary 2.2.6 Let M C Lg. Then

Aow(M) + 2w (M)
< Now(M) + 2wo (M),

max{g,w(M),wow(M)}

IA

In particular, Ao, (M) = Xo,w(M) and wg (M) = wo,w(]\_/[) if M is ctb.

Proposition 2.2.7 Let M be subset of Ly and suppose that \o(M) = 0.Then ~p ,(M) <
2w07w(M) and )\O’w (M) < 2w0,w(M).

Proof. Let o > wp (M ). Then there are a partition Ay, ..., 4,, € A and convex sets
C1,...,Cp of Bo(Lg) such that M C S(Aq, ..., A,) + U Cj.
i=1

Set H = (M- C;| nS(A1,...,A,). Then M C H + |J C; and therefore
j=1 Jj=1

’YO,w(M) < VO,w(H) + a.
We now prove that v ,(H) < . By 2.1.1 and 2.2.3 we have that v ., (H) = v (H) =

Mo(H). Hence, since H C M — |J Cj and A\o(M) = 0 we have that A\o(H) < a. So
j=1

that 70, (M) < 2a and 40, (M) < 2w, (M).

By theorem 2.2.4 it follows then g ., (M) < 2w . (M). O

Therefore we have that M is ctb iff \o(M) = wq (M) = 0.

18



2.3. THE NON CONVEX TOTAL BOUNDEDNESS IN THE SPACE L,.

2.3 The non convex total boundedness in the space L.

Let (E, o) be a Hausdorff locally convex linear space and 7 a Frechet-Nicodym
topology on P (2) [14]. Moreover, let {|| - |;, ¢ € I} be a defining family of semi-
norms for the topology o and {7;,j € J} a family of submeasures which generates
7 (see[31, Theorem 15, p. 188] and [14, Theorem 2.7] ) .
For (i,5) € I x J, let EZQ] = (EQ, H||”> where for

f e E®,

[f]lij :=nf{a > 0:n;({x € @ |[[f(2)li = a}) < a}.

Let 79 be the topology generated by the family of group seminors {| - ||;; :
(i,7) € I x J}. Moreover, let A C P () be an algebra and S := S(A,, E) the
space of all E—valued .A—simple functions of E®*. We denote by Ay (the space of
measurable functions) the closure of S in (E®, 1), by L; ; the closure of Sin (E®, | -
|ls,7)- Obviously, we have Ly C L;; for all (i,j) € I x J, because the topology 7; ;
generated by || - ||;; is less fine then 79. We denote by A/ and wi/ the quantitative
characteristics ( constructed by means of ||-||; ; ) corresponding to Ao, and wo,u -
For M C L, we denote v,/ (M) the measure of nonconvex total boundedness of M
with respect to || - ||; ;, and we define ~,,(M), A, (M) and w,, (M) as functions from

I x J to [0, 00] by

Yo (M) (i,5) = ~57 (M),
Ao(M) (i,5) = N (M),
wo(M) (i,7) = wi (M),

We consider the natural partial ordering in the set of all functions from I x J to
[0,00], i.e. h1 < hg if and only if hy (i,7) < h2(4,5),V(i,5) € I x J. Since Ly is
dense in (L ;, [|||; ;), the measure of nonconvex total boundedness of a set M in Lo
calculated in (L; j, [|-[|; ;) coincides with v’ (M) calculated in (Lo, ||-||; ;). Therefore
by Theorem 2.2.4 we get the following inequalities.

Theorem 2.3.1 Let M C Ly. Then

max{ Ay (M), wy (M)} < yp(M) < Apy(M) + 2w, (M).

24 Open Problem

In [17] has been introduced the notion of strongly convex total boundedness - a
somewhat stronger condition than convex total boundedness - and a quantitative
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characteristic, which measures the degree of nonstrongly convex total bounded-
ness. This notion and this quantitative characteristic are - in contrast to convex
total boundedness - invariant when one passes to the convex hull of a set. That
admits the formulation of a fixed point theorem of Darbo type [15] in nonlocally
convex linear spaces. The notion of strongly convexly totally bounded sets and the
corresponding noncompactness measure is the main tool in [19] to get a Fan’s best
approximation result in nonlocally convex linear spaces. In [47] strongly convex to-
tal boundedness is linked with affine embeddability in locally convex linear spaces.
The measure of nonstrongly convex total boundedness for a set M in Ly(2, A, E, n)
is defined by

v0,s(M): = inf{e > 0: There is a finite subset F' C L (£, A, E,n) and a convex
subset C' of B.(Ly(Q2, A, E,n)) such that M C F' + C'}

A set M is called strongly convexly totally bounded (sctb for short) if o (M) = 0.

Sufficient condition for the strongly convex total boundedness of a setin Ly(2,.A, R, n),

where 1 : @ — [0, 400[, was given in [17]. In [42] the following two quantitative

characteristics A; and w; are used to estimate the nonstrongly convex total bound-
edness measure in Lo(2, A, R, ) :

As(M): = inf{e >0: Thereisana € [0,+00) and a convex
subset C of B.(Lo(£2, A, R, n)) such that M C [—a,a] + C}

ws(M): = inf{e > 0: Thereis a partition A, ..., A, € A of Q and a convex
subset C' of B¢(Lo(92, A, R, n)) such that M C S(44,...,A,) +C}

Theorem 2.4.1 [42, theorem 4.6]. Let M C Lo(Q2, A,R,n). Then

max{As(M),ws(M)} < ~os(M) < As(M) + 2ws(M).

In particular, M is sctb if and only if \;(M) = ws(M) =0

To estimate the measure of nonstrongly convex total boundedness in the space
Ly(£2, A, E, n) it seems natural to introduce two quantitative characteristics Ao ; and
wo,s which are the natural generalizations of A\ and w;.

Definition 2.4.2 Let M C Lo(Q2, A, E,n). We define:

Xos (M) : =inf{e > 0: there exist a finite subset F' of E and a convex subset
Cof B.(Lo(%, A, E,n)) such that M C (F®NS)+C}
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and

wo,s (M) : =inf{e > 0: there exists a partition Ay, ..., Ay, € A of Qand a convex
subset C of B:(Lo(Q2, A, E,n)) such that M C S(Ay, ..., An) + C}.

In particular, we call M strongly convexly equally quasi-bounded if Ao (M) = 0
and strongly convexly equally measurable if wq s(M) = 0

As in the proof of Theorem 2.2.4 it is easy to obtain the following inequality for
a subset M of Ly(Q2, A, E,n) :

max{Ao.s(M), wios (M)} < 50,5 (M).
Moreover let Ay, ..., A, € Abe a partition of Q and H C S(A4;,..., Ay) if
0.0 (H) = 70,5(H)
holds, with a proof similar to the one of Theorem 2.2.4 we obtain that
Y0,5(M) < Ao,s(M) + 2wo,s(M).

Therefore the following characterization of the strongly convex totally bounded
subsets of Ly(2,A, E,n) :

M is sctb if and only if Ao s(M) = wo (M) =0
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Chapter 3

Total and Convex Total Boundedness in F'—

seminormed spaces

Let (E,| - ||g) be an F—normed space. In this chapter our purpose is to study the
Problem 2 of the introduction in a class of F'—seminormed subspaces of the linear
space E*?, which contains a large class of Riesz F'—seminormed linear spaces.

3.1 The spaces L

Let (E,|| - ||g) be an F'—normed space, A an algebra in P(€2),n : A — [0, +0o0] a
submeasure and 79 : P(2) — [0, +-00] the submeasure defined by

no(B) :=1inf{n(A4) : BC Aand A € A}.

Set Ap :=inf{A € A:1np(A4) < +o0}.
We will denote by

So(A, E) := span{yxa :y € Eand A € Ay}
and by

Ao :={A € Ay : thereexists y € E'\ {0} such thatyxa € L},

which is an ideal of Aj.
Moreover for all f € E* we denote by

[fllo :=inf{a >0:no(|fllz = a) < a}

Throughout this chapter L := (L, || - ||1) stands for an F-seminormed subspace of
the linear space E*?) with the following properties:
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3.2. THE HAUSDORFF MEASURE OF NON COMPACTNESS AND THE
MEASURE OF NON EQUIABSOLUTE CONTINUITY

(@) xaf € Lforall A€ Aand forall f € L;
(b) Son Lisdensein (L, | - ||L);

(c) if Ae Ap,then lim |xgf|lr =0forall f e L.
B)—
AShea
(d) thereis k > O such that || f||z < ||g||g implies || f||z < k||g||r forall f,g € L

Clearly, if the above condition is satisfies for k¥ = 1, L is a Riesz F-seminormed

space.

3.2 The Hausdorff measure of non compactness and the mea-

sure of non equiabsolute continuity

We start to introduce a quantitative characteristic which measure the degree of non

equiabsolute continuity of a subset of the space L.

Definition 3.2.1 Let M C L. We define for A € Ay and 6 > 0 :

I, (M, A,6) :=max { sup ||xa\af||,-sup sup |xsfll, ¢,
feM feMADBelU

n(B)<sé
HL (M, A) = %IH(I)HL (M, A, 6) ,

Iy (M) := inf IIp(M,A).
L (M) A L (M, A)
A subset M of Lis called ||-||; —equiabsolutely continuous (||-||; — eac for short)
if TI,, (M) = 0.
The space L is called reqular if each singleton M = {f} with f € Lis || - ||, —eac.

Remark 3.2.2 Let 2 be a subset of R™ with finite Lebesgue measure, A the c— algebra of
all Lebesgue measurable subsets of Q and yn : A — [0, +o0[ the Lebesgue measure. For
p € (1,400, let L := Ly(2, A, R, 1) be the classical Lebesgue space. Then, in this setting,
the set function Iy, coincides with the parameter 11,, introduced by Appell and De Pascale
in[[3],Definition 3.1, p.509].

Proposition 3.2.3 The space L is a regular space.
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3.2. THE HAUSDORFF MEASURE OF NON COMPACTNESS AND THE
MEASURE OF NON EQUIABSOLUTE CONTINUITY

Proof. Let f € L and ¢ > 0. By (b) we can choose s € SN L such that ||f — s|[; <

¢/k. Set As := supp(s) := {x € Q:s(x) # 0}. Then A, € Ao and |[xo\a, fllL =

Ixo\a, (f = s)llz < kllf — sl < e Hence AeiI}\f [Xa\afllx = 0. On the other hand,
o,L

forall A € Ay by (c)wehavell ({f},A) = }%HL({f},A,é) = |Ixo\afllz- Then
IL({f}) =0. m

Theorem 3.2.4 Let M C L. Then
(M) < kyp(M).

Proof. Let o > 1, (M). By (a) there are s1,...,s, € SoNLsuchthat M C |J (si+

i=1,...,n
Bo(L)). Set A; = supp(s;) for i = 1,...,n. We have 4; € Ay fori = 1,...,n
and therefore A := |J A; € Ao . Let f € M . Choose i € {1,...,n} such that
i=1,....n

IIf — sillz < a. Then

Ixovafllz < lixena(f = sille + [Ixavasille < E[f — sl < ke (3.2.1)
Moreover, let 6 > 0. For B C A, B € Aand n(B) < 4, we have

IxsfllL < Ixs(f = sl + lIxssille < E|f = sille + [Ixzsillz 329

< ka+ max I, ({s;},A,0) (322)
j=1,..n
By (3.2.1) and (3.2.2) and Proposition 3.2.3, it follows that
Iy (M) < ka+ max IIx({s;}) = ka,
Jj=1,...,n

and therefore I1;, (M) < kv (M). O

The following example shows that the hypothesis (d) on the space in the above
theorem cannot be cancelled.

Example 3.2.5 Let L := L [0,1,] € RO pe the space of all real Lebesgue-integrable

]
functions defined on the interval [0,1]. Then ||f|, = | [ f| is a seminorm on L,
[0,1,]

which does not satisfy condition (d). In fact if we consider the subset M = {f, =
(n+1/n)X0,1/n) : 7 € N} of L, then y,(M) = 0 and I (M) = 1.

Theorem 3.2.6 Let M C Land A € Ay . Suppose Bo(xaM) < ¢ := supycp ||yl g and
let Bo(xaM) < 6§ < c. Then

where yo € E and ||yo|lg = Bo(xaM).
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MEASURE OF NON EQUIABSOLUTE CONTINUITY

Proof. Let M C L and A € Ap . Then there are functions f1, ..., f, € M such that
n
xaM C igl(XAfi + Bos)-

Fix f € M and leti € {1,...,n } such that ||[xa(f — fi)llo < 0. Set Dy :={||xa(f —
fi)lle > 0}, then Dy C A and n(Dy) < §. Hence, by definition of 7y there exists
Cy € Asuch that Dy C Cfand n(Cy) < 6. Then By := ANCy C A, n(By) <6
and xp,xAfi = xB; fi- Set a := 11 (M, A, d). By definition of II, (M, A, 9) it follows
Ixa\aflle < a |Ixpsflle < aand |xp,xafillL = [xB, fillL < a. Therefore

If —xafile < lixe\aflle +lxalf = fi)llz
Ixanafll + lIxas, (f = f)lle + Ixs, fliL + lIxs, fill L
< BIL(M, A, 0) + [Ixas, (f — fi)llL.

Lety € E such that ||y||g > J. Then the function ¢t — ||ty||g (¢ € [0, 1]) is continuous
and }ir%thHE = 0. Hence there are t( and t; € [0, 1] such that ||toy||lg = Bo(xaM)

IN

and ||t;y|lg = . We set yo := toy and y;5 := t5y, then yo, ys € E. Since A € Ay 1, the
simple function x 4ys € L. For each f € M we have

Ixavs, (f = fi)(@)le <6 =lyslle = llysxa(z)|r forallz € A.
Hence |[x1\5,(f — fi)lle < llysxal s, so that

Ixavs, (f = flle <k llysxallz-

Therefore
VL(M) < BHL(M)Av 6) +k Hy(SXAHLa

Since tlin% ltsylle = ||toyl &, by the continuity of || - ||, it follows that
§—to

yo(M) < 3 (M, A, 8) + k [lyoxallr-

g
In the case in which the space L is endowed with a g-norm || - || (for 0 < ¢ < 1),
ie, |laf|lL = |a|? f]lL, then (3.2.3) assumes the following simpler form

yo(M) < 3Up(M,A,0) +k Bo(xaM)|yoxal L

Remark 3.2.7 If ¢ < oo then the case So(xaM ) = c can be considered.
Then we have

Yo (M) <Ip (M, A, Bo(xaM)) +k ?UAIZIHXAJCHL
c

and
Yo (M) <TIL(M, A, Bo(xaM)) + k ||yoxallz

if Bo(xaM) = |lyoll for|lyoll € E.
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3.3. THE MEASURE OF NON CONVEX TOTAL BOUNDEDENESS AND
THE MEASURE OF NON EQUIABSOLUTE CONTINUITY

As corollary of the theorem 3.2.6 we obtain a sufficient condition for the total
boundedness of a subset of the space L.

Corollary 3.2.8 Let M be an || - ||-eac subset of X and suppose that x4 M is totally
bounded in (E®, || - ||o) for all A € Ao 1. Then M is totally bounded in (L, | - ||1).

Proposition 3.2.9 Let M be a totally bounded subset of L. Assume that given a sequence

lI-llz II-llo

{fn} in L, then f, —= 0 implies xaf, — 0 for all A € Ao 1. Then xaM is totally
bounded in (E, || - ||o) forall A € Ao .

Proof. Let M be a totally bounded subset of (L, || - ||1) and let A € Ag .. We prove
first the following statement:

for all € > 0 there exists § > 0 such that x4 B5(L) C B.(EY) (%)

Indeed, fixed € > 0, we can choose k € N such that % < e. Suppose that for all
n > k we have x4B1 (L) ¢ B.(E®) and choose f,, € (XABL (L) \ BE(EQ)> . Thus

we have f, Il 0, and therefore,x A fn, = fn Ilg 0, a contradiction.

Fix now € > 0. By (*) there exist § > 0 such that x4Bs(L) C B.(E%). Since M
is totally bounded in (L, || - ||), there exist a finite subset F' of L such that M C
F + Bs(L). Hence x oM C xAF + xaBs(L) C xAF + B(E*}), and therefore y 4 M is
totally bounded in (E, || - ||o)- O

Combining Theorem 3.2.6 and Proposition3.2.9, we obtain the following Vitali-
type total boundedness criterion

Theorem 3.2.10 Assume that given a sequence {f,} in L, then ||f,|| — 0 implies
lIxafnllo = O forall A € Ao 1. Then a subset M of L is totally bounded in (L, || - ||1) iff
itis| | r-eacin L and x oM is totally bounded in (ES, || - ||o) for all A € A 1.

3.3 The measure of non convex total boundedeness and the
measure of non equiabsolute continuity

The next theorem shows the relationship between the measure of non equiabsolute
continuity and the measure of non convex total boundedness.

Theorem 3.3.1 Let M C L.

(@) TL(M) < yu,.(M);
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THE MEASURE OF NON EQUIABSOLUTE CONTINUITY

(b) Suppose that M is convex. Let A € Ay, and 6 > (o .,(xaM). Then
fYL,w(M) < 3HL(M7 A7 6) +k HyOXA||L7 (331)
where yo € E and ||yo|l g = Bo.w(xaM) .

Proof. (a) follows immedialely from Theorem 3.2.4 and Proposition 1.3.4 (a).
(b) Let 6 > Bow(xaM). Then there are functions f1, ..., fn € M and convex sets

Cy, ...,Cy of Bs(E®) such that yaM C U (fixa+Cixa). Since M C xaM +xo\aM,
by properties (c) and (e) of Proposmon 1. 3 4, it is sufficient to show that

Yoo, . (XAM ) + v,z (XonaM) <k [lyoxallr + 31L(M, A, 6). (3.3.2)

Put a := 3M(M, A, ). Then ||[xo\afllL < aand |[xpf||L < aforall B € A, with
B C Aand n(B) < ¢, and for all f € M. Since M is convex K; = [xaMn (fixa+
Cixa)]l — fixa (i =1,...,n)is convex. Clearly xaM C U (fixa + K;). Moreover,

if we fix i and g € K; then g = fxa — fixa and as in the proof of theorem 3.2.6, it
follows that [[xa(f — fi)llz < llysxalr + 2a and so

Yu,L(XxaM) < 2a+k [lyoxallr- (3.3.3)

By the convexity of M we have that xo\ 4 M is convex. Hence, since

IxonaM||L < aforall f e M, v, r(xo\uM) < a. (3.34)

Finally 3.3.2 follows immediately from 3.3.3 and 3.3.4. O
The following corollary of Theorem 3.3.1 (b) gives a sufficient condition for the
convex total boundedness of a convex set of L.

Corollary 3.3.2 Let M be a convex subsets of L. If M is || - || —eac and xaM ctb in
(B2 || llo) forall A € Ao 1, then M is ctbin (L, || - ||1).

-l II-llo

Remark 3.3.3 Suppose that the condition f, — 0 = xafn — O forall A € Ay,
holds in L. Then M ctbin (L,|| - ||1) implies x aM ctb in (EQ7 |- llo) forall A e Ay 1,

By Corollary 3.3.2 and Remark 3.3.3 we get the next convex total boundedness cri-
terion.
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II-llz II-llo

Theorem 3.3.4 Suppose that the condition f,, — 0 = xafn — 0 forall A € Ay,
holds in L. A convex subset of L is ctbin (L, || - ||1) iff it is || - || —eac in L and x4 M is
cthin (E%, || - |jo) forall A € Ao,p.

The following example [32, example 4.9] shows that the hypothesis of convexity in
the theorem 3.3.1 cannot be cancelled.

Example 3.3.5 Let Q = [1, %f], A the o— algebra of Lebesgue-measurable subsets of
and i the Lebesgue measure on A. Let L% (Q, A, i) be the corrisponding Lebesgue spaces
defined in [21, Chapter 1I1], where HfH% := [|fIP. Then L%is a space of type L.

Q

n—1 n

Fix a real number o €]3, 4] and define for n € N, n # 1 such that A,, = [Z k%, > kg} ,
k=1 k=1

fn == xa,n"and M := {f, : n € N}. Then

(@) Misctbin (E,| - |lo);

(b) M is equiabsolutely continuous in (L%, -l ) ;

1
2

(c) M is not ctb in (L;, [ - H;) .
2 2

3.4 Example

In this section we give an example of a class of F'—seminormed spaces of type L.
We start to consider the space Ly introduced in [16] in the same way as Dunford
and Schwartz [21, p.112] define the space of integrable functions and the integral
for integrable functions. We briefly recall the definition of the space Ly.

Assume that (E, || - ||g) is a complete F'—normed space. Set So(A, R) := span{xa :
A € Ao} and let || - || : So(A,R) — [0,400] be a Riesz F'—seminorm (a Riesz
pseudonorm in the terminology of [1, p.39]) such that n(A) = ||xa|| for all A € A,.
Letn € Nand N : [0,4+00) — [0,+00) be a continuous, strictly increasing function
such that

(1) N (0) =0
(2) N(s+1t) <n(N(s)+ N(t)) forall s,t > 0.

The latter condition holds if and only if IV satisfies the As-condition, that is, there
is a constant ¢ € [0, +-oo[ with N (2t) < ¢N(t) for all £ > 0 (see [16, p. 90]).
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For s € So(A, E), |s||n is defined by
Il = IV o [|s]|=ll,

and the space Ly := Ly(FE) is defined as [16, p. 92] the space of all functions
f € Lo(, A, E,np), for which there is a || - || y- Cauchy sequence (s;) in Sy(A, E)
converging to f with respect to || - ||o, and

£l = Tim[sp |,
n

the sequence (sy,) is said to determine f.
We recall [16, Proposition 2.10 (b)], that || f||x = || N o || f||z||1, for all f € Lx.
The function || - |5 : Ly — [0, +00] has the following properties:

@) [[0llx = 0;

@) WIf +9llv < 2nmax{(|fl[n. lgllv} Vf.9 € Ly;

@) lloflly < |fllv, Yo € Rwith|a| < land Vf € Ly;
(4) lim afx =0 Vf € Ly.

Therefore || - ||y is a A—seminorm in the sense of [29, p. 2].
Moreover
[flle < llglle implies |[fllnv <llgllx forall f,g € Ly (3.4.1)

Proposition 3.4.1 The space L = (Ln, || - || ) satisfies the properties (a) - (b) - (c) and
(d) of section 3.1.

Proof.(see [16, Proposition2.6]) d
1
Set L := Ly. By [29, Theorem 1.2] if we choose p so that 27 = 27 then the

formula . "
1l =inf {3 A D fi= £
=1 =1

defines an F-seminorm on L generating the same topology of the A—seminorm

-l
Moreover, being X[ f|[% < [ fllz < [If]% [29, see proof Theorem 1.2] using (3.4.1)
we obtain that

|fllz < llglle implies || f||. < 4[lgllz forallf,g € L. (3.4.2)

By Proposition 3.4.1 and by 3.4.2 follows immediately that (L, ||-|| ) is an /'—seminormed

space of type L.
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Proposition 3.4.2 [16,2.2] The ||-||o—topology on Sy(A, E) is coarser than ||-|| y —topology.

As consequence of Proposition 3.4.2 we have the following

Proposition 3.4.3 Let {f,} be a sequence in L, then || fy||, — 0 implies ||[xafnllo — 0
forall A e Ay .

Finally we obtain the following characterizations of totally bounded and convex
totally bounded subsets in the spaces L.

Theorem 3.4.4 A subset M of L is totally bounded in (L, | - ||1) iff it is || - ||.-eac in L
and x A M is totally bounded in (E*, || - ||o) forall A € Ag .

Theorem 3.4.5 A convex subset M of Ly is convexly totally bounded in (L, || - ||) iff it
is || - || -eac in L and x 4 M is convexly totally bounded in (E*,|| - |jo) forall A € Ag 1.
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Chapter 4

Implicit Functions in Locally Convex Spaces

In the last chapter we present a new implicit function theorem in locally convex
spaces substituting the differentiability assumptions by the condition of the exis-
tence of a family of linear operator osculating with a given non linear map. As
application we consider the problem of stability with respect to a parameter of so-
lutions to Hammerstein type equation in a locally convex space.

4.1 Preliminaries.

Before providing the main results, we need to introduce some basic facts about
locally convex topological linear spaces. We give these definitions following [28]
, [33], [34]. Let X be a Hausdorff locally convex topological vector space over the
field K, where K = R or K = C. A family of continuous seminorms P which
induces the topology of X is called a calibration for X. Denote by P (X) the set of
all calibrations for X. A basic calibration for X is P € P (X) such that the collection
of all
U,p)={zeX :px)<e},e>0,peP,

is a neighborhood base at 0. Observe that P € P (X) is a basic calibration for X if
and only if for each p;, p2 € P thereis py € P such that p; (z) < po (z) fori = 1,2
and z € X. Given P € P (X), the family of all maxima of finite subfamily of P is a
basic calibration.
A linear operator L on X is called P-bounded if there exists a constant C' > 0
such that
p(Lx) <Cp(x),ze€ X,pe P.

Denote by £(X) the space of all continuous linear operators on X and by Bp(X)
the space of all P-bounded linear operators L on X. We have Bp(X) C L(X).
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4.2. AN IMPLICIT FUNCTION THEOREM IN LOCALLY CONVEX
SPACES

Moreover, the space Bp(X) is a unital normed algebra with respect to the norm
|L||p =sup{p(Lz):z€ X,pe Pand p(z) = 1}.

We say that a family {L, : a € I} C Bp(X) is uniformly P-bounded if there exists a
constant C' > 0 such that

p(Lax) <Cp(z),z€ X,pe P,

forany o € 1.
In the following we will assume that X is a complete Hausdorff locally convex
topological linear space and that P € P (X) is a basic calibration for X.

4.2 An Implicit Function Theorem in Locally Convex Spaces

Let A be an open subset of the real line R or of the complex plane C. Consider the
product space A x X of A and X provided with the product topology. Let A be an
open subset of A x X and (g, zg) € A. Consider a nonlinear operator ® : A — X
and the related equation

o (A, x)=0. (1)

Assume that (Ao, zo) is a solution of the above equation. A fundamental problem in
nonlinear analysis is to study solutions (), z) of the equation (1) for A close to A.

We say that an operator ® : A — X and an operator L : A — £(X) are called
P-osculating at (Mo, xo) if there exist a function o : R? — [0, +00) and ¢ € P such
that

lim o(p,r)=0
(p,7)—(0,0) (:7)

and for any p € P
p(® (A a1) = (A 22) = LA (1 = x2)) < 0 (p,7) p (21 — 22),

when |\ — \o| < pand z1, 29 € 29 + U (1, q).
Now we prove our main result.

Theorem 4.2.1 Suppose that ® : A — X and (Ao, zo) satisfy the following conditions:

(a) (Ao, o) is a solution of the equation (1) and the operator ® (-, xq) is continuous at
Ao;

(b) there exists an operator function L : A — L(X) such that ® and L are P-
osculating at (Ao, xo);

(c) the linear operator L(\) is invertible and L(\)~* € Bp(X) for each X € A. More-
over the family {L A7 tixe A} is uniformly P-bounded.
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Then thereare e > 0, ¢ € P and § > 0 such that, for each X € A with |X — Xo| < 9, the
equation (1) has a unique solution x(\) € xo + U (e, q).

Proof. Let ® and L : A — L(X) be P-osculating at (Ao, zp). Consider the operator

T : A — X defined by
T(M\z)=z— LN 10\ ).
Let p € P. By the assumption (c) there exist C' > 0 such that
p(T(A\21) = T(A, 32)) < Cp(®(A 1) — P(A, 22) — L(A) (21 — 32)),

for any (A, z1), (A, x2) € A. Moreover, since ® and L are P-osculating at (Ao, zo),
there are a function o : R? — [0, +00) and ¢q € P such that

p (@A z1) — ®(N, 22) — L(A) (21 — 22)) < o(p,7)p (71 — 72),
for |A — Xo| < pand 21,22 € 20+ U (r, q). Hence
p(TA x1) =T (A, x2)) < Co(p,r)p (21 — 22),

for |\ — \o| < pand 1,29 € 2o+ U (1, q).
Choose € > 0 such that

p(T(A\z1) =T\ x2)) < op(21 — 32),

| =

for |\ —Xo| < € and z1,z2 € x9 + U (g,q). Therefore, for each A € A such that
A — Xo| < ¢, the operator T'(, - ) from zg + U (¢, q) into X is a contraction in the
sense of [39].
Since ®( - , zp) is continuous at Ay, we may further find ¢’ > 0 such that
p(@(\20)) < 55
and
p(T(\, 7o) — 0) < Cp (®(A,20)) <

4

| ™

for |\ — Ao| < ¢'. Set § := min {e, §'} we have
p(T(A\,x) —xg) <p(T(\,z) =T\ 20)) +p (TN x0) —x0) <
for |\ — No| < dand x € 29 + U (g, q). This shows that
T ) (@o+Ule,q) Szo+Uleq),

for each A such that |\ — A\g| < 6. Then, by [39, Theorem 1.1], when |\ — A¢| < 9, the
operator T'(), - ) has a unique fixed point z(\) € zo + U (¢, ¢), which is obviously a
solution of the equation (1). O
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4.3 An application

As an example of application of our main result, we study the stability of the solu-
tions of an operator equation with respect to a parameter.
Consider in X the Hammerstein equation

x=AKFx, (2)

containing a parameter A € A. In our case K is a continuous linear operator on X
and I : X — X is the so-called superposition operator. We have the following;:

Theorem 4.3.1 Let K be P-bounded. Suppose that for each x € X there exists g € P such
that the operator F satisfies the Lipschitz condition

p(Fr1— Fro) <w (r)p(z1 — z2),

foranyp € Pand x1,x9 € x + U (r,q), where lim, ow(r) = 0. If zy € X is a solution
of the equation (2) for X = X, then there exist € > 0 and 6 > 0 such that, for each A € A
with |\ — Xo| < 6, the equation (2) has a unigue solution x(\) € xo + U (g, q).

Proof. Since the linear operator K is P-bounded we can find a constant C' > 0 such
that
p(Kz) <Cp(zx),z€ X,peP.

If A = 0 then z¢ = 0 is clearly a solution of the equation (2). Consider the operator
Oy : A x X — X defined by

Do(N,z) =2 — \KFz,

and set Lo(A\)z = z for any A € A and z € X. Clearly the operator @ (-,0) is
continuous at 0. By the hypothesis made on the operator F, there exists ¢ € P such
that

p(Po (A, z1) — Po (N, x2) — Lo(N) (21 — x2)) < Cpw (1) p (21 — z2),

for any p € P, when |A\| < pand z1,22 € U (r,q), the operators ¢, and Ly are
P-osculating at (0,0). Moreover, for each A € A, we have Ly(\)~! = Lo(\) and
p (Lo(A)~'z) = p(), for any z € X and p € P. Then the result follows by Theorem
42.1.

Now assume that zp € X is a solution of the equation (2) for some A\g # 0. Let
® : A x X — X be defined by

S\, z) = % — KFuz,
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and set L(\)z = § for any A € A and z € X. The operator @ (-, z¢) is continuous at
Ao and there exists ¢ € P such that

p(® (N z1)— PN\ 22) — LA\ (21 —22)) < Cw (r)p(z1 —x2),

forany p € P, when A € A and z1,22 € o + U (7, q). So the operators ® and L are
P-osculating at (Ao, zp). Further, assuming |\ — Ag| < a for some a > 0, we can find
b > 0 such that p (L(X\)'z) < bp(z), for any p € P and = € X. As before, the proof
is completed by appealing to Theorem 4.2.1. O
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