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Chapter 1

Introduction

Gears are seen as a symbol of mechanical industry, being applied in an enormous variety
of mechanisms in many sectors. Gear have the goal of transmitting power between a
driving shaft and the driven shaft, possibly at a different rotational speed, with the low-
est possible losses. Being the transmitted power constant, neglecting all the losses, the
torque at the different shaft is not constant if the speed changes. This aspect is particular
relevant for the application of gears, allowing to change the rotational speed and conse-
quently increasing or decreasing the transmitted torque.
This task is performed for any of the possible transmissions layout resulting in a huge
variety of shapes and arrangements, spreading from small gears with a diameter of few
millimetres to gears in the range of meters. This great variety in the design and in the
characteristics comes from the wide application range, motivated by the great efficiency
in transmitting power for different transmitted torques and by the relative compactness,
allowing a convenient component packaging.
The application fields are extremely different in terms of working conditions. As ex-
ample, very small gears are used to transmit power in mechanical watches. This task,
even if not the most demanding in terms of transmitted loads, is extremely challenging
due to precision requirements. Gears are also used almost in the totality of automotive
gearboxes, allowing to the engine to operate in an ideal rotating regime for a vast range
of vehicle speed. The gears used in wind turbines and marine industry are completely
on the opposite side in terms of dimensions and delivered power. Even if the precision
requirements are not as demanding as the ones used in the watches industry, the dura-
bility is the major concern. A fault can result in money loss due to the downtime or, even
worse, in dramatically high reparation costs. The aviation industry is another application
scenario for gears. The lightweight and durability requirements typical of planes and he-
licopter require an extreme accurate design, especially in terms of the coupling between
the structure and the excitation coming from the gears. The dynamic behaviour repre-
sents a serious issue in these applications where, as example, the main gearbox is asked
to reduce the rotational speed of the turbine from thousands of revolutions per minute to
the hundreds allowed for the main rotor.
The fundamental role acquired by the gears in the mechanical industry is demonstrated
also by the way in which it is perceived by the general society. In an editorial of the Jour-
nal of Mechanical Design, which is still actual [138], the gears are considered the most
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representative icon of Mechanical Engineering by a survey. The iconic role of the gears
is strengthened also by its inclusion in the emblem of the Italian Republic, as shown in
Figure 1.1, where a metal gear represents the work activity, as stated by the first article of
the Italian Constitution.

FIGURE 1.1: Emblem of the Italian Republic, where it is possible to notice
the symbol of a gear. Reproduced from [147].

The iconic role of the gear is also due to the fact that gears are used since a long time
ago in mechanics. The oldest known track of metallic gears, known as the Antikythera
mechanism is dated back to first century before Christ. The name was given according to
the one of the Greeck island where it was found in 1901, Figure 1.2. The mechanism was
understood [38] [42] and replicated in a working copy.
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FIGURE 1.2: Main fragments of the Antikythera mechanism, dated circa
100 B.C. Reproduced from [42].

In spite of the many years of use in industry, gears still are the topic of many studies with
goal to better understand the complex phenomena happening during the meshing pro-
cess. In this dissertation the focus is limited to cylindrical gears with an involute profile,
with the exception of deliberate micro-modifications applied on the theoretical shape of
the tooth. More in detail, the object of this thesis work is bounded to the analysis of the
dynamic behaviour of cylindrical gears where the shape of the gear body is modelled
to achieve a reduction of the overall mass of the gear. The mass reduction, however, has
also an influence on the mesh stiffness of the gear, generating additional dynamic compo-
nents in the dynamic response. In this context the simulation of the dynamic behaviour
of the transmission is particularly relevant, when high acoustic or durability standards
have to be achieved.
In nominal conditions the meshing process involves only the kinematic relationship be-
tween conjugate profiles. Nevertheless manufacturing and assembly errors, together
with the elastic deformations of the tooth when subject to the transmitted torque move
the meshing process away from the pure kinematic contact. To accommodate this type of
deviation a small amount of material, in the order of magnitude of microns, is removed
from the tooth surface. The resulting surface can now accommodate small angular mis-
alignments as well as the deformation of the teeth without resulting in high peaks of
the contact pressure. The static and dynamic response of the transmission can be highly
affected by the micro-geometry modifications, and a proper choice of the deliberate de-
viation from the theoretical profile is a key factor. The procedure to define the proper
combination of macro and micro geometry of the gears is a kind of black art because of
the extremely vast number of possible parameter combinations. It was only since the 50s
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that efforts were spent to find an accurate modelling of the gear contact process to indi-
viduate the correct combination of kinematic and micro-geometry parameters limiting,
in this way, the number of expensive physical prototypes.
In order to properly model the gear meshing, it is necessary to consider different and
coupled effects, acting on multiple tooth pairs at the same time. The contact deformation
with load-dependent non-linearities as well as sharp strain trend on the contact surface
have to be properly considered when the gears are modelled. Extra complications arise
from the coupling with the elastic deformations of the gear body that may be relevant
in case of gears with lightweight design, and may have effect also on the way in which
the different tooth pairs share the meshing loads. The environmental concerns, indeed,
together with the raising fuel price push for lighter structure, in which the dynamic be-
haviour on the system is crucial to guarantee a reliable product. The three-dimensional
nature of the meshing problem makes the situation even worse. This is obviously true
when helical gears are considered, but the problem to analyse is three-dimensional also
when spur gears operate in a condition different from the nominal one, such as the case
of angular misalignment.
Different and established tools are available to simulate the static behaviour of the gears,
both at component and at system level. The difference nowadays is limited only to the
dimension of the problem. The context is different when time-domain simulations are
considered, such as speed run-up simulations. In this case the standard approaches used
in static simulations are not feasible any more, due to the dimension of the problem.
Different approaches are developed, based on assorted hypothesis and numerical tech-
niques.
The challenges in the simulation of mechanical transmissions will be discussed in detail
in Section 2.5, but it is however worthwhile to summarize the biggest ones here. The
fluctuation in the meshing loads generated during the engagement and disengagement
of the meshing teeth is responsible for some of the transmission failures and in many
cases generates high noise and vibration levels in the transmission, affecting in this way
the performances of the system in terms of durability and comfort. A big challenge is
therefore to predict the coupling between the dynamic excitation coming from the teeth
and the modal behaviour of the structure, allowing to establish the proper modifications
already in the early design phase.
A whole category of problems is represented by the vibrations generated by the meshing
loads when no contact losses happen. The typical acoustic signature is a tonal noise called
whine at a frequency related to the meshing frequency of the gears. This type of noise is
even amplified when the tonal components is sufficiently close to a system resonance.
The goal for any simulation tool here is to properly model the mesh stiffness allowing
to represent in a correct manner the different orders in which the meshing loads can be
decoupled. A reliable representation of the mesh stiffness is important also to replicate
the natural frequency of the mode shape involving a mutual deflection of the meshing
teeth. In this case, indeed, the compliance of the gear body is not only an excitation for
the system, but it also modifies the transmission response. The importance of the correct
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representation of the coupling with the structure is evident. In case of planetary trans-
mission, for example, the load sharing between the planets is directly affected by the ring
and the supporting structure flexibility.
Another category of problems lies in the simulation of the meshing process when contact
losses occur. The non-linearities generated by the clearance introduce the typical jumps
in the amplitude of the frequency response. In this case the acoustic signature has not a
defined frequency any more, because of the broadband nature of the impacts events. In
this condition the gears are said to rattle. The dangerous overloads generated when the
contact is restored, together with the definition of the conditions when the contact loss
may occur, are the main concerns for the simulation tools.
Besides the whine and rattle phenomena, the improvement of the system efficiency is
a important task for the designers. The attention given to the transmissions efficiency
is pulled by the increased oil price and the regulation on the pollutant emissions. The
physical phenomena that contribute in wasting mechanical energy in a transmission are
mainly related to friction and to the interaction of the gears with the surrounding fluids.
The complexity of the phenomena is so big to constitute an entire branch of study that is
not treated in this dissertation.
The argumentations in favour of the importance of gear dynamics simulations can be
supported by a sentence in the conclusions of a PhD dissertation [52] stating that the
bigger becomes the size of a wind turbine (and its transmission), the more important
becomes the detailed design of microgeometry modifications.

1.1 Context of the present thesis work

The pursuit for lightness of the mechanical transmissions, together with the structures in
general, increases the dynamic coupling between the components of the system, requir-
ing more sophisticated simulation techniques. On the other hand, competition between
the manufacturers has raised the requirements in terms of reliability and acoustic com-
fort. An example of the increased requirements in terms of acoustic comfort is given by
the automotive field. Electric cars and hybrid vehicles in electric mode are particularly
sensitive to the transmission noise since the noise coming from the internal combustion
engine is no longer present, making impossible to cover the gear whine or rattle noise.
The biggest concern for the wind turbine industry is reliability as testified by the related
literature [53][104][10]. As additional proof of the importance given to this issue by the
manufacturers, an industrial dedicated consortium is established to increase the knowl-
edge about the causes of the expensive failures using advanced simulation and condition
monitoring techniques [68].
Prediction of the global response of the system is required to address the distributed flex-
ibility of the components coupled with the non-linear gear contact. Finite Element (FE)
analysis can accomplish this task in a very accurate way, but the computational cost is
too high: static simulations of a single meshing period on a standard workstation require
a computational time that is in the order of hours, using general purpose non-linear FE
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software. This time can drop to minutes if the same problem is addressed by specialized
FE formulations expressly designed for gear contact simulation [101].
The trade-off to accept if the designers want to achieve more feasible computational times
is to move towards analytical formulation. Different lumped-parameters models, up-to
21 degrees of freedom, are available in literature [153]. Different and more recent for-
mulations have been developed to take into account the three-dimensional nature of the
meshing process [136] [40]. This type of formulation has the biggest drawback in the ex-
clusion of the flexibility modelling of key components, such as shafts and the housing.
These models however have still the ability to investigate detailed dynamic behaviour of
lightweight gears, when combined with FE simulation tools, as it will be shown in Chap-
ter 3.
Multibody modelling brings the accuracy of the model at a higher level thanks to the
possibility of including flexible mode shapes in the simulation, still in a reasonable sim-
ulation time. An efficient multibody approach is used in Chapter 4 to simulate the static
behaviour of lightweight gears while the same approach, but this time applied to the
dynamic analysis of a complete transmission, is used in Chapter 5.

1.2 Contribution to the state of the art

Main contributions of the presented work to the state of the art can be listed as follows:

1. The dynamic contribution due to the lightweighting is analysed exploiting the com-
putational efficiency given by the lumped parameters formulations. An accurate
representation of the variable mesh stiffness, including the contribution coming
from the particular shape of the gear body, is computed using non-linear FEM sim-
ulation in a pre-processing phase. In this way, long time-transient simulation such
as run-up events, can be performed showing the additional frequency components
generated by the mesh fluctuations.

2. A general purpose commercial MB simulation environment, such as Siemens Sim-
center 3D Motion, is further extended to include the analysis of the lightweight
gears. The limited increase in the computational costs is justified by the higher
level of accuracy that the formulation can provide. The hybrid FE-Analytical gear
contact model allows to represent the bulk contribution to the mesh stiffness by us-
ing the FE discretisation. At the end of the simulation, the displacement field of the
nodes of the FE mesh can be recovered and used for strain analyses. This type of
discretisation allows additionally to consider with great accuracy the contribution
to the mesh stiffness of the geometry of the gear body, which is particularly relevant
in the case of lightweight gears.

3. A gear precision test-rig available in the headquarters of Siemens PLM software
in Leuven, and developed jointly by the University of Calabria, Siemens Industry
Software NV and the Katholieke Universiteit of Leuven is used for an experimental
validation of the proposed method. It allows to validate the simulation results both
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in terms of transmission error and also for what concerns the strain levels at the
tooth tooth. The strain validation can prove that the strength levels in the gear
body are correctly replicated in the simulations no matters what is the lightweight
shape.

4. A transmission with a layout typical of the front wheel driven cars is analysed. The
commercial MB software allows to include in the analysis the flexible representation
of the transmission housing, and the stiffness of the bearing units. A system level
analysis of this type allows to investigate the behaviour of the gears when they
operate in condition different from the nominal ones. Angular misalignment may
occur when the different components are deformed under load. The inclusion of
the dynamic behaviour of the housing highlights the coupling effects between the
housing and the excitation coming from the gears. This excitation is even richer in
components when lightweight geometries are considered.

The outlined points are further justified and clarified hereafter.
The numerical solution of the differential equation representing a system where meshing
gears are present requires the solution of a contact problem for each time-step of the time
discretisation, and especially in case of speed sweep analyses the simulated time may be
long. On the other hand the meshing frequency is directly proportional to the rotational
frequency by the number of teeth. This leds quickly to a huge number of timesteps to
solve for a transient analysis.
Analytical tools may help to address this difficult tasks, but the accuracy they can provide
is limited and directly dependent to the formulation itself. This accuracy can be improved
by tuning the formulation. Since the modelling of the meshing stiffness is crucial to ac-
curately replicate the excitation loads acting on the bearing units, particular attention is
given to this phase. In Chapter 3 this task is addressed by performing non-linear static
FE simulations on the analysed gear pairs. The FE method, providing the highest level of
accuracy among all the simulations techniques, is used to generate a transmission error
curve for a discrete number of angular positions for each gear pair. All these steps are
limited to a pre-processing phase and have to be performed only once for each torque and
gear pair. The database created in this way is efficiently exploited during the dynamic
simulations, where only 2D or 3D (in the case in which the load-dependency is included)
curves are interpolated. This type of formulation intrinsically includes the effects of the
gear lightweighting. Such effects in the form of additional orders in the waterfall plot
of the speed-sweep analyses are not taken into account by any of the analytical formula-
tions available in literature.
A step further in terms of accuracy is provided by the approach included in Simcenter
3D Motion, where the extension of the formulation to lightweight gears is included in
a commercial MB software. This type of formulation does not require any interpolation
of the mesh stiffness during the transient simulation. A good computational efficiency
is achieved by computing the non-linear deformation due to the Hertzian loads using
an analytical description of the displacement field close to the contact area. The global
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linear deformation of the gear is modelled using an approach based on the FE discretisa-
tion, that indirectly provides a nodal displacement vector that is used to recover the strain
field in the gear, excluding the Hertzian deformation. The additional advantage of the FE
formulation is a direct dependency of the bulk compliance to the body geometry, repre-
sented by the elements mesh. The fluctuation on the mesh stiffness function due to holes
and slots in the gear body are well represented, and this is extremely important when
lightweight gears are considered. The analysis of lightweight gears is experimentally
validated, proving the capabilities of the methodology.This approach allows to simulate
relative long events (compared to impact simulations) due to the great computational ef-
ficiency and put the focus on the dynamic effects due to the lightweighting that were not
analysed before due to the lack of proper simulation tools.
The computational efficiency of the method is still so high to allow to perform speed-
sweep analysis at a system level on an automotive transmission using a flexible repre-
sentation of the housing.

1.3 Dissertation Structure

The current introduction chapter states the rationale and provides an overview of the
static and dynamic behaviour of ligthweight gears when the latters are used in mechani-
cal transmissions. The advantages and disadvantages of the considered formulation are
also discussed.

Chapter 2 The chapter provides a detailed discussion on the current state of the art. The
advantages and disadvantages of the methodologies currently available for simu-
lating transmission dynamics are compared. The three main categories in which
the simulation techniques are divided are discussed: analytical, Finite Element and
multibody approaches. From the formulations themselves it appears that FE mod-
els are not suitable for time domain simulations at system level, due to the dimen-
sion of the model. In this chapter, a section is focused on the main industrial ap-
plication fields for the different simulation techniques. Industrial needs in each
specific context are discussed.

Chapter 3 This chapter investigates the dynamic effects of mass reduction on a pair of
spur gears. A one Degree-of-Freedom (DOF) analytical model of a mechanical os-
cillator with clearance type non-linearity and linear viscous damping is used to per-
form the investigations. Among analytical models, one-dimensional (1D) descrip-
tion aims at studying the torsional gear vibrations around the rotational axes and
can be used to simulate either gear whine or gear rattle phenomena. High computa-
tional efficiency is reached by using a spring-damper element with variable stiffness
to model the gear meshing process. The angle-dependent mesh stiffness function is
computed in a preparation phase through detailed Finite Element (FE) simulations
and then stored in lookup tables. The look-up tables are then interpolated dur-
ing the dynamic simulation allowing for high computational efficiency. Nonlinear
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contact effects and influence of material discontinuities due to lightweighting are
taken into account by FE simulations with high level of detail. Finally, the influ-
ence of gear body topology is investigated through a sensitivity analysis, in which
analytical functions are defined to describe the time-varying mesh stiffness.

Chapter 4 In this chapter the transmission error and the strain field are analysed for
two gear pairs, with different lightweight designs, reflecting the common industrial
practice. The methodology used for the analysis is based on a hybrid FE-Analytical
approach implemented in a multibody environment which allows to achieve a good
accuracy with a low computational effort. The specific formulation allows to well
describe the deformation field of the gear body from which the strain values can
be computed at specific locations in the FE model. The numerical method used
in this work is validated both in terms of transmission error and strain field, using
the results obtained from an experimental campaign performed on a high-precision
gear test rig.

Chapter 5 In this part of the dissertation a model of automotive transmission is anal-
ysed, using the approach described in Chapter 4 that allows to consider a detailed
description of the gear stiffness in a flexible multibody model. The mesh stiff-
ness description is crucial to evaluate the impact of the gear blank topology when
lightweight design is considered or if a gear with a particular shape (like the dif-
ferential housing, to whom the gear crown is fastened) is used in the transmission.
The flexible formulation, on the other side, improves the accuracy of the results
including effects such as the deformation of the housing under the meshing loads
together with the coupling with its dynamic response. In this chapter the dynamic
meshing loads are used to predict the acoustic response of the transmission in terms
of acoustic pressure in a spatial location. The acoustic signature shows a different
trend depending on the blank topology.

In the remaining part of the dissertation the conclusions are given in the last chapter
followed by the references on which the dissertation is based.
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Chapter 2

State of the Art

2.1 Introduction

Initial studies aimed to systematically investigate the dynamics of spur gears can be
found in the works of Tuplin [129], Reswick [109], Strauch [125], Zeman [149], Abramov
[4] and Utagawa [133] from the 50s, even if gears have been used in mechanical industry
for a long time before.
The work of Harris [51], later assisted by Munro [141], deserves to be cited in the refer-
ences because of its fundamental contribution to the understanding of the sources of gear
meshing vibrations. In his work Harris showed that what he called static error is affected
by profile modifications that he introduced deliberately. He investigated the influence
of the profile modifications on the static behaviour of the meshing gears. An important
conclusion arisen from his work is that the gear vibrations are generated from the load
transition from one tooth pair to the subsequent. The static error showed a variability
which depends on the transmitted load, while its variability for a specific load was lim-
ited allowing to introduce a quantitative microgeometry modification in order to reduce
the relative displacement.
It has to be noted that the computational resources at that time did not allow to proceed
to extensive simulation campaigns. Therefore the experimental part was fundamental for
this investigation: around 16800 photoelatic stress patterns were created and analysed in
order to perform this technical in-depth analysis.
Harris also stated that the damping has a key role in determining the amplitude of the
vibrations close to the resonance, where the dynamic loads can overcome the external
loads leading to contact loss at critical speed.
In the work of Gregory [141], based on the PhD dissertation of Munro [90], a more re-
fined analysis was performed. What was early defined as static error evolved in static
transmission error. The latter was referenced as the "the angular displacement of the mating
gear from the position it would occupy if the teeth were rigid and unmodified". This definition
has to be applied for any instantaneous angular position of one gear. The definition how-
ever still did not include any reference to the alignment nor the spacing of the teeth. The
importance of this definition however lies in the consideration of the TE as one of the
main sources of vibrations of meshing gears. A set of dynamic simulations were per-
formed, using a lumped-parameter model. Even if the treatment was still affected by the
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limited computational resources of the time, it was possible to calculate and to measure
non-linearities due to loss of contact showing a good qualitative agreement for both TE
and tooth loads. The dynamic overloads appeared to be more than five times higher
than the load applied in nominal conditions. The two works presented above represent
a suggested reading for anyone who is approaching the field of gear dynamics, even if
they deal with the limitations proper of the years where initial steps of the gear dynamics
research were taken.
Additional useful references for the interested researcher are the book about gear noise
and vibration written by Smith [123], the book on gear geometry written by Litvin and
Fuentes [81] together with the handbook on practical gear design of Dudley [36].
Most of the more recent analytical representations aimed to model the gear dynamic be-
haviour are based on the same principle as the one developed in [141]. An example can
be found in the work of Nevzat [151], where the gear bodies are considered as rigid enti-
ties. The contact between the meshing teeth is lumped in a spring-damper system, which
connect the two gears along the line of action.
A distinction between the loads acting on the gears can be done following the catego-
rization made by Helsen [53]. In this work the dynamic loads that cause the vibration
response of the system are divided into internal and external excitation. This distinc-
tion depends on whether the dynamic loads are generated directly by the meshing of the
rotating gears or by the coupling with the system in which the gears are used. Typical
examples are the power generators, the power users or the couplings with the dynamic
behaviour of the supporting structure of mechanical power transmission.
The physical phenomena causing the vibrations are determined by whether the dominant
excitation is internal or external, and the purpose of the model is to properly model this
effect. In the works of Dion [35] and Ziegler [156] the dynamic behaviour caused by dif-
ferent external excitations is investigated. It can be pointed out that external excitations
can lead to contact loss and consequently to repeated teeth impacts. This is especially
true when lightly loaded gears are analysed. In this case the gears are reported to rattle
and this condition is directly amenable to the backlash between the teeth. The main char-
acteristics of the noise produced by the gears in rattle condition is a broadband frequency
spectrum typical of impact events. This type of phenomena is analysed in the works of
Kahraman [64] and Liu [82], where the focus is on the nonlinear behaviour induced by
the clearance which is captured by using time-integration schemes.
When the dynamic effects are less relevant, the teeth usually do not loose contact and
the internal excitation is dominant in the dynamic behaviour of the system. Its acoustic
response is represented by a tonal noise known as gear whine. The behaviour of the gears
in this case is dominated by the mesh stiffness periodic variation, which generates a tonal
excitation at the tooth-passing frequency, as reported by [153] and Morgan [87].
The technique used by the different approaches to model the mesh stiffness variation is a
key feature that distinguishes one approach from the others. Another distinction can be
made by considering the level of detail used to represent all the flexible components of
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the transmission which have a tremendous influence on the behaviour of the transmis-
sion. This consideration is supported by the works of Harris [57] and Campbell [21].
In order to properly model the dynamic coupling with the different components and the
gears, a higher number of degrees of freedom is required, thus resulting in a consequent
higher computational cost. The number of degrees of freedom in the model can be con-
sidered therefore as an indicator of the complexity and reflects the level of detail of the
model. In the simplest approaches only a few degrees of freedom are required to catch
the rotation of the gears which interact through a spring-damper element [153].
The goal of simple approaches for gear whine applications is to model only the variable
mesh stiffness, which is sufficient to reproduce the dynamic behaviour of the gear pair.
The latter includes both the effects of the elastic tooth deflections as well as the ones
of the tooth profile micro-modifications as pointed out by Umezawa [130] and Cai [20],
[19]. The assumptions of rigid bodies and supports, together with a one-dimensional
representation of the meshing force acting in the direction of the line of action, allows to
simplify these models.
The inclusion of degrees of freedom in the plane orthogonal to the rotational axis of the
gears, made by Ambarisha [8], had the aim of investigating the effects of bearings and
shaft flexibilities, which are modelled using a lumped parameters approach. The limita-
tion to a orthogonal motion, however, still represents a limitation to the applicability of
this type of approaches. This is motivated by the consideration that the contact phenom-
ena between the teeth lie in a region which has a non-negligible extension in the axial
direction, therefore the relative orientation between the gears (misalignments) may have
a huge influence on the behaviour of the transmission.
The lack of accuracy introduced by in-plane models is recovered by considering the mod-
els proposed by Velex [136] and Eritenel [40] were the rotational degrees of freedom allow
to consider the 3 dimensional nature of the meshing behaviour.
In the investigation of the shuttling influence, intended as shifting of the location of the
resultant contact force acting on the tooth flank along the axial direction, the neglecting
the out-of-plane rotational degrees of freedom in the model can bring to unacceptable
lack of accuracy. Shuttling, indeed, is originated from the fluctuations of the contact point
position along the axial direction, leading to a 3D motion field of the gears, as showed by
Helsen [53]. The model used by Nishino [93] to represent shuttling phenomena consists
in a couple of spring-damper systems representing the mesh stiffness. A relative phase
between the two curves introduces this fluctuating behaviour for the considered gear
pair. Different considerations have to be taken into account when these approaches are
adopted. Firstly, the simplicity of the equation of motion stands on a huge jeopardisation
of the actual physical phenomena acting in the transmission bringing on a reduction of
the accuracy of the simulation. The accuracy is decreased also by the rigid modelling
of the surrounding structure as well as rigid representation of the gear bodies. An addi-
tional drawback can be found in the need for a tailoring phase, which is required in order
to include the most relevant effects. The complexity of this phase reflects the complexity
of the system.



14 Chapter 2. State of the Art

The use of FE based techniques to model the gear meshing process offers the main advan-
tage of including the gear body flexibility in the simulation environment. Informations
can be found in the work of Kabur [67], Lin [80] and Li [70]. The Finite Elements method
offer a great level of accuracy for the solution of gear-related problems but at a very high
computational cost. This is mainly due to the extremely refined node distribution on
the tooth surfaces required to properly discretize the contact. The non-linear nature of
the contact problems adds complexity to the FE formulation resulting in extremely long
computational time. Due to the listed limitations, currently this type of simulation is lim-
ited to static analysis at gear pair level and is not used for long time events, such as speed
sweep analysis, nor in the case of complex systems where transmissions with multiple
stages are considered.
Considering the exceptional accuracy provided by the FE discretization, and the limi-
tation due to the dimension of the problem, the focus of the researchers is targeted on
developing the formulation in order to decrease the computational cost. Following this
effort, very interesting achievements were obtained by Vijayakar [139]. In his work he
combined an analytical formulation of the close-field contact deformation based on the
Bussinesq [148] solution with a FE formulation of the far-field displacements. The result-
ing method does not require a fine FE mesh to model the contact loads, resulting in a
notable reduction of the degrees of freedom. However despite the increased efficiency,
the method is still not applicable in speed-sweep analysis.
The trade-off between the accuracy of the solution and the computational cost can be
found using multibody simulation tools. The main advantage is the possibility to model
complex systems, in which the distributed flexibility of the different main components
such as shafts and housings can be modelled. The hypothesis of rigid gear bodies helps
to increase the computation efficiency. Well established techniques, such as modal re-
duction techniques, move in the same direction by reducing the overall dimension of the
problem, such as the well established approach proposed in [12]. In this framework, a 3D
multibody formulation was proposed in [23] allowing to apply the forces generated dur-
ing the meshing process in the correct direction. The limitations of the method lie in the
lack of treatment for the relative misalignments between the gears and for the backlash,
which make this approach inapplicable for the analysis of different types of non-linear
phenomena typical of the gears. The main limitation however is the consideration of a
constant mesh stiffness, neglecting its fluctuation. This limit was overcome by Ebrahimi
[37], who developed a tool to keep track of the variable number of meshing teeth. In
that work, the hypothesis of constant mesh stiffness for a single tooth is made together
with the assumption that the displacement of each tooth lies in the direction tangential to
the gear blank. By following this approach, no coupling between the deformed teeth is
considered. An estimation of the mesh stiffness based on FE simulations was proposed
by the same authors.
The high-speed dynamic analysis of meshing gears at system level is still a complex task
from the simulation point of view.
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2.2 Analytical models

The analytical representations of the meshing gears represent the root of the research
about gear dynamics. They have been developed for many different applications. Sin-
gle degree-of-freedom models of a gear pair represent the starting point for the more
detailed 3D formulations. The interest which is still around this type of models can be
partially explained by the low computational requirements due to the small number of
degrees-of-freedom and by the easy implementation of the lumped parameters formula-
tion. This type of formulation represents an advantage when the duration of the simu-
lated events is relevant but on the other side these tools require an experienced user in
order to proper tailor the few equations to the specific application. A good knowledge
of the specific gear-related theory as well as a proper engineering judgement is required
to avoid under-estimating potentially dangerous effects. These formulations moreover
stand on an analytical description of the mesh stiffness that, being the dominant feature
of a gear pair, may cause wrong results. Its modelling therefore is crucial for the accuracy
of the results.

2.2.1 One-dimensional models

This class of formulations performs very well when the focus is exclusively on the vi-
bratory behaviour of the gears around their rotational axes. Their applicability is limited
exclusively to the configurations where the translational motions together with the rota-
tions out of the gear plane can be considered negligible when compared to the rotational
one. Depending on the formulation used to represent the gear contact phenomena, the
analytical models can reproduce gear whine as well as the non linear behaviour typical
of when gears loose contact.
The general implementation consists of rotating masses which are lumped into inertia
moments around the rotational axis. A spring-damper element is used to connect two
masses. Its formulation can be either a rotational spring and damper as well as a transla-
tional one parallel to the line of action of the gear pair, being any rotational displacement
of the gears representable as a linear motion along the line of action. In this case the TE
corresponds directly to the relative displacement of the gears, intended here as the devi-
ation of the relative motion from the ideal purely kinematical one.
The work of Mahalingam [84] from 1974 is an example of whine study of a gear train.
The analysis is performed by analysing the rotational modes and the natural frequencies.
In the more recent model of Ozguven [153], the static TE is used to compute the dynamic
response of the gear pair. In the same work the loss of contact is taken into account by
considering it as a negative contact force. The experimental comparison shows also how
the contact losses happen when the gear mesh frequency becomes close to the natural
frequency of the gear pair.
Room for further improvements can be found in the simulation of the gear dynamics us-
ing a forced response approach. The simplest approaches do not consider the parametric
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FIGURE 2.1: One-dimensional gear pair rotational model used by Cai. Re-
produced from [20].

excitation due to the time-varying mesh stiffness. A work by Kahraman [64] uses a sim-
ilar constant stiffness formulation to study the non-linear response of a spur gear pair.
The non-linearity due to the clearance is modelled in a clever way by setting the mesh
stiffness equal to zero when the gears are assumed to move in the backlash range. The
analytical formulation is solved using two different solution schemes and showed the
typical jumps in the frequency response. A good agreement with experimental results is
achieved.
A formulation that includes a time-varying mesh stiffness can be found in the work of
Cai [20] [19], whose model is represented in figure 2.1, that extended the results obtained
in the works of Umezawa [130] but adapting the formulation to the consideration of in-
volute teeth whose profile shape is no more a straight segment, such as the teeth of a
rack. The used approach is based on the standard model with one degree-of-freedom per
gear and a mass concentrated in the inertia moments of the gears, conventionally used
in this type of applications, and expressed by equation 2.1. An additional contribution
is the inclusion of the profile deviation through a displacement excitation in series to the
spring-damper element. In this model it can be appreciated the distinction of the two
contributions to the TE represented by the elastic deformations and the displacement
due to the deviation from the theoretical involute shape due to deliberate microgeometry
modifications as well a manufacturing errors.

mẍ + cẋ +
n

∑
i=1

fi(x, t) = ps

fi(x, t) = ki(x, t)[xs + x + ei(t)]

(2.1)

where x = x(t) represents the dynamic relative displacement on the line of action. Con-
sidering the single degree of freedom model, the displacement represents the dynamic
relative displacement between the gears and therefore is the TE of the gear pair. The
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equivalent mass of the gears represented by term m is obtained after dividing each iner-
tia moment Ji by the related base radius ri:

m =
m1m2

m1 + m2
m =

Ji

r2
i

i = 1, 2 (2.2)

The second term in the system fi(x, t) indicates the force contribution, which is generated
by the elastic deflections, and the contributions due to profile deviations from the pure
involute, which is treated as an imposed displacement.The effect of pairs of teeth which
can engage at the same time is taken into account by the summation. The terms, which
determine the elastic force, are:

• ki(x, t), the instantaneous stiffness for the i-th pair of teeth;
• xs = ps/k, the average displacement given by the total contact force divided by the

average total meshing stiffness;
• ei(t), the sum of the profile deviations for the two teeth belonging to the i-th pair.

In this type of models a crucial aspect that determines the accuracy of a specific formu-
lation is the modelling of the single tooth pair mesh stiffness ki(x, t). Cai bases its inves-
tigation on the formulation suggested by the ISO standard 6336 [132], which provides a
stiffness value at the pitch point. This value is then extended including its variation due
to the movement of the contact point along the tooth profile by assuming an exponential
function as variation law. Unavoidably, a high level of approximation is introduced at
this stage. In this PhD dissertation different approaches are used to model the tooth pair
stiffness and the results are reported in the subseqent chapters.
The utility of the analytical one-dimensional models lies in the possibility to estimate the
TE values in the dynamic range as well as the dynamic loads and total contribution given
by the contact force.
Higly cited works considering both clearance-type nonlinearity due to backlash together
with an analytical formulation of the timevarying stiffness are the ones of Blankenship
[15] and Kahraman [62]. In these studies the forced response of a mechanical oscillator
is investigated reproducing the jumps phenomena. This kind of non-linear effects are
reproduced with a good accuracy when compared with the experimental results. In the
work reported in[35], an analytical model is used to study the dynamic behaviour under
contact loss conditions of a non-engaged gear pair in an automotive transmission. The
excitation comes from a fluctuating acceleration of the input shaft, while the other shaft
was connected to a rotating inertia. The proposed model was capable to well replicate
the experimental results in term of kinematic of the impacts, having determined the dis-
sipative terms in an experimental campaign. In the paper by Andersson [9] a rotational
model was used to investigate the influence of the onset of a new tooth pair into con-
tact. In the paper a quantitative description of the contact pressure was provided. This
paper is remarkable for the approach used to model the mesh stiffness, which was origi-
nally developed in the PhD dissertation of Vedmar [134] but used under static conditions
exclusively. The low computational times make this formulation particularly suited for
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optimization process, that requires large simulation campaigns. The problem of the opti-
misation of the tooth profile was addressed using rotational models by Lin in [76], where
a system represented by a gear pair connected to a motor and a generator was built. The
results are evaluated in terms of the different response obtained by applying different
microgeometry modifications (linear or parabolic). The studies performed by Faggioni
[41] and Bonori [17] were aimend to perform an optimization process to choose the best
trend for the microgeometry optimisation, focusing on the dynamic TE.

2.2.2 Two-dimensional models

As already pointed out in the previous section the performances of an one-dimensional
model are acceptable only if the translational motion of the gears is negligible. In this case
the non-linearities together with the amplitudes of the dynamic response are well repli-
cated, under the assumption that the time-varying mesh stiffness is properly modelled.
In the vast majority of the applications, however, the deflections of bearings, shafts and
supporting structures are not negligible, being the radial stiffness of such components
similar to the one of the meshing gear [65] [72] [74] [75] [49]. The aim of these models is
to include the stiffness of these components by including extra spring-damper elements.
Of course, any rotational misalignment which is not in the plane orthogonal to the rota-
tional axes can not be caught by these formulations. Taking as reference [152], Ozguven
extended the rotational formulation used in [153] to include the effects of the bearings
and shafts compliance. The conclusion of this work is that when the mesh stiffness is
coupled with the one of the surrounding elements, the bearing reaction force shows a
different shape with respect the mesh forces that they have to support.
Some authors included the translational displacements also in the models aimed to rep-
resent the non-linear behaviour of the gear pair. The result is a coupling effects between
the pure rotational vibration and the translational one, as reported by Walha [142]. In this
work the authors show how the bearing reaction forces can be affected by the impacts be-
tween the teeth. The work of Siyu [122] deserves to be cited because it shows how the
stiffness of the additional components affect the backlash value impacting in this way on
the non-linear behaviour of the system.
Similar to the rotational models also the planar ones have been used in the optimization
of the dynamic behaviour of the transmission by investigating the optimum amount of
profile microgeometry modifications. An example of these approaches can be found in
the work of Liu [82], whose model is reproduced in Figure 2.2, where the problem is
faced in the case of a multi-mesh transmission. In this work the effects of the clearance
were also introduced because of the presence of the idle gear, that not being externally
loaded is more susceptible to contact losses by moving in the backlash. The aim of the
work is to reduce the non-linear phenomena, and the results show the reduction of the
internal excitation. The fidelity of the model was assessed by a comparison with planar
FE model.
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FIGURE 2.2: Two-dimensional idler-gear system model used by Parker.
Reproduced from [82].

2.2.3 Three-dimensional models

It is trivial to notice that many phenomena can not be investigated with the use of planar
models, that prevent the gears from tilting out of the plane perpendicular to the rota-
tional axis. This type of motion is particularly relevant for the dynamic response of the
transmission because a whole class of mode shapes can now be included in the analy-
sis. Moreover misalignment-related effects, which have a huge impact on the durabil-
ity performances of the gears such as stress concentration and the sensitivity to micro-
modification in the axial direction, are now properly considered.
The simplest category of 3D models can be individuated in the representations that ne-
glect the distribution of the contact loads along the tooth width. In these models the
contact is lumped in a spring-damper system along the actual line of action of the gear
pair. This representation allows to include the axial component of the contact force in the
helical gears that generates a bending moment out of the rotational plane. In the case of
spur gears there is not any axial components, but additional excitation can come from
the bending of the other components. Even if any rigid motion of the gears can be taken
into account by the model, still the local effects due to the microgeometry modifications
along the width are not captured. Examples of this type of representation are found in the
work of Kahraman [61] and of Kabur [67]. These studies proved the importance of con-
sidering the interaction between the meshing gears and the deflection of the surrounding
elements, resulting in a coupling between all the rigid motions of the gears.
The consideration of the distribution of the contact pressure along the width of the gear
results in more refined formulations. An example is represented by the paper of Velex
[137]. Here the pressure distribution is obtained by introducing different springs in the
axial direction, each of them representing the stiffness of a thin slice of the tooth. In a pa-
per by Baud [13] the same model is used to prove the importance of the load distribution
along the tooth thickness. The assumption of the work is that the method is applicable
only for thin gears where the helix angle has a low value. The reason can be found in
the non-consideration of the coupling effects between the slices. This hypothesis is sup-
ported by the experimental validation. The limits of the formulation were overcome by
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FIGURE 2.3: Representation of convective effects due to contact shear. Re-
produced from [6].

FIGURE 2.4: Distributed load and the position vectors from the pinion and
gear mass centers. (a) Front view and (b) side view. Reproduced from [39].

Ajmi [6] that introduces the Pasternak elastic foundations to keep track of the convective
effects. Figure 2.3 explains the main idea behind this approach. A more recent formu-
lation is the one of Eritenel [40] [39] where the actual pressure distribution is used to
investigate partial contact losses in the instantaneous contact lines. Even in this work the
3D modelling of the transmission is fundamental together with a representation of the
distribution of the mesh loads.

2.2.4 Models for planetary gear trains

The modelling of planetary gears follows a similar approach to the ones described in the
previous sections. The models used spread from mono-dimensional types to the more
refined formulations. The particular configuration of planetary gear stages, however, in-
troduces a particular dynamic behaviour. The source of these phenomena can be found
in the coupling effects originating when the multiple planets mesh together with the
sun and the ring gear. This mutual interaction and angular symmetry between the con-
tact forces open the doors to the improvement of the overall dynamic response of the
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FIGURE 2.5: Rotational model for planetary gear sets. Reproduced from
[79].

transmissions. Figure 2.5 shows an application of a rotational model used by Lin [79]
to investigate the effects of the instantaneous variation in the mesh stiffness. The results
of the investigation show the relation between the instability phenomena and the angu-
lar phase introduced between the planet-ring and planet-sun mesh. The influence of the
mesh phasing is remarkably high to completely avoid the instability in specific condi-
tions, thanks to the symmetry between the mode shapes. The geometrical relationship
that governs the mesh phasing in the epicyclic gear trains are discussed in another work
by the same authors [100].
The nonlinear dynamic response originated by the contact loss was investigated by Al-
Shyyab [7] using a simple rotational model. The paper shows that the contact losses occur
in a similar way as the ones obtained for isolated spur gears.
An important requirement for planetary transmission is an equal load distribution among
the planets. Improvements in this direction can be achieved by a careful choice of the
position of all the gears in the transverse plane. Singh in [121] provided a physical ex-
planation for these effects including also the clearance in the models. In order to include
in the investigations the motion in the transverse plane, planar models have been devel-
oped. In a study by Kahraman [61] the difference between rotational and planar models
are investigated. The more complex formulation of the planar models allows to include
the dynamic effects due to the translational mode shapes. Saeger in [117] shows how
reduce the excitation coming from the meshing loads with a proper mesh phasing. This
kind of investigation is carried out by using a planar model. A representation is reported
in Figure 2.6.
A classification of the planar mode shapes with different mesh phasing was performed
by Lin in [78] and [77]. In these works a distinction is made between modes that involve
a motion of all the gears (rotational and translational modes) in the system and others
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FIGURE 2.6: Two-dimensional model for planetary gear sets. Reproduced
from [117].

that involve exclusively a motion of the planets (planets modes). Chaari [26] studied the
modulation sidebands generated by machining errors in the planetary gears. The effects
of eccentricity and profile errors consist in an increase of the response amplitude at the
meshing frequency. When the analysis of helical planetary gears is addressed a three-
dimensional model is required due to the tilting component of the meshing force present
in helical gears. This additional component excites the dynamics of the system also in the
out-of-plane direction. Such model can be found in the paper of Kahraman [61] and is
reported in Figure 2.7 The classification of the planetary mode shapes made by Lin is ex-
tended by Eritenel [40] using a three-dimensional formulation, obtaining similar results
but adding the out-of-plane components.

2.3 Finite Elements models

Finite Elements models allow to accurately simulate the meshing process relaxing some
of the restrictions applicable to the analytical techniques. Generally the analytical models
are based on a lumped formulation of the stiffness of the meshing gears. This intrinsi-
cally introduces an approximation by neglecting the distributed stiffness of the gear. This
approximation can become very important if for example lightweight gears are analysed.
The increased compliance due to the lightweighting makes the coupling between the de-
formation of the gear body and of the teeth extremely relevant and its approximation
may therefore lead to incorrect results. The FE formulations implicitly take into account
these effects without any need for further assumptions.
This type of advantage is somehow balanced by the computational cost of the formula-
tion. An extremely refined geometrical discretization of the contact surfaces on the teeth
is required to properly model the sharp strain gradient generated by the Hertzian loads.
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FIGURE 2.7: Three-dimensional model for planetary gear sets. Repro-
duced from [61].

The size of the problem, in this way, is considerably increased. The time required for
a simulation, therefore, is several orders of magnitude higher than the one needed by
analytical formulations. The application of this method for transient three-dimensional
analyses is still generally un-practical.

2.3.1 Static Analysis

The different physical phenomena acting at the same time during the meshing of two or
more gears make the simulation of this process a difficult task.
The deformation path of a gear subject to meshing loads is the result of multiple phe-
nomena on different scales. On the micro scale the local contact loads cause to the tooth
a deformation path which interests a small portion of the tooth surface but is relevant on
the overall deformation. This contribution is superimposed to the global linear deforma-
tion of the elastic tooth and gear body. References explaining the different contributions
affecting the static deformation of the meshing gears can be found in the works of Conry
[28] and Stegemiller [124]. The difficulties to properly catch the deformation caused by
the contact loads arise from the different and coupled features of the contact deformation,
which is:

• non-linear with load;

• affected by relative positioning of the teeth (misalignments);

• extremely sensitive to local curvature.

The analytical tools described in the previous sections show lack of accuracy when used
to model all these phenomena, due to their complexity and to the huge variety of possible
combinations between all the geometrical and kinematical parameters (addendum over
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(a)

(b)

FIGURE 2.8: 2.8(a) Planar FE mesh for gear contact and 2.8(b) contact stress
gradients. Reproduced from [143].

dedendum ratio, addendum modification, face width size, helix angle, pressure angle,
etc.) of the gears. All these features are modelled by FE method which provides, there-
fore, accurate results for the TE curves and stress patterns without any need for a-priori
assumptions.
The work of Wang [143] is a good example of how planar FE simulations are used to
compute static TE and mesh stiffness curves when profile modifications are applied to
the gear teeth. In figure 2.8 the FE model used is shown and can give an idea of the
level of mesh refinement required to properly model the sharp contact stress gradients
on the teeth and to provide an accurate discretisation of the tooth geometry when a pro-
file modification is applied. A different approach was developed by Vedmar in his PhD
thesis [134], where the local Hertzian contribution on the mesh stiffness is analytically
computed based on the local curvature of the tooth.
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FIGURE 2.9: Three-dimensional FE mesh for gear contact. Reproduced
from [69].

An example of three-dimensional FE simulations of the effects of manufacturing and as-
sembly errors, as well as tooth modifications, can be found in the paper written by Li [69].
The refinement of the mesh used to provide such accurate results can be appreciated in
Figure 2.9.
The high computational cost of FE simulations is due not only to the high number of
degrees of freedom required to discretize the contact area, but also to the fact that the
contact behaviour is non-linear, therefore additional iterations are required to solve the
problem at each time-step.
The limited application as design tools of FE simulations leave the room to their use as
benchmark for the analytical models. This kind of aplication can be found in the work
of Pedrero [103] and Sainsot [113]. In this way the analytical dynamic models have their
mesh stiffness and Static TE verified. Faggioni [41] used this scheme of each new value
of microgeometry modification iterated in the optimization scheme. In the work of Korta
[66] FE simulation were used in a multi-objective optimization strategy. Due to the high
computational time required for the non-linear FE simulations, response surface models
were used, allowing in this way to check a large number of possible solutions in a relative
short times.

2.3.2 Dynamic Analysis

The application of FE analysis to dynamic time domain simulations has an obstacle in the
simulation time. The dimension of the problem joined with the small time step required
to ensure the convergence of the contact problem lead to enormous simulation durations.
The application therefore is to investigate very short events in the order of a few millisec-
onds.
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FIGURE 2.10: Deformation of a ring gear meshing with three planets Re-
produced from [3].

Dynamic FE simulations were carried out by Lin [80] to investigate the propagation of
elastic waves after an impact event. The simulations consist in a load applied in a short
time interval and an initial speed difference. Considering the small portion of the gear
subjected to the impact effects, only a fraction of the whole gear consisting in the meshing
teeth and the surrounding is analysed. What emerges from the investigation is that the
higher is the initial separation, the lower is the impact duration, while the contact forces
appear higher. When the initial speed difference condition is considered, the impact du-
ration seems not to be affected by the increasing values of the speed difference. The
contact forces, instead, appear higher. Similar investigations were performed by Ziegler
in [156] and in [155], where different approaches from pure FE are also analysed in order
to reduce the computational time without affecting the accuracy of the results. In this
work, the FE simulation used as reference case lasts around 8 days on a standard desktop
machine for simulating 13 impacts in 20 ms.
Being the solution of the contact problem the most expensive part in the simulation of the
gear meshing process, Abousleiman [3] proposed an approach where the FE discretiza-
tion of the deformable ring gear is combined with an analytical gear contact formulation,
as shown in Figure 2.10. The FE formulation allows to model the ring distributed stiff-
ness coupled with meshing loads. This investigation shows how the distribution of the
load on the tooth surface is heavily affected by the ring flexibility.
The analytical description of the contact problem was also used by Vijayakar [139] who
combined the Bussinesq solution for a point load on a half-space with the FE representa-
tion of the global displacement field of the gear. This approach consists of a match of the
analytical solution with the FE results on an interface surface. The analytical description
of the contact loads eliminates the need for highly refined mesh in the contact regions. An
example of a FE mesh suited for this approach is reported in Figure 2.11. The gains on the
computational time of the planar formulation allow to apply the method to time-domain
analysis of a spur gear pair. The predicted dynamic results matched very well with the
experimental ones when the jumps in the frequency response are considered, as reported
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(a)

(b)

FIGURE 2.11: Hybrid modelling approach by Vijayakar: 2.11(a) Inner re-
gion described by analytical contact solution and outer region described
by finite elements; 2.11(a) Planar FE mesh, to be compared with Figure 2.8.

Reproduced from [139].
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by Parker [101] and Tamminana [127]. Similar level of accuracy in the experimental val-
idation was also achieved for planetary gear sets [99]. It has to be pointed out, however,
that despite the increased computational efficiency, three-dimensional time domain sim-
ulations where high speed events are considered still require very high computational
time, limiting this type of three-dimensional application.

2.4 Multibody models

Multibody models are used to simulate the interaction between different bodies, sub-
ject to different boundary conditions and mutually connected by joints. The definition
of body, in dynamic field, consists in the modelling of a physical entity through its in-
ertia properties defined in a reference frame. The simulation representation of a body
can be either rigid or flexible. Flexible multibody models can have different represen-
tations of the flexibility. In most of the cases, the internal degrees of freedom of a body
are represented using FE discretization. In order to reduce the size of the system ma-
trices, standard practice is the use of modal reduction techniques [12]. By considering
the dynamic content only up to a chosen frequency it is possible to efficiently simulate
the dynamic behaviour in the considered frequency range without heavily affecting the
accuracy of the solution.
Multibody techniques have, therefore, the potential to represent the most suited tool to
simulate the dynamic of the transmission at system-level, under the condition that the
meshing forces between the gears are accurately modelled. A more detailed revision of
MB models for the simulation of the meshing process, with a focus on the dynamic stress
recovery is given in Paragraph 4.1.

2.4.1 Rigid-body models

Following the rigid-body approach, any distributed compliance of the gear bodies and
teeth is lumped into spring-dampers elements. In his work Cardona [23] developed a
simplified model, reported in Figure 2.12, that enables to represent the direction of the
total contact force. On the other hand neglecting the stiffness variation in the meshing cy-
cle, does not allow to consider the internal excitation generated from the loaded rotating
gears. The purpose of such a simplified model is to analyse the force path in the whole
transmission and also to recover preliminary information on the system natural frequen-
cies, under a given configuration in terms of angular position. The work of Ebrahimi [37]
overcame this limitation by accounting for the variable instantaneous number of teeth
in contact, still keeping a rigid-body formulation. The model consists of a rigid body
to which all the teeth are connected by means of tangential spring-damper elements,
as shown in Figure 2.13. In this model the stiffness variation due to the translation of
the contact point along the tooth profile is still neglected, together with the non-linear
stiffening effects. In the work of Palermo [95] the limitations due to th consideration
of a constant mesh stiffness were overcome thanks to the development of a multibody
element that can represent the meshing gears without any limitation on their relative
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FIGURE 2.12: Rigid-body model for total contact force orientation and con-
tact point positioning. Reproduced from [23].

FIGURE 2.13: Independently meshing teeth model by Ebrahimi and Eber-
hard. Reproduced from [37].
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displacement. The representation of the TE-based mesh stiffness is done off-line in a pre-
processing phase thanks to gear dedicated tools. Different sets of TE curves are generated
corresponding to different working conditions of the gears in terms of transmitted load
and relative position. The curves are then interpolated during the dynamic analysis to
obtain the actual value of the mesh stiffness.
Simulation tools capable to predict the gear behaviour at system level are available in
many commercial multibody solvers such as Romax [102], Simpack [89], MSC [50], AVL
[92] and Siemens PLM [120]. The latter formulation is described more in detail in Chapter
4. The simulation technique used by Romax is based on a forced response computation
in frequency domain [58]. The detailed gear mesh simulation is performed statically, and
linearized around each operation point. Simpack uses an approach [115] in which the
user can upload an user defined mesh stiffness or use a curve based on the ISO 6336
norm. MSC approach lies on a simplified dynamic simulation using a description of the
gear contact based on an external software [5]. A similar approach is used in AVL soft-
ware, but this time the external software [54] is called during the dynamic simulation
using a dynamic link library.

2.4.2 Flexible-body models

Flexible multibody approaches allow to consider the distributed flexibility in the gear
body, allowing to investigate its effect on the static behaviour as well as on the dynamic
one by including the mode shapes and relative natural frequencies of the whole gear pair
under meshing conditions.
Flexible multibody models can provide the highest level of accuracy when used to simu-
late gear dynamics. At the same time, given the accurate representation of the teeth and
body compliance, detailed contact models are required, which are generally expensive
from the computational point of view. Due to the non-linear FE representations, flexi-
ble multibody formulations have limited applicability due the un-feasible computational
time.
The flexible multibody formulation proposed by Vinayak [140] lies on a combination of
FE discretization and theory of plates to reduce the overall size of the numerical problem
(Figure 2.14). The resulting linearized time-invariant formulation is the result of a reduc-
tion phase from the original non-linear time-variant problem. The correlation with the
experimental data in terms of forced response is good and highlights the influence of the
body compliance on the dynamic behaviour of the meshing gears.
A planar flexible multibody formulation for spur gears was proposed by Lundvall [83],
that includes friction effects. This work is based on a separation between the small defor-
mation of the gear and the rigid-body motion. The deformation of the gear is computed
using a FE mesh, coupled with the contact problem, which is solved using a node-to-
node approach. The results obtained with such a methodology, in terms of dynamic TE
for different microgeometry modifications, proved similar to the ones provided by 3D
analytical representations. A clear advantage of the method is that no a-priori assump-
tions are made during the simulations.
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FIGURE 2.14: Gear body mode of vibration captured in the model by
Vinayak and Singh. Reproduced from [140].

The formulation developed by Ziegler [156][155] has the aim to reduce the computa-
tional efforts by reducing the system matrices using modal modes. The non-linear FE
dynamic simulations were taken as reference and show a good correlation with the ex-
periments. Since only normal modes are included in the model, the agreement of the
proposed formulation with the FE results can be obtained only by including a large num-
ber of modes. Despite the high number of modal shapes included in the reduction space,
the formulation proved still efficient when compared with pure FE formulations. An
interesting outcome of the work is the comparison of the computational time for the dif-
ferent computational techniques, including flexible multibody, FE and rigid multibody.
Data is reported in table 2.1.

TABLE 2.1: Comparison of the computational effort required for impact
simulations performed by Ziegler and Eberhard. [155]

Model prepro-
cessing time

Integration
time 13 im-
pact (20ms)

Disk require-
ments

Memory
requirements

FE 0 ~8 days ~1 GB ~1 GB

MB 0 5 s ~100 MB ~500 MB

Modal MB 28 h ~9 minutes ~8 GB ~100 MB

2.5 Simulation Challenges in Different Application Domains

Gear dynamics study is relevant in many application thanks to the large use of mechani-
cal power transmission with gears in the industry. In the present paragraph is provided
a disclosure on the present applications where gears have an important role. The atten-
tion given to the gears in the mechanical transmission field is mainly due to the need for
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investigations made to prevent failures in such a sensitive component to dynamic loads.
Secondary, the excitation generated during the gear meshing is a source of vibrations and
noise in the transmission, therefore gear dynamics has a relevant importance not only on
the durability side but also in defining the comfort level. The dynamic working condi-
tions of the transmission are also fundamental to define the lubrication regime between
the teeth. The interaction between the rotating gears and the lubricant determines the
efficiency of the whole system. Energy losses, indeed, are caused not only in the contact
regions where elasto-hydrodynamic lubrication and oil squeeze losses happen but also
in other surfaces of the gears, where the windage losses are caused by the huge amount
of oil moved by the gear. This topic however is not in the scope of this thesis, and the
interested reader can find a relevant number of publications in the literature.
In the current industrial age, the importance of the gears is particularly evident in the au-
tomotive, wind turbine and aerospace fields, among all the others. These fields, however,
present different design requirements due to the extremely different working conditions
of the gears in terms of operating speed and transmitted loads. But, before illustrating
the specific application details and issues, it is necessary to explain the process behind the
phenomena together with the simulation tools aimed at simulating the effects in a virtual
environment. The durability requirements of a transmission impose to perform simu-
lation cycles [135] [44] [154] to determine the loads that the gears have to withstand in
dynamic conditions, possibly including the flexibility effects of the different components
in order to accurately replicate the working conditions. The recovery of the stress field in
the design stage, in sensitive regions of the gears, helps also to determine how far the gear
is from the failure point. In a standard transmission the regions that are more sensitive
to the applied loads, because of the stress concentration gradients, are the teeth root and
the rolling elements in the bearings. It is important to notice that, while for the bearings
standardised and detailed application specifications are made available by the manufac-
turers, the gears have to be designed depending on each application case. Different types
of failure may happen to the gears, which are caused mainly by the contact stress on the
tooth surface and by the stress amplified by the fillet curve at the tooth root [34]. What is
know as macropitting is recognized to be among the most common failure mechanism. It
is generated by the cyclic loading of the tooth. In the highest shear pressure point caused
by the Hertzian stress, which is slightly below the tooth surface, a crack starts to nucleate.
The nucleation process may lead to the detachment of small metal pieces creating craters
on the tooth surface. A similar phenomena but at an one-order-of-magnitude smaller
scale is recognized as micropitting. The modest entity of micropitting allows to consider
it among the wear-related phenomena. This phenomenon can be reduce by using better
lubricants and hardened tooth surfaces. The phenomenon called scuffing (also known as
“scoring”) is generated by a poor lubrication that can let the two metal surfaces to slide on
each other without any oil layer in between. When this occurs, the effects are superficial
scratches in the sliding direction caused by the metal-to-metal contact. Root cracks, on
the other side is not generated by the superficial contact stress field, but from the bending
stress that, due to its cyclic components, may cause a fatigue loading and let a crack to
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(a) (b)

(c) (d)

FIGURE 2.15: Typical gear failures: 2.15(a) pitting, 2.15(b) micropitting,
2.15(c) scuffing, 2.15(d) root crack. Reproduced from [34].

nucleate in the fillet region.
An accurate modelling of the transmission response is relevant when simulations for di-
agnostics are addressed. In this context the simulations can help in locating the appropri-
ate instruments to obtain a clear view of the transmission health, and react with sufficient
advance to prevent any failure. On the other hand, accurate models can help to recover
quantities that can not be directly measured (e.g. the contact pressure), by receiving as in-
put measured signals from accessible locations. Due to the typical layout of a mechanical
transmissions, sensors cannot be directly applied on the gears, therefore the transfer path
between the meshing teeth and the sensor locations is crucial. The simulation models
have therefore to properly include the dynamics of the whole system allowing to isolate,
from the entire response, the signal component due to the defect in the gear. The whole
dynamic response of the transmission and, in particular, the spectral signature is a very
powerful indicator of the system status. In this view, beside the simulation technique, the
signal processing theory gained importance in the researcher works [33][106][14], moti-
vated by real case applicability for determining faults in transmissions. The advantages
of these techniques is that the transmission has not to be dismounted and could be work-
ing, while its response is analysed.
A good health indicator among the different measurable quantities is the mesh stiffness,
whose instantaneous decrease indicates a potential cracked tooth [25]. Change in the
trend of other quantities, such as TE or dynamic contact force, have been observed, when
one of the described defect is present.
From the comfort point of view, acoustic simulations can help the designer to tune the
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system in order to increase the comfort level for the final user. This can be done by re-
ducing the acoustic pressure due to the transmission contribution at the location of the
user’s ears. The way in which a noise can be perceived by a person is investigated by the
psychoacoustics [18].
Acoustic simulations generally are based on a dynamic simulation of the meshing gears,
which provide the input, for the subsequent acoustic simulation. Coupled vibro-acoustic
simulations are avoided due to the high computational cost when the coupling between
the air and the mechanical components is taken into account. In the work of Abbess [2],
however, the coupling between the air and the housing dynamics is investigated.
The acoustic response of the transmission is strictly related to the corresponding dynamic
regime of the rotating gears. In case of gear whine, the excitation has a frequency con-
tent at precise frequencies corresponding to the meshing frequency and its multiples.
When lightweight gears are analysed, additional orders may appear due to the stiffness
variation caused by the holes. Typical analysis for gear whine applications are made in
the frequency domain. The purpose of this analysis is to find possible matches between
the frequency of the excitation and the natural frequencies of the transmission. If this
circumstance happens, amplification of the radiated noise may happen but even more
catastrophic events are possible leading to a failure of the transmission. They are made
out of slices, as shown in Figure 2.5, where each slice is a Fourier transformation of the
transmission response in a time window at a given (possibly constant) speed. The anal-
ysis is performed for the different speed levels in the working range of the transmission,
filling the plot with the different slices. For this Purpose waterfall plots are an extremely
useful tool that helps the designer to distinguish between the internal excitation coming
from the gears and the natural frequencies of the transmission. The excitation gener-
ated by the meshing teeth is linearly dependent on the rotating speed. Resonances of
the system, excluding gyrscopic effects, are independent from the speed, therefore when
observing the plot in the frequency-speed plane, the excitation appears as a straight ver-
tical line. This type of clear distinction between the excitation and resonance is much less
evident when rattle phenomena occur. The response of the transmission in this case has
a broadband spectrum due to the happening impacts, as shown in Figure 2.17.

2.5.1 Automotive

In the automotive field, the passengers acoustic comfort is heavily affected by the trans-
mission dynamics. Both gear whine and gear rattle represent noise sources that may an-
noy the occupants. The increasing number of electric and hybrid vehicles sold in the last
years amplifies the problem [94]. When the electric motor of a hybrid vehicle is spinning,
while the internal combustion engine is switched off, the transmission is loaded while in
the interior cabin the combustion noise is no longer present with its masking action. The
acoustic signature of the car interior is therefore dominated by the whine noise with its
annoying tonal component. Gear rattle is a non-negligible issue as well. Diesel engines
exhibit a higher level of torque fluctuations that may favourite the contact loss between
the gear teeth and the subsequent impacts. The conditions that generate gear rattle are
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(a)

(b)

FIGURE 2.16: 2.16(a) two-dimensional colormap waterfall plot, 2.16(b)
Three-dimensional waterfall plot. Reproduced respectively from [58] and

[118].
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FIGURE 2.17: Shaft response due to gear rattle. Reproduced from [35].

FIGURE 2.18: Typical arrangement for a 5-speed manual transmission. Re-
produced from [86].

particularly favourable when low torque levels are transmitted by the transmission, es-
pecially when idling. A standard industrial solution to limit the occurring of gear rattle
is equipping the car with a dual-mass flywheel (DMF) [146].
From the simulation point of view, different approaches are available in this context.
Manual transmissions (Figure 2.18) that imply the engagement of a single gear pair at
each time do not represent a major problem. On the other hand, automatic transmission
(Figure 2.19) or complex gearboxes for hybrid cars are designed with multiple planetary
stages that make simulation of the transmission response more challenging. The result-
ing coupling with the surrounding structure together with the load sharing between the
planets must be captured in order to provide accurate results. The lightweight trend,
which is relevant in the last years, imposes a weight saving apporach in all the design
aspects of a car, resulting in lighter but more compliant structures. When applied to gear
bodies, lightweighting impose holes in the body that enrich the transmission response
with additional low frequency orders and modulation sidebands. The simulation tools
have to be able to catch these effects together with the mutual coupling between them.
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FIGURE 2.19: 8-speed automatic transmission ZF 8HP. Reproduced from
[150].

System level simulations is the required modelling strategy to capture the coupling be-
tween the different phenomena.

2.5.2 Wind Turbines

In the wind turbine field the performance in terms of durability represents the main con-
cern, being the maximum acoustic emissions imposed by regulations [55]. Taking as ref-
erence the wind energy industry, according to Pinar [105], in a typical wind turbine the
gearbox is recognized to be the component with the second lowest failure rate, but on the
other side it is responsible for up to 40% of the total downtime, being the repairing time
the longest compared to all the components. This type of failure may led to lubricant fire,
which is then spread along the whole nacelle components, causing a complete destruc-
tion of the whole turbine. A higher level of reliability of the gearbox can be reached if the
dynamic overloads are properly caught, together with the actual working conditions in
terms of misalignments under load. When a wind turbine gearbox is modelled, the chal-
lenge is the complexity of the transmission. Typical layouts combine planetary stages
with standard ones, being the speed difference between the input and out shafts huge.
The typical layout for turbines below 3MW of rated power consists of a planetary stage
followed by a couple of fixed axis stages [30] (Figure 2.20). More powerful turbines have
a gearbox composed by two planetary stages and a high-speed standard stage; an exam-
ple can be found in the GE 2P 2.9 wind turbine transmission, reported in Figure 2.21. This
layout is necessary due to the very low rotational speed of the blades typically below 1 Hz
(60 rpm), that due to the inertial loads can not rotate at higher speed, and to the high fre-
quency of the generator shaft that has to be close to the grid frequency, around 1500 rpm.
The complexity of the system is amplified by the flexibity effects of the different compo-
nents, that was observed for the behaviour of both the bearings and the gears [31]. It is
clear the need for system level simulations, including flexible coupled formulation for
the shafts and the supporting structures. Additionally, the contribution of the ring gear
flexibility as well as the one coming from the bearings stiffness has to be included. In
some investigations [98][53] the deformation of the ring gear in planetary stages proved
to be relevant in the transmission response. The bearing models in particular determine
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FIGURE 2.20: General Electric 1P 2.3 wind turbine transmission, having
one planetary stage and two conventional parallel helical stages. Repro-

duced from [43]

FIGURE 2.21: General Electric 2P 2.9 wind turbine transmission, having
two planetary stages and one conventional parallel helical stage. Repro-

duced from [43].
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the features of the corresponding transfer path analysis [73][73][74][49][48]. The noise ra-
diation in wind turbine applications is structure-borne mainly. The configuration of the
blades and of the tower is similar to a resonance box, that amplifies the excitation coming
from the mechanical loads generated in the gearbox [123]. The interest of the manufac-
turers in the acoustic emissions of wind turbines is justified by a potential commercial
advantage in delivering a turbine, in which the acoustic noise is lower than the level im-
posed by the regulations. This goal can be achieved both by reducing the excitation in
the gearbox and by altering the amplification features of the tower and the blades. The
first approach consists in fine tuning the microgeometry on the gear teeth, allowing to
lower the TE in the working conditions. This can be obtained only if the loads inside the
transmission are accurately reproduced in the simulations. Also in this case, system-level
simulations are mandatory because of the mutual coupling between the load paths and
the displacement of the components due to the compliance of the supporting structure,
shafts and bearings. Additionally the amplitude of the response can be reduced by alter-
ing the acoustic characteristics of the tower and the blades. For example, by tuning the
stiffness and inertial properties it is possible to shift the resonance frequency crossed by
the excitation orders, as to lower the response for that given frequency range. Also in
this case the system level formulation, with the accurate representation of the flexibility,
is the starting point for this tuning process. The correct representation of the TE in or-
der domain gives the orders of the excitation, which has to be coupled with the system’s
response modelled on the basis of the stiffness and inertial properties.

2.5.3 Aerospace

Gearboxes are present in helicopters as well as in jet engines. Due to their presence in
crucial components, the durability is a critical concern. Acoustics is important for the
comfort of the occupants but also because quieter transmissions allow to use less insu-
lating material saving weight. In helicopter applications the main transmission connects
the engine units to the main rotor. The blades are connected to the main rotor and require
adequate low rotational speed for aerodynamic and structural reasons, typically in the or-
der of 300 rpm. On the other hand the jet engines operate at an extremely high rotational
speed, which can reach easily 30000 rpm. The main transmission has therefore the chal-
lenging task of providing such a high transmission ratio in the order of 1:100 with strictly
weight and packaging requirements. The most convenient layout is based on the use of
one or even multiple planetary stages, due to they high power density (Figure 2.22). A
different gearbox is used to deliver power to the tail rotor, where spiral bevel gears are
used. The oil and fuel pumps are driven by the accessory transmission [11], consisting of
spur gear pairs. Due to the high durability requirements, health monitoring of the trans-
mission is particularly advanced, relying on numerous sensors in the transmission and
signal processing techniques [107][108]. The data coming from the accelerometers placed
directly in the gearbox housing, in order to be in the closest position possible to the ex-
citation source, is processed by the Monitoring System (HUMS) with the aim to alert the
pilot if abnormal signal is recorded [114]. The acoustic level inside the cabin is a serious
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FIGURE 2.22: Cutaway of an Agusta A109 helicopter transmission dis-
played at Sint Truiden Air Base, Belgium.

concern. The main gearbox, being connected directly to the helicopter roof, transmits
vibration directly to the interior cabin through the structure [88]. The excitation coming
from the gearbox may be rich in the contribution number. The lightweighting design
in helicopters is quite extreme, therefore the holes in the gears, coupled with the many
stages present, contribute to increase the number of orders originated from the transmis-
sion. According to [88] the frequency range where the transmission excitation dominates
the internal noise goes from 0 to 8kHz, as shown in Figure 2.23, reaching an amplitude
of 100dB [123]. A lower level of emitted noise is an advantage, especially for the market
of VIP helicopters [145]. The absorbing material used to limit the interior noise increases

FIGURE 2.23: Sound pressure autopower in a helicopter cabin under
steady-state operational condition. Reproduced from [88].
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FIGURE 2.24: Typical transmissions arrangement in a jet engine. Repro-
duced from [112].

the overall weight, with all the connected disadvantages. A quiter transmission helps to
limit the use of insulating material, allowing to design lighter helicopters.
In the area of jet engine transmissions, the focus is no more on the generated noise. The
sound emissions from the blades, together with the aerodynamic noise generated by the
plane itself is much higher than the one coming from the transmission. The focus on the
transmission has the scope to monitor the gearbox health for condition monitoring and
durability reasons [110]. A typical arrangement of the transmissions in jet engines appli-
cations [112] is reported in Figure 2.24. An accessory gearbox has the function to extract
power during the operation, or by using it in the opposite direction, power can be pro-
vided to start it. An angled shaft is used to connect the core shaft to the external gearbox,
therefore spiral bevel gears have to be used. The output power is then delivered at the ap-
propriate speed using a spur gear drive. The choice of spur gears is motivated by weight
saving purposes. The absence of trust loads generated during meshing allows to avoid
the use of axial bearings, but the sharper stiffness variation makes the dynamic excitation
higher and closer to possible jump-phenomena. System level simulations are mandatory
also in this field due to the strong coupling between the gear excitation and the dynamic
response of the structure, made extremely compliant due to the lightweighting.

2.6 Gear Lightweighting

Trends for emission limitations and fuel saving impose a more efficient energy exploita-
tion in many sectors of mechanical engineering. Lightweighting is one of the strate-
gies that can be adopted to reach this goal. Besides the environmental requirements,
lightweighting is a key aspect in all the applications where the weight is a crucial as-
pect for the overall performance of the system, such as in aerospace and automotive
industries. Geared power transmissions, which are key components in many mechanical
systems, are not excluded from such a lightweighting trend. Common lightweighting
strategies are based on the reduction of gear thickness as well as on the manufacture
of holes in the web of the gear. Although the use of lightweight gears in the trans-
portation sector and in general machinery is continuously increasing, design problems
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related to the dynamic strength of such transmissions are not yet fully solved [70], re-
quiring the development of simulation models able to predict the impact of different
design choices (e.g.,web thickness, number, position, and shape of the holes) on their
vibration behaviour. During gear meshing, complex phenomena occur simultaneously,
such as nonlinear load-dependent contact deformations, friction, clearance, and time-
varying mesh stiffness. As reported in section 2.3 three-dimensional FE simulations for
gear meshing analyses represent the most detailed simulation approach available nowa-
days [2]. In this case no special treatments are required to model the lightweighting
effects. On the other side analytical formulations and lumped-parameter modelling have
been widely used to analyse gear dynamics thanks to their computational efficiency and
capability to capture nonlinear phenomena in the dynamic behaviour [5]. In comparison
with FE approaches, lumped-parameter models have a high computational efficiency as
key advantage, but an adequate description of the time-varying meshing stiffness and of
the related dynamic excitation is required to enable accurate predictions of the system
behaviour. Given the general nature of the method, detailed FE simulations enable mesh
stiffness calculations and loaded tooth contact analysis without a priori assumptions, but
at the cost of very high computational load. For this reason, hybrid approaches, com-
bining FE and analytical modelling, have been developed [14, 15]. A combination of FE
and lumped-parameter models was used by Ren et al. [17] to study the dynamic be-
haviour of a coupled gear-shaft-bearing-housing assembly by using the impedance syn-
thesis method. In solid, axisymmetric gears, the TE curve and the mesh stiffness function
are typically dominated by the harmonic content at the meshing frequency. One of the
effects of gear lightweighting is the occurrence of additional harmonic components at
lower frequencies, originating from the non-uniform distribution of mass and stiffness
along the gear blank.
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Chapter 3

Combining FEM and Analytical
Modelling for Static and Dynamic
Analysis of Lightweight Gears

3.1 Introduction

In this chapter the static and dynamic behaviour of lightweight gears is analysed com-
bining non-linear FE simulations and a lumped parameter model. The nonlinear FE sim-
ulations are used to compute the Static Transmission Error (STE) curves for different gear
pairs, from which the angle-dependent mesh stiffness is derived. In this manner the
accuracy typical of the FE method is exploited to derive STE curves that show the depen-
dency with the body topology of the gear pairs. Typical fluctuations in the mesh stiffness
due to the non-uniform distribution of the material around the hub can be represented
and taken into account. In this way the effects of several shapes of the gears body can
be analysed in the static field as well as during dynamic simulations. The statically com-
puted curves are then used in a 1D lumped-parameter model to simulate the dynamics of
different lightweight gear pairs differing for the shape of the body, while the kinematical
parameters are kept constant.
The advantages of the approach described in this chapter, which is already investigated
in the work of Shweiki et al. [118] is that detailed and time-consuming simulations are
limited in a preprocessing phase without affecting the computational efficiency of the
analytical model, while the dynamic effects of the different gear topologies are well cap-
tured by the latter model.
In order to present the capabilities of the method to properly model the static and dy-
namic behaviour of gear pairs when different lightweighting strategies are adopted, dif-
ferent case studies are presented including two different strategies for gear weight reduc-
tions are analysed. The first lightweighting approach consists in a gear where the web
thickness is reduced resulting in a rimmed axisymmetric gear. A second lightweighting
approach is based on material removal from the web through a series of holes or slots,
which result in a rotational symmetry for the lightweight gear that influences the mesh
stiffness and the TE of the gear pair.
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3.2 STE Estimation in Lightweight Gears by Nonlinear FE Sim-
ulations

An analysis of how different strategies for lightweight design influence the static re-
sponse of a gear pair is done by estimating the STE curves through nonlinear FE sim-
ulations, for which high-detail models of the meshing gears have been built.
Four case studies, consisting of different gear pairs, are analysed. In each pair, a solid
blank gear is meshing with a lightweight gear, with a different layout. The four gear pairs
analysed through nonlinear FE simulations are shown in Figure 3.1. In the gear pairs of
Figures3.1(a) and 3.1(c), the blank of the lightweight gear is axisymmetric; that is, mass
reduction is achieved by reducing the depth of the rim, while in the other two case studies
gear lightweighting is achieved through eight circular holes and three slots in the blank,
as shown in Figures 3.1(b) and 3.1(d), respectively. The last gear pair represents a case
of extreme lightweight design, which will be analysed along with the others to highlight
the effects of increased blank flexibility on the mesh stiffness and, subsequently, on the
dynamic response of the system. The two lightweight gears with axisymmetric geometry,
shown in Figures 3.1(a) and 3.1(c), have been designed as to have the same overall mass
of the lightweight gears with 8 holes and 3 slots, respectively. Gear (a) can be directly
compared to gear (b), except for the absence/presence of the holes and their effect on
blank stiffness; the same holds for gears (c) and (d).
The FE models of the four meshing gear pairs, shown in Figure 3.1, were created by using
8-node hexahedral elements, while the main design specifications are reported in Table
3.1.

TABLE 3.1: Main design parameters of the analysed gears

Parameter Units Value
Tooth number [-] 57

Module [mm] 2.6

Pressure angle [deg] 20

Tip diameter [mm] 154.5

Root diameter [mm] 141.7

Face width [mm] 23

Contact ratio [-] 1.45

Working centre distance [mm] 150

Material [-] Steel

In the FE model of the gear pairs, supporting shafts were represented as infinitely rigid
by rigidly constraining all the DOFs of the gear bore nodes to a master node located in
the centre of the gear and constrained with rigid body elements. A loading torque equal
to 350Nm was applied to the master node located at the pinion centre, for which the
rotational DOF was left unconstrained. With the aim of generating STE curves, different
nonlinear FE static simulations were performed for each gear pair, by positioning the
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(a) Gear pair A (b) Gear pair B

(c) Gear pair C (d) Gear pair D

FIGURE 3.1: FE models of the four gear pairs analysed: (a) and (c) have
an axisymmetric design for the lightweight gear, while 8 holes and 3 slots
enable mass reduction in (b) and (d), respectively, with different degrees
of discrete rotational symmetry. Gears (a) and (b) are designed to have the
same total mass; the absence/presence of the holes cause different effect

on blank stiffness; the same holds for gears (c) and (d).

two gears in a discrete number of equally spaced angular positions in the angular period
of the gear pair. In each angular configuration, one point of the STE curve is computed
according to the following equation:

TE = rbGθG − rbPθP (3.1)

where θP and θG represent the rotation of the pinion and of the gear, respectively, while
rbP and rbG are their base radii. In the specific cases analysed in this chapter, θP is the final
rotational displacement of the pinion master node after load application, while is equal
to zero, considering the constraining condition of the gear, in which the master central
node is held stationary during the simulations. Having identical tooth geometry, the two
gears have the same base radius.
In order to reduce the computational time, the FE model of each gear was divided into
regions of different mesh size. In the regions close to the tooth contact area, where a
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FIGURE 3.2: Example of stress distribution estimated by nonlinear FE sim-
ulation for the lightweight gear shown in Figure 3.1(b) in a given configu-

ration.

detailed description of the geometry is required to properly capture contact phenomena,
the element size was set to 0.11 mm, based on a convergence analysis [56]. Considerably
coarser mesh was created in the regions that are sufficiently far from the meshing teeth.
Since the computational complexity is strictly dependent on the number of nodes in the
model, several models were created for each non axisymmetric gear, as to limit the num-
ber of teeth with fine mesh to 5, that allow for simulating 3 meshing cycles. A total of 7
and 19 models were created for the gear with 8 holes and with 3 slots, respectively. An ex-
ample of the results obtained from the nonlinear FE simulations in a region of an axisym-
metric gear close to the meshing area is shown in Figure 3.1, while Figure 3.2 highlights
the effects of material removal from the blank on the local and on the global deformation
of the lightweight gear with holes. It appears, in fact, that lack of material in the region
close to the meshing teeth causes higher deflections compared to the situation in which
the meshing teeth are close to a region of the web in which no holes are present. By post-
processing the results of the static simulations, the STE curves for each pair of meshing
gears were derived. From the STE curves shown in Figure 3.5, it is possible to appre-
ciate that the effects of blank topology of the lightweight gear on the mesh stiffness of
the gear pairs are significantly different in the four case studies. Figures 3.5(a) and 3.5(c)
show the STE curves estimated for the gear pairs of Figures 3.1(a) and 3.1(c), respectively.
The two curves are periodic with the mesh frequency and do not exhibit lower frequency
harmonic components. The effects of the holes and of the slots are clearly visible in the
curves of Figures 3.5(b) and 3.5(d), where the additional low-frequency components sig-
nificantly change the shape of the curves. Such observations are confirmed by the results
of the FFT analysis shown in Figure 3.3, where the frequency content of the STE curves
for the nonaxisymmetric gears shows the presence of low-frequency components, with
an angular frequency equal to the number of material discontinuities in the blank (holes
or slots) and its multiples. From the static results shown above, the mesh stiffness that
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will be used as input for the dynamic simulations is derived. For the purpose of calibrat-
ing the analytical model, the gears are lumped into rigid bodies with inertia and stiffness
proprieties derived from the FE models and reported in Table 3.2.

TABLE 3.2: Main properties of the gears that will be used in the analytical
model for dynamic simulations.

Parameter Gear A Gear B Gear C Gear D
Gear inertia [kg ∗m2] 0.0041 0.0041 0.0038 0.0038

Mass [kg] 1.72 1.72 1.68 1.68

Average mesh stiffness [N/m] 2,72 ∗108 2,18 ∗108 2,42 ∗108 1,35 ∗108

Average resonant frequency [Hz] 3258 2962 3030 2345

STE at meshing frequency [µm] 3.776 3.663 3.921 3.894

STE at blank angular frequency [µm] 0 1.794 0 9.584

3.3 Lumped Parameter Modelling and Dynamic Analysis of Gear
Pairs with Lightweight Design

The model described by the following equations is derived from the one proposed in
[15] and is intended to describe the relative motion between two gears in dynamic con-
ditions. The joints are supposed to be perfectly rigid, so that no motion of the gears is
allowed except for the rotation along their rotational axis. Gear meshing is modelled by
a single spring-damper system acting along the line of action of the gear pair. The use
of one single spring representing both the blank stiffness and the teeth contact stiffness
can be justified by the consideration that the meshing frequency and its harmonics are
almost identical for all the gear pairs analysed here, indicating that in static condition the
contribution to the TE of the tooth stiffness is not significantly affected by the holes or
the slot in the gear body. Additional dynamic contributions coming from the tooth mode
shapes are neglected in this work, the focus being on the impact of blank topology on the
dynamic behaviour of the gear pair, which can be captured by the torsional model used
in this work. In this way, the relative motion between the gears is described as a linear
displacement along the line of action. Consistently, the applied torque and the rotational
inertia are converted, respectively, in a linear force acting along the line of action and in
an equivalent mass.The transformation from a rotational inertia to an equivalent mass is
done considering the gears as homogeneous discs, and extracting their inertia properties
from a CAD model, while the equivalent mass of the 1 DOF system, which is represented
in Figure 3.3, is calculated starting from the mass values estimated for each gear.

The dynamic behaviour of this 1-DOF system, which considers a pair of identical gears,
is governed by the following equation of motion:

mẍ + 2ζ ẋ + k[PC(t)]g[x(t)] = F(t) (3.2)
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FIGURE 3.3: Representation of the 1D dynamic model of meshing cylindri-
cal gears.

where x is the linear relative displacement of the equivalent gear pair along the line of
action and represents the Dynamic Transmission Error (DTE) in the system; ẋ and ẍ are
its first and second time derivatives; m is the equivalent mass of the system; and ζ is a
damping coefficient introduced in the model to consider losses during tooth meshing.
The model parameter k[PC(t)] is intended to represent the time-varying mesh stiffness
derived from the STE curves calculated as described in Section 3.2.The mesh stiffness is
a function of the instantaneous position of the contact point PC(t) along the mesh cycle,
which is derived as

PC(t) =
1

θP1

[
θ1(t)− f loor

(
θ1(t)
θP1

)
θP1

]
(3.3)

where θ1(t) is the actual value of the rotational angle and θP1 is the angular period of the
STE curve. The obtained value of PC is between 0 and 1. When an axisymmetric gear is
analysed, the angular period corresponds with the length of the meshing cycle, because
no harmonic components due to the gear body discontinuities are present in the STE
curve of the gear pair. In this case, the variability of the mesh stiffness is given mainly by
the variable number of tooth pairs in contact, which results in a dominant harmonic com-
ponent in the STE at themeshing frequency and additional harmonic components.When
gears with material discontinuities in the blank, that is, holes or slots, are analysed, the
angular period has to be extended in order to capture the entire frequency content of the
STE curve. An entire revolution of the gear has to be analysed in the case in which the
teeth number is not an integer multiple of the hole number, while symmetry exploitation
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(a) (b)

FIGURE 3.4: Example of stress distribution and static deformation of the
gear with 8 holes in two angular configurations of the gear pair: loaded

teeth are close (a) and far away (b) from a hole in the blank.

can be sought in those cases where the tooth number is a multiple of the hole number, as
for the case of the gear with 3 slots. The periodic mesh stiffness is derived as a function
of the rotational angle from the STE curves through the following equation:

k(PC) =
Ftt

STE(PC)
(3.4)

where Ftt is the magnitude of the tangential contact force used for estimating the STE
curves. The hypothesis behind this approach is that the dependencies of the obtained
STE values with the transmitted load are negligible in a small load interval around the
nominal condition. No microgeometry modifications are applied on the teeth and the
nonlinear dependencies of the STE with the applied load are not taken into account. The
applied torque corresponds to the one used in the STE calculation phase. In line with the
assumption of perfect joints, no further dependencies of the STE on the relative misalign-
ment between the gears are considered. The mesh stiffness values are stored as function
of the relative angular position of the gears in lookup tables, which are then interpolated
during the dynamic simulation.
The formulation of eq. 3.2 allows also modelling the backlash b between the gears intro-
ducing the restoring function g[x(t)], which is the following function of the equivalent
relative displacement between the gears [15]:

g[x(t)] =


x(t)− b, x(t) > b

0, |x(t)|≤ b

x(t) + b, x(t) < −b

(3.5)

The restoring function allows considering contact losses between the teeth, by bringing
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(a)

(b)

(c)

(d)

FIGURE 3.5: STE curves of the analysed gear pairs computed through non-
linear FE simulations for the gear pairs (a), (b), (c), and (d) in Figure 3.1.
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(a)

(b)

FIGURE 3.6: Amplitude of different harmonic components obtained from
FFT of the STE curves computed for gear pairs (a and b) (a) and for gear
pairs (c and d) (b). The rotational speed is kept constant in each simulation.

Blue histograms refer to the axisymmetric gears.
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the value of the mesh stiffness to zero when the relative displacement is below the back-
lash threshold. This condition means that there is no contact between the teeth and con-
sequently no elastic meshing force acting on the bodies. When the instantaneous relative
displacement assumes a value higher than the imposed backlash, the restoring function
allows considering only the effective penetration between the teeth in contact, subtract-
ing the backlash from the estimated relative displacement.
The external force F(t) in eq. 3.2 represents the loading force in the system. In general,
a time-varying load can be considered in the model, but in the work presented in this
chapter it is considered to be constant, based on the assumption that the imposed value
of transmitted torque by the gears is constant. The instantaneous acceleration value ẍ is
computed numerically by using a fixed step explicit Runge-Kutta algorithm. Dynamic
simulations are performed considering a constant applied torque of 350Nm and a lin-
early increasing speed from 0 to 5000 rpm in 200 seconds. The fixed time-step is set to
2microseconds and corresponds also to the sampling period. This grants a maximum
observable frequency of 250 kHz, which is sufficiently high to reconstruct impulsive phe-
nomena and to capture the significant harmonics of the gear mesh frequency.
The actual value of the rotational speed given as revolutions per minute is converted into
a meshing frequency value by considering the teeth number.The position along the mesh
cycle is obtained by integrating the instantaneous meshing frequency value.
The obtained time histories of the DTE are then analysed in terms of root mean square
(RMS) of the oscillating component in each mesh cycle versus the meshing frequency.
One model is created for each of the four gear pairs, with inertia and stiffness (STE) prop-
erties derived as described in Section 3.2. The RMS of the steady-state oscillating com-
ponent of the estimated DTE is reported in Figure 3.7. The results of Figures 3.7(a) and
3.7(c), corresponding to the two axisymmetric gears, and of Figure 3.7(c), corresponding
to the gear with 8 holes, show a clearly visible jump in correspondence with the reso-
nance frequency. The jump phenomena, which are due to loss of contact and are a typical
clearance-type nonlinearity, disappear in the dynamic response of extremely flexible gear
pair 3.7(d), in which the lightweight design is achieved through three slots.
By comparing the DTE estimated for gear pairs (a-b) and (c-d), which have identical iner-
tia properties, different amplitude in the RMS of the dynamic response is observed in the
analysed frequency range. It is worth to notice also that the nonaxisymmetric design has
a lower average mesh stiffness as compared to the axisymmetric gear with the same mass
reduction. For a given mass reduction, the lower value of the average mesh stiffness de-
termines a frequency shifting towards lower values and a modification of the amplitude
of jump phenomena in the dynamic response. Loss of contact phenomena appear less
significant in gear pairs with nonaxisymmetric lightweight gear and disappear for the
gear pair (d).
A thorough comparison can be done considering the waterfall diagrams shown in Figure
3.8. When the gear lightweighting is achieved by discontinuities in the gear blanks, the
low-frequency harmonic components of the STE shown in Figure 3.3 cause additional
excitation orders, while sideband effects showup in the regions where the meshing order
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(a)

(b)

(c)

(d)

FIGURE 3.7: RMS of DTE obtained by using the different STE curves com-
puted for the four gear pairs shown in Figure 3.1.
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(a)

(b)

(c)

(d)

FIGURE 3.8: Waterfall diagram of the DTE for the four gear pairs analysed.
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excites the resonance of the system.
To further analyse the effects of lightweight design on the dynamic behaviour of each
gear pair, constant-velocity simulations, at a speed where the meshing frequency is slightly
below the gear pair resonance frequency, have been executed. The results are summa-
rized in Figure 3.9(a) for gear pairs (a) and (b) and in Figure 3.9(b) for gear pairs (c) and
(d), which show the results of the FFT analysis of the DTE curves estimated for the four
gear pairs in steady-state conditions. Only the amplitude of the meshing order and its
sidebands, along with the orders due to the holes, are reported.
Gear pairs (b) and (d) (red) exhibit a different dynamic behaviour as compared to the gear
pairs with an axisymmetric design (blue). Due to the additional excitation orders shown
in the waterfall diagrams, significant harmonic components due to the holes and slots are
observed at low frequencies. Specifically, for the extreme lightweight design of gear pair
(d) in Figure 3.9(b), the system response excited by the order of the slots is comparable
with the one of the meshing order, even if the latter excites the resonance of the system.
Clear sidebands around the meshing frequency and its harmonics can be appreciated as
well.

3.4 Parametric Study

The simulation results shown in the previous sections demonstrated that the presence
of holes in the gear blank influences the average value of the mesh stiffness and the
shape of the STE curve, in which an important harmonic component shows up at the
angular frequency of the gear blank geometry (linked to the number of holes), on top
of the harmonic component at the meshing frequency (linked to the number of teeth).
With the aim of investigating the impact of such modifications of the STE curves on the
dynamic response of the gear pair, a parametric model of the STE curve is defined in
equation 3.6

STE(PC) = STEav + STEh ∗ cos(Nh ∗ PC) + STEm ∗ cos(Nt ∗ PC) (3.6)

TABLE 3.3: Ranges in which the STE parameters are varied.

Units STEav STEh STEm
Min [µm] 18 0 2

Max [µm] 38 10 6

where STEav is the mean STE value, while STEh and STEm are the harmonic compo-
nents at the hole angular order and at the meshing order, respectively. Nh = 8 and
Nt = 57 are the number of holes and the number of teeth, respectively, while the ranges
that have been set for the three STE parameters are shown in Table 3.3.



56
Chapter 3. Combining FEM and Analytical Modelling for Static and Dynamic Analysis

of Lightweight Gears

(a)

(b)

FIGURE 3.9: Amplitude of different harmonic components obtained from
FFT of the STE curves computed for gear pairs (a and b) 3.9(a) and for
gear pairs (c and d) 3.9(b). The rotational speed is kept constant in each

simulation. Blue histograms refer to the axisymmetric gears.
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The STE curves, analytically generated through the relation 3.6 and by varying the pa-
rameters in the ranges of Table 3.3, are represented in Figure 3.10. The harmonic com-
ponent in the STE curve with the angular frequency corresponding to the number of
discontinuities in the gear web is intended to represent the harmonic fluctuation in the
STE curve due to the presence of the discontinuities. Its amplitude is changed from curve
to curve in order to replicate the effect of positioning and sizing of holes in real design.
The harmonic component of the STE curve at the tooth meshing frequency is mainly due
to the change in the instantaneous number of meshing teeth between 1 and 2 in the case
studies illustrated in this chapter. From each of the analytically generated STE curves,
one mesh stiffness function is derived and used in the gear pair model of eq. 3.2. In
all the simulations, the damping coefficient is varied in such a way that a modal damp-
ing ratio of around 6% for the equivalent Linear Time-Invariant (LTI) system is obtained.
The inertia values are kept constant during the analysis, being the focus of the simulation
campaign on the relative importance of the harmonic content of the internal excitation.

3.4.1 Effect of the Average STE Value

The results shown in Figure 3.11 represent the different dynamic responses of the system
for different values of the average STE value. Each point of the curves represents the
RMS value of the steady-state forced response in terms of DTE oscillating component in
a mesh cycle. It is worth to say that higher values in the STE correspond to lower values
of mesh stiffness.The tooth-passing component and the order of the holes are kept fixed
to a reference value of 4 and 0, respectively. In particular, the latter value corresponds
to a configuration in which no holes are present in the gear blank. The effects of an
increasing average value of the STE, shown in Figure 3.11, can be summarized in a shift
of the resonant frequency of the system to lower values, an increase in the peak value of
the DTE, and a reduction of the frequency range in which teeth lose contact.

3.4.2 Effect of STE Harmonic Component at the Mesh Frequency

The effects of the amplitude of the meshing harmonic component of the STE are shown
in Figure 3.12. As above, the simulation parameters are unchanged for all the simula-
tions of the campaign except for the amplitude of the harmonic component at the angu-
lar period corresponding to the tooth meshing period. Increasing the amplitude for the
meshing harmonic component of the STE does not alter the resonance frequency of the
equivalent LTI system; therefore all curves remain centred around the same resonance
frequency. Furthermore, higher meshing harmonic amplitudes correspond to a propor-
tional increase in the dynamic response in the linear dynamic region. It is worthy to
notice that such increase in the dynamic response makes the gears lose contact at a lower
frequency. Similarly, gears regain full contact later at higher frequencies.
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(a)

(b)

(c)

FIGURE 3.10: Portions of STE curves analytically generated by 3.10(a)
varying the average value of the STE, 3.10(b) varying the amplitude of the
harmonic component at the angular frequency of the holes, and 3.10(c)
varying the amplitude of the harmonic component at the angular fre-

quency of the meshing teeth.
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FIGURE 3.11: RMS of the different DTE curves obtained by using different
average values of STE.

FIGURE 3.12: RMS of the different DTE curves obtained by using differ-
ent values of the amplitude of the harmonic component at the meshing

frequency.
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FIGURE 3.13: RMSof the differentDTE curves obtained by using different
values of the amplitude of the component due to discontinuities in the gear

web.

3.4.3 Effect of STE Harmonic Component due to Discontinuities in the Gear
Web

The effects of varying the amplitude of the harmonic component of the STE due to dis-
continuities in the gear web are shown in Figure 3.13. It is important to highlight that the
average value of the STE curve is not affected by the amplitude of the contribution com-
ing from the material discontinuities in the lightweight gear blank. Consistently, the jump
phenomenon is not modified in its amplitude by the presence of the holes. From Figure
3.13 it is clearly visible that additional amplifications in the RMS curve are directly de-
pendent on the amplitude of this additional harmonic component. These amplifications
have the characteristic of modulation sidebands of the DTE curve. Additional jump phe-
nomena appear when a sideband due to the web discontinuities matches the resonance
frequency of the gear pair. Considering Figure 3.14, where an example of STE curve used
in the analysis is reported together with its FFT analysis in angle domain, it is possible to
notice that no amplitude modulation sidebands are present since the harmonic compo-
nents shown in Figure 3.14(b) are corresponding, by analytical definition, to the meshing
and to the hole components only. Sidebands are instead clearly visible in the FFT analy-
sis of themesh stiffness derived fromthe STE curve according to relation expressed in eq.
3.4 and shown in Figure 3.15. Dynamic sideband amplifications are observed also in the
waterfall diagram shown in Figure 3.16.

3.5 Conclusions

In this chapter the effects of blank lightweighting on the static and on the dynamic be-
haviour of a pair of meshing gears have been investigated by combining nonlinear FE
simulations and lumped-parameter modelling. In the first part of the chapter four case
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(a)

(b)

FIGURE 3.14: Example of STE curve obtained for STEh = 10 µm and STEm
= 3.8 µm. STE curve 3.14(a) and the results of an FFT analysis in the angle

domain 3.14(b).
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FIGURE 3.15: FFT analysis of the mesh stiffness obtained from STE curves
of Figure 3.14.

FIGURE 3.16: Waterfall diagram of the DTE of the system obtained using
STE curves reported in Figure 3.14.
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studies have been analysed, with different lightweight designs: in two cases, an axisym-
metric lightweight gear, with reduced blank thickness, engages with a solid gear; in the
other cases, weight reduction is achieved in the lightweight gear through holes and slots
in the blank achieving the same mass reduction as in the corresponding axisymmetric
gear. The STE curves are derived through a series of nonlinear FE simulations, allow-
ing for a detailed description of the impact of gear blank topology on the mesh stiffness.
The latter is then used in a lumped parameter formulation for nonlinear dynamic analy-
sis. The simulation results, analysed in both time and frequency domain, show that the
dynamic behaviour of the gear pairs with material discontinuities in the web is signifi-
cantly different from the one of the axisymmetric gear pair. The variability of the average
mesh stiffness during gear rotation, in fact, causes additional excitation orders and pro-
duces modulation effects in the dynamic response of the transmission analysed in terms
of DTE. The frequency and amplitude of these contributions are dependent on the topol-
ogy of the gear blank and on the harmonic content of the STE, which is well captured by
the nonlinear FE simulations. Sideband effects show up in the regions where the meshing
order excites the resonance of the system. One of the most interesting phenomena linked
to gear dynamics, that is, jumps in the RMS of the DTE due to tooth loss of contact, is
significantly affected by blank topology and seems to completely disappear in extremely
lightweight design. To provide an insight of the observed phenomena, dynamic simula-
tions with analytically generated STE functions have been performed in order to analyse
the effects of the additional STE harmonic component, due to the discontinuities in the
gear blanks. The results showed additional amplifications in the RMS curves, due to the
modulation effects of the holes on the mesh stiffness.
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Chapter 4

Transmission Error and Strain
Analysis of Lightweight Gears by
using a Hybrid FE-Analytical Gear
Contact Model

4.1 Introduction

Geared mechanical transmissions are some of the most common subsystems in many
fields of the mechanical industry, from the more established ones, such as heavy equip-
ments, wind turbines and precision machinery to relatively new areas represented by
robotics and electric vehicles. Generally in all these applications the transmission is one
of the most expensive components and a potential substitution cost or maintenance time
can be very high. Taking as reference the wind energy industry according to [105], in a
typical wind turbine, the gearbox is recognized to be the component with the second low-
est failure rate, but on the other side it is responsible for up to 40% of the total downtime,
being the repairing time the longest compared to all the components. The study of gears
behaviour, especially for fault prevention and prediction where cracks, pitting, mounting
and manufacturing errors cause additional excitations, still involves the attention of the
researchers [137], [47] and represents an actual research topic [27], [97] also in condition
monitoring applications [111].
Additionally, new and more demanding environmental regulations enforce different de-
sign targets focused on the global efficiency of the system in order to reduce greenhouse
gas emissions and fuel consumption especially in the automotive and aerospace indus-
tries. One of the possible strategies to cope with such constraints is a reduction of the
mass of each component of the system. Different approaches to achieve this goal in
geared transmissions are currently under research. For instance in [24], the dynamic
performance of gear bodies manufactured using composite materials is evaluated. More
established approaches to reduce the weight are based on the manufacturing of gears
with thin bodies, possibly with holes and slots. These approaches however impact on
the dynamic behaviour of the gears [118] increasing the global compliance of the gear
pair and generating higher and more complex stress field in sensitive parts of the gear
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body. According to [34], excessive load in different regions of the gear causes typical
failure modes, such as pitting on the tooth surface or crack propagation on the tooth
root. In [56] the importance of the root stress as design parameter is empathised by its
inclusion in the constraints of an optimisation strategy for the design of cylindrical invo-
lute gears. When lightweight gears are used the complex shape of the gear body adds
multiple regions where stress concentrations may occur. The accurate simulation of the
meshing process without any limitation on the body shape is therefore fundamental for
the evaluation of strength criteria in the gear body and to perform durability analyses in
lightweight gears.
Due to the complexity of the gear meshing process, accurate simulation tools are needed
to provide the required level of detail. Non linear Finite Element (FE) analyses are able
to provide the highest level of accuracy, especially when contact load distribution on the
tooth surface is investigated [80]. One of the drawbacks is that the computational time
is particularly high, limiting the use of such tools to static analyses or to very short dy-
namic events at component level. The time required to simulate even short time-domain
phenomena of few milliseconds is still prohibitively large with standard FE solutions.
In the work of Ziegler and Eberhard [155], FE simulations are used as reference and in
one of the case studies reported the time required to simulate 13 impacts between two
gears for a total duration of 300 ms is about 194 hours on a standard machine. The rea-
son for the high computational efforts required by FE simulations is in the high number
of degrees of freedom required to properly model the contact area. Other approaches
different from the full FE discretization are investigated by other authors. In [139] a com-
bination between FE formulation together with an analytical description of the local con-
tact displacement is used to address the problem of simulating the gear under meshing
conditions. An extension of the method is used for the analysis of a gear pair [101] and
of a planetary gear set [99] under dynamic conditions but this method still has limited
applicability for time-domain simulations at system-level. The same approach is used to
compare the time-domain strain in external gears [32] and in planetary gear stages [63],
but the analysis was not extended to lightweight gears.
Multibody (MB) simulation tools are often used to simulate the behaviour of a complete
transmission, under the assumption that the meshing gears can be represented as rigid
bodies connected to each other by spring-damper elements. By exploiting the much
lower computational cost with respect to FE-based methods, MB approaches allow to
simulate longer events. However, accurate results are achievable only if the position-
dependent mesh stiffness is properly modelled [71]. Although MB simulation tools are
extensively used to investigate the dynamic behaviour of geared transmissions because
of the low computational cost, their application in the study of lightweight gear meshing
as well as in stress and strain analyses is limited, since the detailed elastic deformation
field of the gear body is not available in most of the implementations. Using elastic MB
formulations the displacement field is available for the recovery of stress and strain in
the components either online during the time integrations or offline in a post-processing
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phase [128] with an obvious increase of the simulation time compared to rigid MB sim-
ulations. Model order reduction techniques can be used to improve the efficiency of the
simulation: in [116] the problem of recovering the stress field in MB gear simulation is
analysed using different model reduction techniques.
In this work an elastic MB approach combining FE and analytical representations of the
gear stiffness contributions is used to investigate the meshing behaviour of lightweight
gears [120] where different blank geometries are designed to reduce the overall mass of
the transmission. The advanced elastic MB formulation provides an higher computa-
tional efficiency when compared to state-of-the-art elastic MB approaches, allowing at
the same time to precisely describe the gear mesh stiffness and to recover the strain field
in the gear body of lightweight gears. Section 4.2 describes the hybrid FE-analytical gear
contact model used to enable a time-varying representation of the mesh stiffness in the
MB simulation environment. The methodology for stress recovery and strain field esti-
mation is illustrated in section 4.3. Several experiments have been conducted in order to
evaluate the robustness of the proposed technique. This methodology has been validated
using the data obtained from different experimental campaigns, using the in-house gear
test rig. In particular the transmission error and stress values have been acquired and
compared to the corresponding simulated signals. Two gear sets with different body ge-
ometries have been analysed. The detailed analysis of the results is presented in section
4.4.

4.2 Gear Contact Model

This chapter investigates the behaviour of two gear pairs, in which a standard cylindrical
gear engages with a ligthweight gear using an elastic MB formulation based on the com-
bination of the FE method and an analytical representation. The main motivation behind
the application of the methodology is a reduction of the computational requirements typ-
ical of the non linear FE approach used in gear simulations, while ensuring an accurate
description of the gear meshing process that is verified by comparing the simulation re-
sults with experimental measurements.
The approach used in this work is based on a penalty formulation of the contact problem
[148], where in an initial contact detection phase, the unphysical penetration between
the meshing teeth is computed according to the relative position of the gears and to the
actual working conditions. In a second step the contact loads are computed based on
the penetration between the meshing teeth and a contact stiffness. The potential teeth in
contact are searched exploiting the kinematics equations of meshing defined by the tooth
geometry and spatial position of the gear [131] [132]. The assumption behind the contact
detection phase is that the deformation of the gear profile remains small, so that the con-
tact points are considered to lie on a rigid involute profile in the direction defined by the
normal to the unmodified tooth flank. No a-priori assumptions are made on the global
displacement of the gears in the reference frame, while the deformation under load of dif-
ferent components, such as flexible shafts and cases, bushings and bearings, may change
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the relative position of the gears with respect to the initial one.
The above assumption does not represent a limit for most of the industrial applications
where metallic gears are used, with a tooth profile that is nearly the theoretical one.
When gears with a deviation from the perfect involute geometry (i.e. gears with micro-
modifications) are analysed, the amount of deviation is generally very slight and the
geometrical definition of the profile normals is only marginally affected by the modifica-
tions, so that the difference between the actual and the theoretical position of the normal
direction to the tooth surface is negligible. The changes in the contact point position
due to the micro-modifications, instead, are taken into account. These assumptions may
lose their applicability when extremely low stiffness materials are used for the gears (e.g.
rubber-like materials), but this does not represent the focus of this work.
The penetration between the meshing teeth and the relative velocities of the tooth, which
represent the output of the contact detection phase, are computed for each active tooth
pair (i.e. meshing teeth) using a slicing approach, where the teeth are divided into mul-
tiple slices along the width, under the assumption that these quantities remain constant
along the width of each segment. The slicing approach used in the contact detection
phase improves the accuracy of the solution and is particularly relevant in the case of
misaligned gears or profile modifications along the tooth width, where the load distribu-
tion along the tooth width may be non-uniform.
As result of the contact detection phase a set of penetration values between the tooth pro-
files for each segment is available and can be used as input for the subsequent force cal-
culation phase. The tooth stiffness computation reflects the teeth slicing approach where
a stiffness vector is computed for each segment of the engaged teeth of the two meshing
gears, i.e. gear 1 and gear 2. The stiffness vector has a dimension which depends on the
number of the considered slices, being the coupling terms between the slices included in
the formulation.
The mathematical description of the force computation phase is provided by equations
4.1, 4.2 and 4.3 in the form of a non-linear complementarity problem (NLCP) [91], which
is solved at each time step of the time domain simulation for each active slice:

δ12 − f (Fn
12, geom12, E12, ν12)+

+[C1(geom1, E1, ν1 + C2(geom2, E2, ν2)] Fn
12 =

= g(Fn
12, geom12, E12, ν12) > 0

(4.1)

Fn
12 > 0 (4.2)
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g(Fn
12, geom12, E12, ν12)T · Fn

12 = 0 (4.3)

where:

• δ12 is the vector of instantaneous penetrations on each active slice for each of the
teeth that are simultaneously in contact at a certain time instant. The penetration
vector is corrected for the contribution due to the micro geometry in the normal
direction;

• Fn
12 is the vector of unknown contact forces in the normal direction with respect to

the involute profile;

• f(Fn
12, geom12, E12, ν12) is a vector of non-linear functions of the normal contact

forces that accounts for the non-linear Hertzian contact compliance effects. The
terms geom12, E12, ν12 represent known input parameters related to the gears geom-
etry and material properties;

• Ci(geomi, Ei, νi) is a full matrix that includes the FE based compliance for gear i;

• g(Fn
12, geom12, E12, ν12) is the penetration.

From the structure of equation 4.1, it can be noted that the total displacement field of each
gear is computed starting from a decomposition of the stiffness data into two contribu-
tions, which is the main assumption on which the approach is based. The description of
the main concept of the method can be found in [134] where the idea of the decomposition
of the gear meshing stiffness is developed, but its application is limited to static analyses.
An extension of the method to the study of the dynamic behaviour of helical gear pairs
can be found in the work of Andersson [9]. In [22] the approach is exploited in a flexible
MB formulation showing an improvement of the computational performances compared
to state-of-the-art flexible MB approaches, without showing a relevant reduction in the
accuracy. A schematic representation of the decomposition of the gear displacement field
is shown in figure 4.1:

FIGURE 4.1: Decomposition of the gear displacement field in meshing con-
ditions, [22]

Therefore the total deformation of the gear resulting from the meshing process is consid-
ered as the superposition of two different contributions:
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• A global linear deformation caused by the tooth bending and shear as well as
by complex effects due to the gear body geometry and coupling between different
teeth (e.g. when one tooth is loaded, also adjacent teeth will deform.

• A local non-linear deformation represented by the terms caused by locally non-
linear Hertzian-like effects;

The first contribution representing the global deformation, is the response of the gear to
tooth bending and shear loads originated during the meshing, coupled with the complex
effects due to the topology of the gear body and with the coupling between different
teeth. The displacement field of gear i (with i=1,2,n), considered as linear, can be mod-
elled using a linear FE approach. The resulting stiffness matrix KFE

i is build with a rela-
tively coarse mesh compared to the one used in the contact analyses with non-linear FE
formulations. This is possible since the non-linear contact phenomena are not taken into
account while computing the linear component of the displacement field.
The geometrical proprieties of the problem of two meshing gears allow to exploit the
symmetry in order to further increase the computational efficiency of the problem. When
two gears engage only a few teeth pairs are loaded simultaneously, while the others are
unloaded. This means that a small set of nodes are loaded in the FE stiffness matrix of
the gear KFE ∈ RnFE×nFE (where nFE is the number of degrees of freedom of the FE model
of the gear), while all the other nodes belonging to the un-engaged teeth as well as to the
gear body are unloaded. The dimension of the problem can be therefore reduced by the
use of a reduction space to condense the information contained in the FE stiffness matrix,
according to equation 4.4, resulting in a reduced stiffness matrix Kred

i ∈ RnC×nC :

Kred
i = ΨiTKFE

iΨi (4.4)

In this work, the used reduction space Ψi ∈ RnFE×nC , is obtained by the concatenation of
nC deformation patterns, each of which is computed based on a procedure similar to the
one detailed in [134]. Each mode is the result of a computation for each node belonging
to a potential contacting surface, while the reduction space is formed concatenating each
of the solutions. As previously explained, the reduced stiffness matrix Kred

i has to model
only the global deformation field of the gears. Each of the static modes in the reduction
space is therefore computed according to the scheme represented in figure 4.2, where the
first two images on the right-side refer to the FE-based calculations. In the same figure,
the rightmost image represents the analytical non-linear contact deformation.
The global deformation field of the gear computed using the FE method is performed in
two computational steps 4.2. In the first step, the actual static deformation of the gear
after the application of a point load in the normal direction to the tooth surface is calcu-
lated. This step however includes also the unphysical local effects due to the point load
application on the FE mesh. The latter contribution must be removed since it partially
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FIGURE 4.2: Computational steps to represent gear total deformation [22].

contains a local effect that, in the proposed approach, is modelled using the analytical
representation instead. The effects of the local Hertzian contribution are not included in
the global deformation of the gears and hence must be removed. The local effect can be
removed by superimposing an additional deformation field obtained applying a point
load in the opposite direction on the loaded tooth.
It is noteworthy that the FE formulation allows to represent the global deformation of
the gears implicitly considering all the different combinations of tooth and body shapes,
including the detailed effects arising from the holes and thinned bodies that are typical
in lightweight gears. The formulation used exploits these consideration in order to com-
pute the contact forces in a numerically efficient manner. The numerical results obtained
using this methodology are compared with the experimental ones in section 4.4

4.3 Stress recovery

The problem of dynamic stress recovery in gear simulations has already been investi-
gated by other authors using different techniques. In order to obtain a detailed descrip-
tion of the strain or stress fields in the gears under meshing conditions the displacement
field in the elastic gear body has to be available. Different formulations are used in liter-
ature to model the compliance of gear, making the displacement field of the gear bodies
available. In the work of Cooley [29] an analytical representation of the gear body flex-
ibility is used to analyse the gyroscopic effects in the frequency response of high-speed
transmissions where the gear body compliance is fundamental in determining its dy-
namic behaviour. The formulation used is based on the analytical elastic equation of
curved beams and rings. However analytical representations have limited applicability
to specific applications and provide poor accuracy when gears with complex body shapes
are considered, which is the case of gears with a lightweight design. An FE discretization
of the gears enables a high level of accuracy of the computed displacement field without
any assumption on the geometry of the gear body, but on the other hand the size of the
problem is considerably increased.
In the study of [156] a modal reduced model is used, allowing to drastically reduce the
computational time compared to non-linear transient FE simulations. In another work
[155] the approach is extended to a multibody environment using a floating frame of ref-
erence formulation to perform impact analysis on very compliant gear with a lightweight
design. The results in terms of strains are also validated with experimental results. The
analyses however are limited to impact simulations between a gear and another body
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with a total duration of a few milliseconds, while longer events, covering several mesh-
ing cycles are not analysed.
The problem of reducing the size of the model is also faced in [126] using a different
approach based on a parametric model order reduction scheme. In that work, numeri-
cal results are used as reference for the validation of the stress field. The application of
this scheme to elastic MB simulation of gear meshing can be found in [16] where a good
agreement with the FE results, taken as reference, is shown. The analysis however is
still limited to short-time events, and moreover the effects of a lightweight design on the
meshing behaviour are not analysed.
The transient elastic MB analysis of lightweight meshing gears in relatively long events
(compared to impact analysis) is addressed in this work. The simulation results, includ-
ing the strain analysis are validated using experimental data.
For this purpose, the strain value at a specific location r(x,y,z) and at a given simula-
tion time t can be computed in a post processing phase once the displacement field
di(r, t) ∈ RnFE×1 of gear i is available, using the formulation of eq. 4.5.

ε(r, t) = B dni(r, t) =


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0 ∂
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∂
∂y


dni(r, t) (4.5)

Where the matrix dni(r, t) ∈ R3×nnodeFE , being nnodeFE the number of nodes in the FE model,
is the matrix form of the nodal displacements contained in di(r, t). Different scenarios are
open when the displacement field di(r, t) in the gear body i is recovered from the MB sim-
ulation and its mathematical description is related to the elastic MB formulation used to
solve the gear meshing process. In this chapter two different techniques, corresponding
to two different representations of the displacement field are used to recover the strain
field in the post-processing phase.

1. The first method is based on a model order reduction technique used to represent
the gear bulk compliance. As result of the simulation a set of modal participation
factors are available, from which it is possible to reconstruct the displacement field
for any suitable location in the gear r, according to equation 4.6.

di(r, t) = Ψi(r) qi(t) (4.6)

Where the matrix Ψi(r) is the column matrix representing the reduction space of eq.
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4.4 formed by concatenating the nC static modes.
It is important to note that the modal participation factors sets qi(t) ∈ RnC×1 of gear
i are functions of the simulation time and each of them is the output of a single time
step of the multibody simulation, therefore the displacement computation has to be
repeated for each time frame of the simulation.

2. The second approach is based on the computation of the displacement field directly
from the contact forces computed during the MB simulation according to eq. 4.7,
assuming that the full FE stiffness matrix of the gear KFE is available together with
the vectors containing all the meshing forces Fi

e ∈ R3×1 for gear i and all the e slices.
The results given by this method are similar to the ones of the first approach. This
is due to the fact that each force Fi

e is an internal force computed during the time-
domain simulation that already includes the inertial and damping contributions.
The dynamic effects due to the body flexibility are not taken into account in this
work.

di(r, t) = Ki
FE
−1

Fi
FE(r, t) (4.7)

where The contact loads computed during the simulation can not be guaranteed to
be located exactly in the model nodes location. The vector of nodal loads Fi

FE(r, t) ∈
RnFE×1 can be retrieved by assembly all the element nodal load vectors ri

e ∈ R(nodeel×3)×1

for each element e of the i-th gear. In this context nodeel represents the number of
nodes for each element, depending on the chosen formulation. Each vector ri

e can
be computed from the three-dimensional meshing loads Fi

e acting on the tooth sur-
faces exploiting the relation in eq. 4.8 [85], where N i

e is the shape functions matrix
of the e-th element computed at the application point of the e-th meshing force Fi

e

acting on the surface of the corresponding element of gear i.

ri
e = N i

e
T

Fi
e where N i

e ∈ R3×(nodeel×3) (4.8)

Each shape functions depends on the natural coordinates of the meshing force ap-
plication point xi

e ∈ R3×1 on the external face of the element. The shape function
matrix is therefore a non-linear function of the natural coordinates. Once the appli-
cation point of the meshing force Fi

e in the global reference frame at a given timestep
is known from the time-domain simulation, its value can be used to find the shape
functions contained in N i

e by solving equations 4.9:

xi
e − Pi

e = 0 Pi
e = N i

e xi
ne (4.9)
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Where Pi
e ∈ R3×1 is the position of the e-th contact point of gear i defined using

the isoparametric formulation. The vector xi
ne ∈ R(nodeel×3)×1 represents the spatial

coordinates of the e-th element nodes in the deformed state defined in the same
reference frame as xi

e.

4.4 Experimental Validation

The numerical results obtained by applying the methodology presented in this work to
the analysis of lightweight gears have been validated using multiple experimental results
in terms of strain at the tooth root as well as of TE, which is an important quantity when
the performance of a geared transmission are considered.
The importance of the TE arises from its consideration as one of the main excitation
sources in a system where meshing gears are present [123]. It can be defined as the dif-
ference between the actual position of the driven gear and the position it would occupy
if the gears were infinitely rigid and the tooth profiles perfectly conjugate.
Clearly a relative displacement is present if two meshing gears are not perfectly rigid or
if their flanks are not perfectly conjugate (e.g. with ideal involute profiles). This rela-
tive displacement overlaps the pure kinematical one, and its amplitude is determined by
different phenomena:

1. The geometrical contribution is present when two micro-modified gears are mesh-
ing. Their relative rotation is not anymore the pure kinematical motion resulting
from a couple of perfect involute gears. The micro modifications result in a geo-
metrical effect that can be determined based on the teeth surface geometry.

2. The tooth and gear body contribution arises from the deformations due to the ap-
plied load and is highly dependent on the geometry of the gear teeth, and gear
body and the actual working conditions of the gears.

3. The local non-linear contact deformation is a contribution arising from the contact-
ing tooth surfaces. The contact pressure distribution generates a Hertzian type dis-
placement field, which is non-linear with the applied load. It is mostly independent
on the gear body geometry, but depends on tooth shape and material;

In conventional, non-lightweight gears, the TE curves are typically dominated by the har-
monic content at the meshing frequency originated mainly from the gear deformation in
the tooth region. One of the effects of gear lightweighting is the occurrence of additional
harmonic components at lower frequencies, originating from the nonuniform distribu-
tion of material along the gear blank caused by the holes, which generates an additional
nonuniform deformation in the gear body. In this work the TE is computed according to
the following expression 3.1 where θG and θP represent the rotation of the gear and of the
pinion, respectively, while rbG and rbP are their base radii. Therefore the angular relative
displacement of the gears is converted into a linear motion along the line of action.



4.4. Experimental Validation 75

(a) (b)

FIGURE 4.3: CAD representation of the two gear pairs analysed.
Reproduced from [119]

4.4.1 Numerical models and test-cases

In this chapter, three spur gears are tested arranged into two gear pairs, each of them
consisting of one standard gear and one gear in which a lightweight design is machined.
The standard gear presents also a profile modification of 10 microns. The latter is inten-
tionally applied on the gear with the two goals of making the meshing process smoother
by reducing the edge contact effects at higher loads and also to validate the capabili-
ties of the methodology to properly model the geometrical contribution of tooth micro-
modifications to the TE. The gear pairs used in this chapter have already been described
in Chapter 3, and the geometrical specifications and the micro-modifications of the gears
are reported here and summarized in Table 4.1 for convenience.

Parameter Units Gear 1 Gear 2 Gear 3
Tooth number [-] 57 57 57

Pressure angle [deg] 20 20 20

Module [mm] 2.6 2.6 2.6

Face width [mm] 23 23 23

Micromodifications [µm] 10 (profile crowning) - -

Lightweighting [-] - thin rimmed thin rimmed & 3 slots

TABLE 4.1: Main design parameters of the analysed gears

A CAD representation of the analysed gear pairs is reported in figure 4.3, where the dif-
ferent body topology of the gears can be observed. In the gear pair of figure 4.3(a) gear 1
and gear 2 are meshing. Gear 2 presents a lightweight design in which the mass reduction
is obtained by an axis symmetrical material removal, resulting in a thin-rimmed gear. In
this case, the TE is dominated by the tooth bending under load and by the high body
compliance of the gear. A second case-study, consisting of the gear pair B represented in



76
Chapter 4. Transmission Error and Strain Analysis of Lightweight Gears by using a

Hybrid FE-Analytical Gear Contact Model

figure 4.3(b), is also analysed. In such a case, the solid gear 1 engages with gear 3. The
latter has an extremely lightweight design, achieved by three slots machined in the thin
body of the gear.

4.4.2 Experimental setup

The experimental activities were performed using the high precision gear testrig [96],
that is shown in Figure 4.4.2. The test-rig allows to measure different physical quantities
in meshing gears, in both static and dynamic range, for different working conditions in
terms of applied load, relative displacements of the gears and shaft compliance. In this
work the focus is on the TE and on the strain levels measured in different location of the
gear under multiple load conditions.

FIGURE 4.4: A picture of the test rig. It is possible to distinguish the test
side on the left (A), where the test gears are placed. The reaction side is
located on the right (B). The safety protection were removed in order to

display the internal components. Reproduced from [119]

Test Rig Design

The test-rig has a power circulation arrangement, in which two main subsystems can
be identified: the test side and the reaction side. These parts are dynamically separated
from each other by using flexible couplings. The tested gears are mounted at the test side,
while the other gear pair is not intended to be instrumented and its utility lies in reacting
the applied torque on test gears. One of the advantages of this arrangement is that the
torque required to spin the shaft is relatively low, being just the torque needed to over-
come the friction forces acting between the meshing teeth and inside the bearings. This
simplifies the application of smooth speed and constant torque pre-loads and facilitates
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the measurement of rotational and linear vibrations in the system.
The testrig described here allows to impose parallel and angular misalignments exploit-
ing the five degrees of freedom available for the relative positioning of the gears. The
possibility to adjust the shaft compliance allows to set the ration between the mesh and
the shaft stiffnesses, resulting in a different response of the testrig. This can be appreci-
ated more in the dynamic range, where depending on whatever is the dominant stiffness,
the resulting dynamic behaviour differs. All the measurable quantities can be measured
in a range of rotating speed and for a discrete range of applied torque, according to the
main features reported in Table 4.2.

Parameter Range Uncertainty

Speed 0 to 4500 rpm (0 to 75 Hz) Measured

Torque 0 to 500 Nm ± 0.05 %

Angular misalignment 0 to 2 mrad 0.1 mrad

Parallel misalignment 0 to 0.3 mm 0.020 mm

TABLE 4.2: Test rig specifications

The main layout of the test rig sees a concrete base which fulfils the main functions of
providing a reliable aligned position for the test and the reaction sides and to isolate the
system from the vibrations coming from the external environment. The damping propri-
eties of the concrete help, moreover, to avoid any propagation of the vibration from the
reaction side to the test side.
A proper lubrication is ensured by a temperature-controlled system that provide the re-
quired oil to the gears and to the bearings. A groove in the external race of the bearings
fed by dedicated oil lines allows to the oil to lubricate the rolling elements. Both the test
and the reaction gears are lubricated by dedicated nozzles which are placed in the corre-
spondence of the meshing teeth. The closed-loop layout of the oil circuit is ensured by an
enclosure that collect the oil through the reservoir. Safety grids (not shown in the picture)
cover the rotating elements which are potentially dangerous.
The rotation is imposed by a 9 kW asynchronous motor driven by a frequency inverter,
which controls the set speed. The torque is inserted in the system using different pre-
calibrated weights and an arm. The procedure to apply the preload consists in fixing a
flywheel, releasing the clutch, fitting the torque arm and by inserting the selecting cali-
brated weights a twist in the shaft is imposed which is equivalent to the desired torque
preload.
The maximum preload allowed is 500 Nm, which generate a safety factor of 4 to the
yelding point in the most critical regions, computed according to the von Mises criterion.
The chosen material is a ductile medium-carbon C45 steel (360 MPa yield stress) for the
supporting structures, while the shafts are made out of a low-alloy 1.2312 steel (820 MPa
yield stress).
The chosen bearings are reported in Figure 4.5, and the criterion behind the choice was to
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provide the highest stiffness while still ensuring infinite service life when the maximum
preload is applied.

FIGURE 4.5: Bearings arrangement for one shaft branch of the test rig and
average bearing stiffness in the loading range. 1. High-precision spherical

roller bearing (1x109 N/m); 2. Y-bearing unit; 3. Wide-face single-row
cylindrical roller bearing (6x108 N/m); 4. Double-row tapered roller
bearing (1x109 N/m radial, 3x108 N/m axial). Reproduced from [1]

The configuration consists in precision spherical roller bearings to support the shafts on
the test side. A conical adapter sleeve allows to adjust the radial preload of the bearing
over the shaft by varying the radial interference. The coupling between the external race
and the supporting structure (i.e. bearing caps) is chosen to have light interference to
achieve a good accuracy when the bearing caps are turned, to set the relative position of
the gears. The reaction side including the flywheels and the helical reaction gears uses
Y-bearing units and wide-face single-row cylindrical roller bearings. The first are selected
because they do not require an accurate location of the supporting structure on the base,
since the supporting structure and the bearing itself is built in a single unit. The cylin-
drical roller bearings are chosen to contrast the radial loads generated by the reaction
gears and by the flywheels weight. The axial trust generated by the helical reaction gears
impose, instead, the choice of double-row tapered roller bearings in a locating configu-
ration. The location is created by machining a shoulder in the bearing housing and by
inserting laminated shim on the opposite side through the base .
One of the main goals of the overall design is to isolate the test side from the vibration
coming from the reaction side. This is achieved by lowering the natural frequency of the
modes involving the mesh deflection in the reaction side, by moving them in a frequency
range different from the one measured for the test gears. The practical implementations
are the increased rotary inertia guaranteed by the flywheels and the low torsional stiff-
ness of the shaft and of the couplings elements.
Low values of the torsional stiffness of the shafts have also the advantage of making the
system less sensitive to the rotational vibration caused by the transmission error. An
imposed preload of 500 Nm corresponds to a twist angle of 1.5◦, and the vibrations origi-
nated from the teeth deflection do not produce significant variation in the preload value.
The compliant elastomeric couplings further isolate the two sides from the non-torsional
loads generated when the shafts are subjected to bending loads, the eccentricity limit is
set up to 0.28 mm and angular misalignment up to 35 mrad.
In a work by Palermo [1] an analytical 4 DOF model of the test rig is built to perform
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a qualitative dynamic analysis, where only the rotation of all the gears are included. A
reproduction of the model is reported in Figure 4.6.

FIGURE 4.6: Illustration of the 4-DOF rotational model of the test rig.
Reproduced from [1]

The term k12 represents the equivalent stiffness corresponding to the mesh stiffness and
the shaft torsional and bending stiffness. The value of the mesh stiffness chosen in the
work is equal to 1.6 ∗ 106Nm/rad. The value of the mesh stiffness for the reaction gears
indicated by the term k34 is chosen to be equal to 1.8 ∗ 106Nm/rad. The torsional stiffness
of the elastic couplings are indicated with the terms k13 and k24. The rotary inertia of the
gears, the shaft and the flywheel are lumped in the four inertia moments expressed by
the constant Ji. It can be noticed that the computed inertia moments for the test side equal
respectively to J1 = 0.0218kg · m2 and to J2 = 0.0118kg · m2 are one order of magnitude
lower than the ones computed for the shafts of the reaction side, equal to J3 = J4 = 0.2kg ·
m2. In Figure 4.7 the obtained mode shapes and natural frequencies for the analysed
model are reported.

FIGURE 4.7: Histogram representation of mode shapes for the 4-DOF
rotational model of the test rig. Reproduced from [1]

By its observation it is evident that the first 0 Hz mode is related to the unconstrained
rotational DOF of the model and does not involve any tooth deformation. A second
mode corresponds to a natural frequency of 280 Hz and involves an in-phase rotation
of the test side and of the reaction side as well. This mode therefore does not imply a
relative motion of the gears meaning that the teeth deflection is only marginally excited,
while the most of the deformation is carried out by the elastic couplings. The mode at
680 Hz mainly involves a out-of-phase motion of the reaction gears characterized by a
deflection of the meshing teeth. This is therefore a mode shape that is excited by the
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fluctuations present in the TE of the reaction gears. The test gears on the other side see a
very limited motion corresponding to 3% of the modal amplitude of the reaction gears.
The highest frequency mode occurs at 1968 Hz and is similar to the one at 680 Hz but
this time the reaction gears are marginally involved since the amplitude corresponds
only to the 0.2% of the test gears modal amplitude. The third and the fourth modes are
the ones corresponding to a resonance of the test gear pair and of the reaction gear pair
respectively, where the dynamic behaviour is mainly condensed. For these two modes a
good decoupling between the motion of the test side and of the reaction side is highlined
by the low percentage of the modal amplitude of the reaction side when the test side is
mainly involved and vice-versa.
In order to better estimate the percentage of the meshing force generated at the reaction
side which is transmitted to the test side, a forced response analysis was performed.
The input in the model was a variable contact force, whose amplitude was chosen to
be the double of the estimated one, while the output parameter was chosen to be the
transmission error at the test side. The modal damping ration was set to 5% according to
the typical values.

FIGURE 4.8: Forced-response Transmission Error for the test gear pair
when exciting the reaction gears with twice the maximum expected

dynamic contact force. Reproduced from [1]

The results reported in Figure 4.8 confirm that the excitation coming from the reaction
side is higher than the encoders accuracy only in correspondence of the reaction gears
resonance, which should be avoided.

During the tests performed in this work the gears were rotated at a low rotational speed
of about 10 rpm, in order to properly measure the static contribution to the mesh stiffness
fluctuation to the TE.
Due to the small amplitude of the quantities measured in the campaign, the gears were
manufactured with tight tolerances and measured tooth by tooth in the profile and lead
directions. Tooth surfaces have been hardened and precision ground to ISO quality 3
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(a) (b)

(c)

FIGURE 4.9: Picture of the gears used in the experimental campaign.
Reproduced from [119]

(equivalent to AGMA 15). The relatively uncommon geometrical parameters of the gears
were chosen in order to decrease the tooth stiffness, as to emphasize the signal-to-noise
ratio of the measured TE and of strain values. The resulting teeth geometry allows also
the mounting of strain gauges at the tooth root. A figure of the gears used in the experi-
mental campaign is shown in 4.9, where it is possible to notice the different lightweight
designs of the gear body.

Test Rig Instrumentation

The TE of the test gear pair is computed as the difference between the measured angle
of the two gears, using two digital incremental encoders. The used encoders are Hei-
denhain ERN 120 with 5000 ppr. Each of the encoders is mounted directly on the corre-
sponding test shaft, allowing in this way to reach a high level of accuracy in the angle
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measurements. High levels of accuracy are reached also thanks the small radial run-
out between the the encoder location and the supporting bearings, equal to 10µm. The
selected encoders are also equipped with high precision radial bearings that allow a per-
fect alignment between the stator and rotor units. The strength levels inside the gears at
specific locations can be evaluated by measuring the strain fields. Strain gauges in differ-
ent position on the two gears in the test gear pair are applied. The selected strain gauges
for the tooth root measurements are Vishay Micro-Measurement EA-06-031PJ-120. The
are arranged in strip gauges, where each strip is arranged in a pattern of 10 micro strain
gauges aligned on the same line as can be seen in Figure 4.10 and in Figure 4.11.

FIGURE 4.10: Strip gauge positioning at the root of a test gear tooth.
Reproduced from [1]

Each strain gauge in the strip has dimensions equal to 0.79 mm by 1.78 mm. The small
area of the strain gauges is required due to the step strain gradient in the tooth root area.
As the strain gauges are located on the rotating components, a slip-ring is necessary to
transfer the measured strain signals to the data acquisition device. Two models are se-
lected depending on the shaft they are mounted on: a 12-channels HBM SK-12 and a
20-channels Michigan Scientific SR-20. According to the manufacturer specifications the
resistance fluctuation are lower than 0.002 Ω and 0.1 Ω respectively. The different chan-
nel number of the two slip rings is chosen depending the gear on which it is mounted.
The standard design gear dos not require multiple measuring locations due to it angular
symmetry, while multiple locations are analysed on the lightweight gears.
Every strain gauge has been connected to an independent full bridge circuit, also attached
to the gear body. Preliminary experimental results showed that the signal-to-noise ratio
of the measured strain signals are improved in comparison to the case where quarter
bridge is applied. The slip rings mounted on both rotating shafts allow to accurately
measure the dynamic strain signals in different speed conditions.
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FIGURE 4.11: Detail of one of the strain gauges applied on the toot root.
Ten different strain gauges are present on a single strip. Reproduced from

[119]

The entire sensor data is acquired using a Simcenter SCADAS frontend, allowing the
simultaneous measurements of multiple sensor data (strain, angles, etc.). In a post pro-
cessing phase, the raw experimental time-data is converted to angle and order domains.

4.4.3 Transmission Error Validation

In this section the results in terms of TE are reported for both the analysed gear pairs. The
comparison between the measured and the simulated transmission error for gear pair A
is shown in figure 4.12, where the different curves are reported in angle domain to re-
move the effect of speed fluctuations intrinsically present in the experimental data sets.
The experiments were conducted for different torque levels, ranging from 50 to 300Nm,
while the rotational speed was kept low at around 10 rpm in order to exclude any dy-
namic effects from this validation process. Due to the low rotational speed, a relatively
high friction coefficient equal to 0.3 was chosen for the simulations. Such a choice can be
justified by the consideration that for low rotational speed a consistent lubricant film can
not be developed between the flanks of the meshing teeth.
The comparison between the measurements and the simulated results for all the applied
torque values shows that the proposed method is capable to properly model the geomet-
rical non-linearities present due to the contact loads. The coupling between the increased
compliance coming from the lightweight design and the stiffness variations due to the
changes in the instantaneous number of meshing tooth pair at high loads is also well rep-
resented.
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At low loads the mesh stiffness fluctuation is smoother and the good correlation achieved
proves that the contact detection algorithm is capable of modelling the geometrical com-
ponents of the TE generated by the microgeometry modifications with a high level of
accuracy.
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FIGURE 4.12: Transmission error in angle domain for different torque for
gear pair A. Reproduced from [119]

In Figure 4.12, it is interesting to see how both measurements and simulations show the
same particular shape of TE, which is dominated by the microgeometry in the first case
(Figure 4.13(a)) and by the high friction forces in the second case (Figure 4.13(b)). In the
latter case, sharp TE variations can be appreciated, due to the friction reversal phenomena
occurring after each angular pitch in the position along the meshing cycle where, the
relative speed between the tooth profiles changes sign.
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FIGURE 4.13: Detail of the transmission error in angle domain for gear
pair A for 50 Nm 4.13(a) and 300 Nm 4.13(b). Reproduced from [119]
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FIGURE 4.14: Transmission error in angle domain for different torque for
gear pair B. Reproduced from [119]

The results for gear pair B are reported in Figure 4.14, in the same working conditions
as described for gear pair A. In this second case study, the TE curves show a more com-
plex behaviour due to the non-uniform material distribution along the gear body. A
low frequency contribution in angular domain is clearly visible in all the curves, with an
angular frequency equal to the number of holes present in the lightweight gear, which
corresponds to the third order of the gear pair rotation. The level of matching with the
experiments is similar to the one obtained for the first case study even if the particular
displacement field is more difficult to be captured by the numerical model. The curves
corresponding to the higher torques in the result show that the FE-based representation
of the body stiffness can model this additional contribution in an accurate way. Still the
coupling with other effects such as microgeometry modifications and Hertzian contact
loads are properly represented in the simulation environment.

4.4.4 Root Strain Validation

In this section, the results in terms of strain at the root of the teeth are presented for the
two gear pairs analysed (Gear pair A and B). All of the presented plots in this chapter
refer to the strain in the direction tangential to the surface of the tooth in that section.
This is done in order to properly compare the experimental and the numerical results.
The strain gauges are attached to the surface of the tooth and follow the curvature in that
specific region, as shown in figure 4.11. This particular configuration is replicated in the
simulation environment by computing the strain tensor for each chosen element, and ro-
tating it in the direction determined by the two external nodes of the same element edge.
The considered elements are 8-nodes linear hexahedral elements, so the straight segment
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connecting the nodes defines the direction tangential to the element surface.
The strain tensor in the global reference frame is therefore rotated according to the local
tangential direction at the element surface. The x direction refers to the direction tan-
gential to the element edge and the corresponding component εx of the strain tensor is
considered. Due to the non uniform strain field inside the elements, the choice of the
strain computation points reflects the physical gauge location in the selected region of
the gear, meaning that the strain field is computed at the centre of the external face of the
considered elements on the root fillet. Due to the FE discretization of the gear geometry
several elements are present in the analysed portion of the gear, and their dimension is
smaller than the selected strain gauges used in the experimental campaign. In such a
way, different elements belong to the region covered by a single strain gauge. For this
reason an average of the strain values estimated for the different elements is performed,
after the strain tensor in each element is rotated in the proper direction.
The gear contact model used in this work allows to recover the displacement field from
the global deformation of the gear body, excluding the non-linear displacement field that
originates locally in the contact area. Following the analytical description of the contact
loads in the method, the inclusion of the local contributions to the displacement in the
stress recovery phase is theoretically possible using the well known laws that describe the
Hertzian phenomena [60]. The analysis of the tooth root strain involves a region where
the distance from the contact zone is sufficiently large to neglect the contribution from
the geometrical non-linearities due to the local phenomena, being their extension limited
to a small portion of the tooth.
The extension of the load distribution 2L due to the local contact deformation, which is
the deformation between the tooth surface and the border due to the Hertzian contact
pressure, can be calculated using the formula derived by Weber and Banaschek [144]:

L =

√
4
π

((1− ν2
p)/Ep + (1− ν2

g)/Eg)qρ ρ =
ρpρg

ρp + ρg
(4.10)

where the load intensity q = F/b is defined as the ratio between the normal load F and
the gear tickness b, while ρ is the equivalent radius.
The constants E and ν are respectively the Young modulus and the Poisson ratio of the
material and is the width of the gears. The subscripts p and g refer to the pinion and
to the gear respectively. According to equations 4.10, for the gear pairs analysed in this
work and with the material and geometrical properties reported in Table 4.3, the obtained
extension of half of the contact area is L = 0.190 mm for an applied load of 300 Nm.

Units Pinion Gear

E [GPa] 210 210

ν [-] 0.3 0.3

b [mm] 23 23

ρ [m] 0.0308 0.0308



88
Chapter 4. Transmission Error and Strain Analysis of Lightweight Gears by using a

Hybrid FE-Analytical Gear Contact Model

TABLE 4.3: Geometrical characteristics of the analysed teeth

The extent of the contact area is small compared to the tooth dimension and the stress
field at the tooth root can be therefore considered as non affected by the Hertzian stress
field occurring in the contact region. Its limited extension, indeed, does not generate
significant effects in a region distant from the contact forces application point according
to the principle of Saint-Venant. In the present work the strain recovery is focused mainly
on portions of the gear sufficiently distant from the load application, i.e. the tooth root
region.
As explained in section 4.2 the static modes used for the reduction of the FE stiffness
matrix of the gear are computed following the approach originally developed by Vedmar
[134].
In order to asses the approximation introduced by using the reduced stiffness matrix Kred

with respect to the full FE stiffness matrix KFE on the stress field at the tooth root, the von
Mises stress estimated by using both matrices at the centre of some elements belonging
to the tooth root region have been compared to each other. The results reported in Table
4.4 represent the von Mises stresses predicted for three elements along the tooth root for
the gear shown in Figure 4.9(c), while the von Mises stress field due a line load applied
on one tooth of the same gear is shown in Figure 4.15.

Element 1 2 3
KFE 45.9 44.5 38.9

Kred 49.0 46.0 40.6

Difference 6.9% 3.2% 4.5%

TABLE 4.4: Tooth root von Mises element stresses [MPa] using the full
stiffness matrix KFE obtained from the FE discretisation and the reduced

one Kred.

From the numerical results it is possible to conclude that the reduced stiffness matrix
approximates the stress field at the tooth root with a maximum error lower than 7%. This
observation leds to conclude that the influence due to the reduction of the stiffness matrix
is limited.

Friction effects

As explained in section 4.3, two methods were used in this work to recover the strain
due to the meshing loads. The first method is based on a reduced stiffness matrix of the
gear trough a series of static modes generated by a normal load with respect to the teeth
surface. This means that the reduction space is not rich enough to capture the friction
influence and therefore such effects can not be taken into account in the strain recovery
phase, but the methodology can be easily extended. In most of the applications where
gears rotate at a relatively large rotational speed this does not represent a limitation since
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(a) Condensed stiffness matrix.

(b) Full FEM stiffness matrix.

FIGURE 4.15: Detail of the von Mises stress field due to a line load
applied on a tooth of a lightweight gear, for the reduced stiffness matrix
and the full one respectively. The colour scale represents the stress value
at the centre of the elements. The nodal displacements are magnified 100

time. Reproduced from [119]
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the relative speed between the tooth profiles is sufficiently high to generate an appropri-
ate lubrication condition, where the friction coefficient is significantly lower.
In this work low speed analysis were performed, where the rotational speed is not high
enough to generate the appropriate lubrication regime. For this reason, the influence
of the friction forces on the global deformation of the tooth was investigated. In order
to include the friction effects in the analysis, the second approach described in section
4.3 was used. It is based on the application of the meshing loads, computed during the
MB simulation, directly on the full FE mesh of the gear. The meshing loads consist of a
normal force vector Fn which is an output of the dynamic simulation, and a tangential
friction force Ft proportional by the friction coefficient to the amplitude of the normal
force, Ft=µFn.
Since the direction of the friction force is determined according to the direction of the
relative velocity between the tooth profiles in the contact point, an additional routine is
included in order to properly check when a change of the direction of the relative veloc-
ity occurs. Exploiting the kinematic laws of meshing [81], the moment when the friction
force changes direction can be individuated in the instant when the contact point crosses
the pitch circle.
The influence of a tangential force on the tooth root stress field is analysed quantitatively
in an illustrative example. One of the gears examined in this work was loaded with a
normal force corresponding to a torque of 250 Nm applied on the nodes at the highest
distance from the pitch point, where the friction effects are supposed to have the highest
relevance. Two loading scenarios were analysed: in the first scenario, only a normal load
was applied, while in the second condition an additional tangential force corresponding
to a friction coefficient of 0.3 is applied. The results are reported in terms of von Mises
elemental stress computed at the centre of the element for different locations along the
tooth root at a given axial position.
By looking at the Figure 4.16, which shows the colour map of the stress distribution on
the loaded tooth in the two different load cases, it is evident that the friction is responsible
for a reduction of the stress on the loaded flank. Indeed, due to the bending components
on the tooth, the flank is loaded with traction stress. On the other hand when the friction
is included, it acts as an additional compression component that lowers the stress field
generated by the normal force. This consideration is valid when the force application
point has a radius which is bigger than the pitch radius. The consideration is exactly the
opposite when the radius at the contact point is smaller than the pitch radius. In this case
the friction component acts as an additional traction stress field on the tooth root, and
therefore increases the stress levels. The element von Mises stresses reported in Table 4.5
for the two cases, are compared for five different elements belonging to the root region
of the tooth. The difference is up to 38% for the element with the biggest distance from
the root among the five analysed. Similar considerations are expected when the friction
force has the opposite direction.
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(a) µ=0

(b) µ=0.3

FIGURE 4.16: Detail of the von Mises stress field due to a line load applied
on a tooth of gear 1, for two different values of the friction coefficient. The

nodal displacements are magnified 200 times. Reproduced from [119]
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Element 1 2 3 4 5
µ = 0 64.75 87.83 100.43 98.62 86.97

µ = 0.3 49.01 65.40 73.94 71.99 63.06

Difference 32.12% 34.30% 35.83% 37.00% 37.92%

TABLE 4.5: Tooth root von Mises element stresses [MPa]

Comparison between numerical results and measurements

In figure 4.17, the εx component of the strain tensor is presented over the rotation angle at
the tooth root for gear 2 of gear pair A. The numerical results, obtained with an applied
torque of 50 Nm for the two methods proposed in this work, are presented together with
the corresponding experimental results. For this case, the strain field is well predicted by
both methods, showing that the friction effects are small in absolute terms at such a low
level of applied load.
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FIGURE 4.17: Root strain versus rotational angle for gear 2 at 50 Nm.
Reproduced from [119]

The results shown in figure 4.18 represent the strain field for a transmitted torque of
300 Nm in the same configuration. As expected, the impact of the friction effects on the
predicted strain values is no longer negligible and the global peak to peak amplitude is
caught in a more accurate way by the method that takes the friction forces into account.
The first method, instead, based on the reduced FE stiffness matrix, shows a good repre-
sentation of the shape of the curve but it is not capable to show the increase of the strain
value due to the additional tangential component of the meshing force.
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FIGURE 4.18: Root strain versus rotational angle for gear 2 at 300 Nm.
Reproduced from [119]

As discussed in the previous section the two methods provide the same strain prediction
for a single point corresponding to the instant when the contact point radius coincides
with the pitch radius. Under this condition, the sliding speed between the two profiles
is equal to zero, meaning that no friction forces are acting on the gears. For all the other
points of the predicted strain curves, the two methods provide different results. By look-
ing at stress plots in Figure 4.19, where the normal loads acting on the FE mesh are also
shown it is possible to see that for two different meshing positions of the gears, before
and after the contact point crosses the pitch circle, the normal nodal load direction (indi-
cated by the green arrows) with respect to the element edges remains constant, neglecting
the small displacement of the nodes due to the deformation. In addition, by observing
the blue arrows representing the meshing loads including the normal and the tangential
components, it is possible to notice a change in the relative direction with respect to the
tooth profile. This change in the direction of the nodal meshing forces causes a sharp
change in the strain field in the tooth root.
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(a)

(b)

FIGURE 4.19: Detail of the von Mises stress field with the nodal loads for
a given tooth, in two different timesteps. Normal loads are indicated in
green, while the nodal loads including friction are represented in blue.

Reproduced from [119]
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FIGURE 4.20: Root strain over rotational angle for gear 3 at 300 Nm for a
tooth close to the bulky region. Reproduced from [119]
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FIGURE 4.21: Root strain over rotational angle for gear 3 at 300 Nm for a
tooth close to a slot. Reproduced from [119]

The results for gear 3 of of gear pair B are shown in figures 4.20 and 4.21 for two different
meshing cycles of the gear pair under an applied torque of 300Nm. In figure 4.20 the
root strain curves refer to a meshing tooth close to the bulky portion of the gear body,
while in figure 4.21, the same curves are presented for a meshing tooth close to a slotted
region. The shape of the experimental strain curves in angle domain is overall caught
by the method. Some discrepancies can be observed in the compression region of figure
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4.21, and the phenomena under these effects are under investigation. The fluctuations in
the numerical curves visible in picture 4.21 can be explain by the low level of damping
used in the simulation. The effects of system resonances, damping, and interaction with
other components will be investigated in future works.

4.5 Conclusions

In this chapter, the application of a hybrid analytical-FE approach to solve gear contact
problem for detailed multibody analysis in lightweight gears was shown. The method al-
lows to retrieve quantitative results describing the body deformation and stress field with
an accuracy similar to non-linear FE methods, but with a much lower computational cost,
which allows to simulate long events such as multiple meshing cycles. Moreover, the hy-
brid formulation offers the possibility to analyse complex systems including lightweight
gears with a great level of accuracy. An accurate validation of the method against experi-
mental results shows a very good match of the numerical results in terms of transmission
error, even when gears with a particular body topology are analysed. The fidelity of the
method in capturing the displacement of the gear body and the deformation field is also
demonstrated by comparison against strain levels measured at the tooth root.
The results illustrated in this chapter show a great potential of the method for dynamic
system level analysis as well, as it will be shown in Chapter 5.
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Chapter 5

System Level Dynamic Simulation

5.1 Introduction

The complexity of the dynamic phenomena occurring in mechanical transmissions are
interesting from the academic point of view. One of the most challenging goals is to
efficiently simulate all the phenomena occurring in the transmissions. The coupling be-
tween the behaviour of the different components can not be neglected in order to obtain
sufficiently accurate results and represents the main challenge. The interest is addition-
ally motivated by the industrial demand in a context of increased competition among the
different producers of transmissions in the global market, that pushes the engineers to
design more reliable products in shorter time. Extra design constraints are included in
the design process such as the environmental regulations and costs reduction, make the
process even more complex.
Being used in many industrial fields, mechanical transmissions deserve the interest of
the researchers. In this context, due to more and more powerful resources available to
the engineers the interest has moved to system level dynamic simulations of the mechan-
ical transmission that provide a deeper understanding of the behaviour together with
more accuracy in the results compared to gear pair models, at the price of higher pre-
processing time and higher computational cost. In this way the designer can address
multiple, and sometimes even conflicting, performance attributes.
The success of a product in the market is determined by its performances that in the
high-technology sectors of transportation, energy production and industrial automation
are evaluated through different key factors. The latter are generally represented by prod-
uct and process sustainability, where a huge importance is given to the impact on the
environment.
The more demanding regulations are the ones set to impose higher standards in terms
of fuel consumption and emissions of greenhouse gases, and this is particularly evident
in the automotive sector. The designers are asked therefore to move closer to the limits
of the design, being pushed by conflict requirements which are the performance targets
set by customer side and the emissions requirements established by the regulatory enti-
ties. The importance given to the efficiency of mechanical transmissions arises from the
consideration that the transmissions themselves waste around 6-8 % of the total input
energy (in automotive and wind energy applications). Sstudies [59] [46] showed that
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there is room for improving the transmissions efficiency of up to 50 % that corresponds
to a reduction of 9.3 tons per year in the emission of CO2 only in the automotive field.
The obstacle that still prevents this achievement from being reached is the difficulty to
determine the interactions between the efficiency improvements and other performance
features of the transmission, such as durability or noise emissions. This gap can be filled
by developing simulations tool able to predict the behaviour of the system containing the
transmission at a system level in the dynamic range with the proper level of accuracy and
with an affordable computational time. The dynamic simulation of the complete trans-
mission imposes different challenges to the simulation engineer, which are dependent on
the singular application (ranging from low speed heavy duty industrial gearboxes to the
extremely fast and lightweight gearboxes used in helicopter transmissions).
The basic components of a gearbox represented by the gears, shafts and bearings are
statically and dynamically connected. This coupling is even stronger when a flexible
supporting structure is used in the transmission. The supporting structure affects the
bearing locations and the gear meshing when deformations under load occur making the
gears to operate in a misaligned position with respect to the nominal one. The result of
this interaction is in many cases a poor dynamic and NVH behaviour of the transmission.
The situation is even more complex when, due to the pursuit for lower fuel consumption
and emissions, the weight of the gears is reduced by developing a lightweight design
consisting in holes and slots in the bodies. This complex geometry results in a different
dynamic behaviour which may led to an important degradation of the system perfor-
mances if not properly addressed during the design phase.
The efforts of the engineers and of the researchers is directed towards system level sim-
ulations of the transmission in order to be able to evaluate the complete set of system
performances directly during the design stage. The reason why this approach still has a
limited diffusion is the lack of simulation tools able to efficiently and accurately simulate
the gear meshing process in a detailed way including the coupling with the surrounding
flexible components. Skipping directly the analytical tools intended for the first concep-
tual design phase, the choice of the engineers is between FE simulations and general
purpose MB tools. As already explained in Chapter 2, the advantage of non-linear FE
transient simulations is the great accuracy that such techniques can provide. The fine
discretization of the physical domain allows to model in detail even the contact deforma-
tion occurring in a small region on the tooth flank, implicitly including all of the coupling
effects, such as the complex additional deformation field happening due to the holes in
lightweight gears, or the misalignment due to the gearbox case deformation under load.
But such discretization leads to a model size which is un-practical for many applications
where transient simulation are performed. The result is that these tools are not usable
when large problems in terms of model size or simulation time are considered. Prac-
tically these tools can not go much further than static analysis at gear pair level. The
more promising simulation approaches represented by general purpose MB solvers can
be used to include the static and dynamic flexibility of the different components. In most
of the applications, however, the gear contact model lacks accuracy compared to FE tools,
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being based on analytical formulations in most of the applications.
In this chapter the hybrid FE-MB simulation approach already described in Chapter 4
for quasi-static analyses is used to simulate the transient behaviour of a gearbox with a
layout that is inspired by the one of the manual transmissions used in front wheel driven
cars. The analysis is limited to the layout where the first gear is engaged. In order to
increase the accuracy of the simulation, bearing stiffness is included in the model, as well
as a flexible formulation of the gearbox case using a modal order reduction technique.
The method is used to investigate the influence of the lightweight design of the gears on
the dynamic behaviour of the transmission.
In the last part of the chapter the impact of the lightweight design is evaluated also
through a series of acoustic analysis, where the acoustic pressure generated by the ra-
diating flexible case is computed for one point in the space surrounding the gearbox.

5.2 Model Description

In this chapter a complete gearbox including gears, rigid shafts, bearings and flexible
housing is analysed to show the effects of the gear lightweighting on the response of
the entire system. The chosen application belongs to the family of manual transmissions
used in the standard non-electric, non-hybrid cars.
The layout reflects the packaging constraints of a typical front-wheel driven car, where
the engine is mounted in a transverse configuration. The gearbox, therefore, is mounted
beside the engine and connected to it through the clutch. Due to the shortage of available
space in the engine compartment, the differential is mounted directly inside the gearbox
housing, increasing the load that the case has to withstand. The most diffused configu-
ration of manual transmissions have the different gears mounted on two shafts with an
extra shaft represented by the differential. The engagement of a selected gear ratio corre-
sponds to the constrain of the gear to the shaft.
The selected configuration consists of a two stage transmission with three shafts. The
first shaft is the input shaft, while the last shaft is the output one and corresponds to
the differential axis. The model is analysed only considering the first gear engaged. The
contribution due to the other gears is neglected in this analysis. Their contribution is im-
portant in terms of rattle, being the non-engaged gears lightly loaded only by the friction
and inertia forces, and therefore more prominent to lose contact, but this is not considered
here. A representation of the gearbox is reported in Figure 5.1. The different shafts are in-
dicated by the letters A, B and C. The transparent representation allows to appreciate the
internal components layout. The input shaft A, virtually connected to the clutch, receives
an input torque, while a corresponding resisting torque is applied on the output shaft
C. In this representation the output shaft is identified directly with the differential body.
The orange bodies represent the outer tracks of the bearings. Each shaft is supported
by tapered roller bearing, supporting the radial and axial trusts generated by the helical
gears. Their contribution in the MB simulation is lumped in a stiffness and a correspond-
ing damping matrix, populated with stiffness values corresponding to 1.63 ∗ 105N/mm in
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A

B

C

FIGURE 5.1: Translucent CAD representation of the analysed gearbox,
highligthing the internal components. The input, intermediate and output

shafts are indicated respectively with A, B and C.
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FIGURE 5.2: Finite Elements representation of the flexible case. The con-
straint points on the connection interface are highlined with the grey dots.

the radial direction and 5.05 ∗ 104N/mm in the axial direction. Since the main goal of this
study is to analyse the dynamic effects of the gear body topology, no load dependencies
of the bearing stiffness is considered. The previous assumption is additionally justified
by the constant load chosen for the analysis, which dictates the value of bearing stiffness
to choose.
As previously explained the gearbox case is considered as a flexible component, and a
FE discretization is used. In Figure 5.2 the FE mesh used during the analyses is reported.
The two halves of the case are modelled as a single component in order to keep the model
as simple as possible. The carter structure is constrained to the ground in twelve loca-
tions, corresponding to the mounting bolts used to connect the gearbox to the engine
block. In the FE model the nodes corresponding to the inner surfaces of the bolts holes
are identified and connected to a central fixed node for each location by means of Rigid
Body Elements (RBE2). A similar approach is used to connect the rotating shafts to the
case in the bearing location. This step is particularly relevant since these are the locations
where the force generated during the gear meshing are transmitted to the flexible case. A
series of RB2 elements connect the nodes on the inner surface of the bearing seats in the
carter. The RBE2 elements are connected to a reference frame on the rigid shafts, in the
corresponding bearings location. Obviously in this case only the relative translations are
constrained, in order to leave the rotating degrees of freedom to the shafts.
The model consists of four gears, the kinematic parameters of which are reported in Ta-
ble 5.1 for a given transmission ratio τ = 0.1463. In the considered configuration gear 1
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(a) (b)

FIGURE 5.3: CAD representation of the two configurations of the gearbox
gears analysed.

is mounted on the input shaft A and engages with gear 2. The second stage is formed by
gear 3 and 4. The first one is mounted on the intermediate shaft B together with gear 2,
while gear 4 is solidal to the output shaft C.
In the current analysis the dynamic response is evaluated for a run-up simulation with a
linearly increasing speed from 0 to 2500 rpm reached in 20 seconds. In order to not over
constrain the model the run-up condition is achieved by imposing an input torque and
an unbalanced output torque on the differential shaft. The unbalanced torque generates
a constant acceleration of the system, whose value depends on the system inertia. Using
this configuration there is no need to impose a speed law to the model.

Parameter Units Gear 1 Gear 2 Gear 3 Gear 4
Tooth number [-] 20 50 30 82

Pressure angle [deg] 20 20 20 20

Helix angle [deg] 10 10 10 10

Module [mm] 2.7 2.7 2.68 2.68

Face width [mm] 22 22 40 40

Dedendum coeff. [-] 1.25 1.25 1.25 1.25

Addendum coeff. [-] 1 1 1 1

TABLE 5.1: Main design parameters of the gearbox gears

In this study two configurations of the system are analysed, reported in Figure 5.3, dif-
fering for the topology of gear 2. In the configuration reported in Figure 5.3(a) the gear
exhibits a lightweight design with 5 slots made in the gear body, with the aim of reducing
the overall mass and inertia of the gear. The configuration of Figure 5.3(b) has a standard
design and is used as reference case. In order to properly consider the static contribution
of the lightweighting and its influence on the dynamic behaviour of the transmission the
simulation technique described in Section 4.2 is used.
The advantage of the hybrid formulation over the analytical ones is the possibility to
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FIGURE 5.4: Finite Elements representation of the differential unit used in
the simulations. The FE discretization is used both for the gear itself and

for the differential body.

replicate the deformation of gears with complex geometry. Beside lightweight gear, this
is relevant also in all the applications where the gears have not the standard configuration
such as the helical gear mounted on the differential body. In order to show the influence
of the contribution due to the body topology the differential unit is considered together
with the gear itself. The FE model is shown in Figure 5.4.

5.3 Simulation Results

The dynamic behaviour of the complete transmission was analysed by means of the
methodology illustrated in Section 4.2 and implemented in the commercial multibody
software Siemens LMS Virtual.Lab [120]. Simulations were performed by applying a
constant torque value of 250 Nm and 1708 Nm on the input and output shafts of the
gearbox respectively. A run-up in velocity from 0 to 2500 rpm was thus achieved for the
carrier in 25 s thanks to the torque unbalance of 0.04Nm applied on the input shaft.
Figure 5.5 shows the TE curves computed for the gear pair including gear 1 and 2 for
the two configurations considered in this study. In this case only the first instants of the
simulations are considered here, where the speed is low. The two curves in the plot,
belonging to configurations shown in Figures 5.3(a) and 5.3(b), show a different contri-
bution due to the static behaviour of the two gear bodies. The lightweight design exhibits
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the fluctuations in the TE typical of the gears with a lightweight topology, already shown
in Chapter 4 but for different design.

FIGURE 5.5: Low speed transmission error computed along the line of ac-
tion between shaft A and shaft B. The curves reported refer to the two
different configuration of Figure 5.3. The red line corresponds to the TE
computed for the configuration of Figure 5.3(a), while in blue are reported

the results of the configuration illustrated in 5.3(b).

In Figure 5.6 the low-speed transmission error for the second gear pair in the gearbox is
shown. Fluctuations in the value of the TE are evident also here, and obviously generated
by the topology of the differential unit. In this case, therefore the variation in the mean
value of the TE, are present since the whole body is included in the analysis, while the
gear crown itself, constrained to the differential unit keeps a standard design. It is pos-
sible to conclude here that the fluctuation are not generated by a lightweight design, but
are evident thanks a more accurate modelling of the static behaviour of the transmission
components, made available thanks to the hybrid FE approach used.

FIGURE 5.6: Low speed transmission error computed along the line of ac-
tion between shaft B and shaft C. The fluctuation here are due to the ge-

ometry of the differential body shown in Figure 5.4
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Moving to the dynamic analyses of the gearbox, the influence of the quasi-static be-
haviour becomes evident in the dynamic response as well. This effect can be recognized
by observing the waterfall plots of Figures 5.7 and 5.8. Besides the orders generated
by the tooth-passing contribution to the transmission error which are common to both
plots, modulation sidebands appear due to a variation in the peak-to-peak amplitude,
generated by a different topology of the foundation below the loaded teeth. The orders
corresponding to the holes as well as the ones due to the differential geometry are recog-
nizable in the plot of Figure 5.8.

FIGURE 5.7: Waterfall plot of the angular transmission error computed
between shaft A and shaft C. The results reported here correspond to the

configuration shown in Figure 5.3(b)

FIGURE 5.8: Waterfall plot of the angular transmission error computed
between shaft A and shaft C. The results reported here correspond to the

configuration shown in Figure 5.3(a)
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5.4 Acoustic Simulation

The acoustic performance of the transmission can be evaluated exploiting the flexible
multibody approach used to represent the gearbox cases. An acoustic simulation is per-
formed by extracting the time-histories of the forces on the bearing units and using them
as excitation source for a forced-response acoustic simulation. The assumption behind
this approach is that the response of the gearbox case under the meshing load in the MB
is equivalent to the one computed during the acoustic simulation.
The approach used here consists of a frequency response meaning that the time-histories
of the bearing forces computed during the MB simulations have been converted to the
frequency domain.
In this chapter the Acoustic Transfer Vectors (ATV) methodology is used to compute the
pressure levels in a spatial location near the gearbox. The advantage of this formulation
compared to the classical acoustic Boundary Elements Method (BEM) is a reduction of
the computational cost. In a typical BEM problem the system equation are made of full
matrices that have to be assembled for each desired frequency in the output response, and
used in the solution process of the system equations. The concept behind the ATV ap-
proach, already described in [45], is a better exploitation of the nominal Acoustic Transfer
Functions by reusing them. The ATVs can be considered as the link between the sound
pressure level at a specific location in the domain and the velocity in the normal direction
to the surface of the flexible structure. This relation can be seen as a space formed by the
different acoustic transfer functions from the nodes of the surface to the location on the
output domain.
Exploiting the linearity properties of the system, these functions can be considered as
independent from the loading conditions, being functions of the acoustic domain, fluid
and body properties. The independence from the applied load on the structure impose
the assumption of a one-way coupling between the structure and the acoustic field. In
the case-study analysed here the vibrating gearbox case creates a pressure field in the
surrounding space. The opposite effect (i.e. the influence of the air on the structure) can
be considered negligible satisfying in this way the approach hypothesis. The ATVs for a
given configuration are computed for a given set of frequencies spreading the interval of
interest for the analysis, with a fixed frequency step.
The frequency response of the system in terms of acoustic pressure in the chosen loca-
tion p(ω) is computed using the pre-computed ATVs atv(ω) and the normal structural
velocity vn(ω) boundary condition vector for the desired output frequency. This process
involves a multiplication between two vectors, as shown in equation 5.1 and requires
a low computational time with respect to the solution of the system equations for that
given condition.

p(ω) = atv(ω)Tvn(ω) (5.1)
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The convenience of this approach is further supported by the consideration that the fluid
domain that surrounds the gearbox case hardly shows the presence of resonances, there-
fore the ATVs can be considered as smooth functions of the frequency.
The coefficient values for the intermediate frequencies can be evaluated using interpola-
tion schemes exploiting the master frequencies, for which the ATVs are computed. On
the other side an interpolation of the normal velocities on the structure surface cannot be
interpolated due to the dynamic behaviour of the system, where the resonances prevent
the normal velocities from being a smooth function of the frequency.
The starting point for the approach described here is the determination of the normal
velocities on the gearbox external surface. In this case the structural response is obtained
starting from the MB computed forces in the specific locations. These forces, converted
in the frequency domain, are used to excite the FE model of the case and to obtain the
normal velocities.

5.4.1 Acoustic Behaviour

The results of the acoustic simulations are reported in Figures 5.9 and 5.10 in terms of
acoustic pressure in the chosen location close to the gearbox. In this case a constant speed
simulation was performed for the two configurations considered in this chapter.
By looking at the results in the frequency domain reported in Figure 5.9 it is clearly visible
that the presence of the holes causes to have extra peaks also in the acoustic response of
the gearbox. These peaks correspond to different orders in the waterfall plots reported in
Figures 5.7 and 5.8. The excitation generated by the topology of the gears has an influence
on the acoustic response of the system as expected.
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FIGURE 5.9: Acoustic pressure in frequency domain, for the standard con-
figuration (blue) and for the configuration with the lightweight gear (red).
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The acoustic signature of the gearbox in terms of time domain pressure curves is reported
in Figure 5.10 instead. While it is difficult to spot the different contributions directly form
the time histories, the reader can distinguish a different amplitude of the peak-to-peak
response.
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FIGURE 5.10: Time histories of acoustic pressure, for the standard config-
uration (blue) and for the configuration with the lightweight gear (red).

This effect can be explained by a different mesh stiffness of the lightweight gears, that
being more compliant tend to have a deformation field that involves a bigger portion of
the gear. This is opposed to the behaviour of a solid gear, where the high stiffness of the
gear body tends to localize the deformation in an area close to the tooth root, where the
(bending) stiffness is much lower compared to the gear body.
It is interesting to notice how the gear body topology, beside the obvious effects on the
weight and inertia of the transmission, can result in different acoustic performances of
the system. The designer can use therefore the shape of the gear body to tune the acous-
tic signature of the system.
Another consideration arising from this analysis is that an accurate modelling of the
meshing process is required in order to be able to catch such phenomena. Standard FE
methods are not feasible when relative long transient analysis have to be performed. In
the simulations reported here where simulations 10s and 20s long have been performed,
the used of FE method is not feasible.
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Conclusions

In this PhD thesis the static and dynamic behaviour of lightweight gears was analysed us-
ing different approaches. Lightweight gears, unlike standard gears, have the geometry of
the body that increases the overall meshing compliance. In many cases, additional holes
are machined, adding extra fluctuations in the mesh stiffness function along an entire ro-
tation of the gear. When a hole is drilled in the gear blank, beside the extra fluctuations,
the peak-to-peak amplitude of the TE is affected at the same time. By simplifying the
problem, one may think that the local material removal results in a lower bending stiff-
ness of the meshing tooth, that will have a higher deformation for a given load, when the
considered tooth is close to a hole. The variation in the peak-to-peak amplitude can be
identified as an amplitude modulation whose order depends on the number of holes or
slots in the gear body.
When these effects are translated in the dynamic response of a transmission, the fluctu-
ations are reported as additional orders in the TE of the transmission in case of speed
sweep response. The importance of modelling such effect is in the possibility that, under
specific working conditions, the additional orders excite one or more of the system reso-
nances, increasing the vibration response or causing a degradation of the noise comfort.
In the worst scenario, if the vibration level is too high, the system may undergo a catas-
trophic failure. These considerations testify the importance of a proper modelling of the
components of the mesh stiffness due to the particular shape of the gear body.
The task of simulating the gear train response under realistic working conditions is a cru-
cial task. The motivations for such type of analysis are clearly in the dominant role of the
excitation coming from the meshing gears on the overall NVH performance of the sys-
tem. The latter is paired with the decreased durability characteristics of the components
affected by the dynamic loads generated by the gears. The simulation tools have the
fundamental task to replicate the working condition of the system in the most accurate
way, before expensive physical prototypes are built. The identification and resolution of
potential issues in the design stage is, indeed, much cheaper than in the stages close to
the production phase. On the other side the simulation of rotating gears is a difficult task
due to the complexity and the mutual coupling of the physical phenomena involved in
the meshing process.
Among the different modelling techniques available to represent the transmission be-
haviour, two of the most representative are considered in this thesis. A first approach
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consists of an analytical model, where only the rotational degree-of-freedom of the gear
is represented. The second approach included in this dissertation is based on the for-
mulation available in the commercial MB software Siemens Simcenter 3D Motion. The
formulation is extended to the analysis of gear with arbitrary body geometry. A dedi-
cated tool was developed in order to recovery the stress and strain field in the gear body,
allowing to perform strength analysis on the meshing gears.
The first approach analysed in this dissertation work consists of an analytical model,
based on the approach developed by Palermo [95]. A single DOF model representing
the torsional motion of the gears, including the nonlinear behaviour due to backlash, is
developed.
The main idea motivating this analysis is that despite the simplicity of the model, it can
still accurately represent the dynamic behaviour of the gear pair. This is ensured by a
detailed representation of the meshing stiffness which is computed using non-linear FE
simulations. The stiffness curve over the considered meshing cycle are stored in look-
up tables, which are interpolated during the time integration of the motion equations.
The FE-based computation of the mesh stiffness allows a precise representation of the
fluctuation in the TE caused by the non-uniform distribution of the material below the
meshing teeth due to the particular body geometry. The fluctuations in the body com-
pliance causes additional excitation when the dynamic effects are considered. The FE
computations allow moreover to include the microgeometry modifications effects, un-
der the condition that the teeth flank geometry is properly dicretised. On the other side
the high computational cost of the FE simulation is bounded to a pre-processing phase,
where a stiffness map of the considered gear pair is created. The computational efficiency
of the analytical representation of the body motion is then exploited.
The purpose of this analysis is not only to show how the different lightweight strategies
can affect the dynamic response of a gear pair, but also to demonstrate that an analyt-
ical torsional model can predict detailed dynamic effects. This approach can easly be
extended to more complex models, including three-dimensional motion of the gears as
well as a lumped description of the stiffness of the supporting elements. A limitation
of this approach, which is common to all the torsional models, is that the flexibility of
the gear body is included as a lumped parameter in the motion equation, and the out-
of-plane flexibility is not included in the formulation. The rigid body hypothesis behind
this approach can represent a limit to the applicability of this formulation in particular
conditions where thin web and thin rim gears are considered. In most of real application
cases the gear geometry has a relatively high bending stiffness out of the plane. However
when this condition is not satisfied, the user should be aware of the limitations.
In this dissertation an additional approach was considered, which is based on the general
purpose MB formulation already implemented in the Siemens Simcenter 3D MB software
[120]. This formulation is aimed at achieving high computational efficiency required to
perform transient simulation of long events at a system level, such as speed-sweep sim-
ulations. In the perspective of this PhD dissertation this approach was developed in
order to analyse lightweight gears. The method is extended, therefore, to the analysis of
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gears with arbitrary shape of the gear body. This additional effort allows to investigate
the static and dynamic effects of the gear topology on the system response. The advan-
tages of the formulation compared to the analytical modelling of the mesh stiffness are
in the three-dimensional multibody treatments of the system’s equation of motion. The
multibody modelling of the system covers most of the limitations raised by the analytical
modelling. The three-dimensional description of the body motion implicitly considers
the stiffness variation due to misalignments between the gear axis caused by compliant
joints. This type of phenomena can be represented in a more precise manner if a flexible
body formulation is included which is a standard technique in almost totality of com-
mercial MB software. In this case the condensed mass and stiffness matrix of shafts and
housings are computed exploiting a FE discretization. The resulting model consists of a
detailed representation of the bodies flexibility. For instance it is possible to consider the
motion field of the gear body when the transmission is loaded with the design’s torques.
The latter is the combination of the shafts, bearing and housing deformation, as well as
the deformation of the gear body itself, that in the case of gears with optimized mass
might be relevant. The coupling between all these effects causes to the meshing forces to
change direction continuously, modifying accordingly the bodies deformed shape. The
coupling effects are even more relevant when during the dynamic analysis the gear ex-
citation is coupled with the modal models of the system, exciting the different mode
shapes. This formulation is therefore suggested in all the cases where a detailed investi-
gation is required with a focus on the effects of the dynamic coupling between the gears
excitation and the system dynamics.
Another advantage of the FE-based formulation over the analytical one is the possibil-
ity to reconstruct the strain field from the nodal displacements in highly-loaded regions,
such as the tooth root. The stress recovery phase additionally allows to evaluate the
strength levels for different shapes of the gear body. The accuracy, and the level of detail
of the method is comparable to FE simulations. An experimental campaign was per-
formed, showing that the method provides reliable results in terms of overall displace-
ment of the gears, using the TE as indicator. An additional validation phase involved the
strain field on the tooth root. Even in this case the results obtained from the simulations
matched the experimental ones.
It has to be noted that this increased level of detail in the numerical formulation brings
an increase of the computational costs. This is due to the additional degrees-of-freedom
required to discretize the distributed flexibility of the bodies. The computational com-
plexity is also due to the more refined modelling of the contact constrain in the simula-
tion compared to the analytical formulation. A penalty-based approach is implemented,
allowing to consider the hertzian load distribution over the tooth flanks. This effects is
particularly relevant when the gears rotate in a misaligned condition, or when the goal is
to evaluate the effects of a microgeometry modification.
The MB formulation used in this dissertation has the drawback of not taking into account
the dynamic coupling between the mode shapes of the gear body and its deflection under
the meshing loads. More in detail, only static deformation patterns are used to condense
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the stiffness matrix of the gear body, neglecting its dynamic contribution. It has to be
pointed out that in most of the applications this effect is negligible, since the eigenmodes
of the gear pair are located in a high frequency bandwidth, especially for the common in-
dustrial applications. In the applications where the dynamic coupling is a concern, more
detailed simulations tools are available, but they require extremely long computational
times.
In the last chapter of the dissertation the general purpose MB formulation was exploited
to analyse the dynamic behaviour of a complete automotive transmission. The inclusion
in the simulation of the flexible representation of key components, such as the gearbox
housing is a key advantage over analytical tools. The dynamic simulation allows to sim-
ulate the coupling between the dynamic excitation generated by the meshing loads and
the mode shapes of the analysed structure. The accurate prediction of the meshing loads,
coupled with the flexible representation of the gearbox housing is a useful tool when the
acoustic signature of the system is taken into account for NVH simulations. The formu-
lation accuracy is evident when gears with different lightweight design are considered.
The different orders corresponding to a specific numbers and shape of the holes in the
gear body are visible also in the acoustic signature of the model.
Moreover the last chapter shows additionally that the proposed formulation can be effi-
ciently integrated with already established simulation techniques, such as the ones used
in the acoustic field, allowing to consider contribution of the gears excitation to the over-
all acoustic signature of the system, without affecting the computational efforts in a rele-
vant manner.
To conclude, it is possible to state that the effects of a lightweight design can be a ma-
jor concern for a mechanical transmission, especially when coupled with a dynamically
compliant structure. However, the simulations required to catch these phenomena nor-
mally take extremely long computational times with standard FE methods. The methods
showed in this dissertation, still keeping a good level of accuracy, make the simulation of
long events feasible even on a standard desktop machine.

6.1 Future steps

In this thesis two exiting approaches, aimed at analysing the dynamics of geared trans-
mission are considered and extend to enable the analysis of lightweight gears. The meth-
ods show good potential in term of computational efficiency and accuracy when com-
pared to the state-of-the-art simulation tools.
The analytical model presented in this thesis is bounded to the analysis of cylindrical
spur gears. The research might be extended to the analysis of helical and non cylindrical
gears, being the approach suitable for such analysis without any additional limitation.
This type of models require a more refined formulation of the body DOFs in order to take
into account the multi-axial components of the meshing forces generated by the helical
and non-cylindrical gears.
The approach based on a general purpose MB formulation showed great performances
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in terms of computational efficiency obtained thanks to the analytical description of
the hertzian loads on the tooth surface. Additionally a great accuracy of the results is
reached, demonstrated by the good agreement with the experimental results, and ad-
ditional validation of the dynamic and acoustic simulations might add value to the re-
search. However a limitation of the method still lies in the decoupling of the stiffness and
inertial terms in the gear body motion of the non rigid DOFs. A dedicated research path
might easily overcome the limitation by including a set of mode shapes in the reduction
space of the gear body. Even considering a potential increase of the problem complexity,
it would still be orders of magnitude smaller compared to the standard FE simulation
tools and could represent an attracting research topic.
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