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Chapter 0

Introduction

The study of real phenomenons leads, very often, to the analysis of functions not
easily usable, that because of their complicated analytic expressions which are too complex
to evaluate efficiently or because of the functions studied are known only in a number of
data points. From that the necessity of approximate a function with a simpler mathematical
expression taking account of its known values and minimizing the remainder. Interpolation
is a method of approximating a given function using data that are available at a distribution
of data points. The data can be consist, for example, of the function values or some of its
derivatives. The general approach is to construct an interpolating function, the interpolant,
which fits the available data perfectly. Among the different classes of functions in which find
the interpolants, the polynomial one is the most studied because of its known characteris-
tics. In the following, at first we deal with the problem from a general point of view, that
is in an arbitrary linear space of finite dimension, then we focus our study on two different

polynomial interpolation problems of which we examine some applications. In Chapter 1 we



consider interpolation, remainder theory, convergence theorems for interpolatory processes
and some classic problems of finite interpolation. We also present a number of basic defini-
tions and elementary properties that will be of use in the later chapters. In Chapter 2 we
introduce the sequences of Appell polynomials for which we provides an algebraic approach
with the aim of giving a unifying theory for all classis of Appell polynomials and a their
very natural generalization. We establish the equivalence of the new approach with the
previous characterizations through a circular theorem. Moreover, we give general proper-
ties of Appell polynomials by employing basic tools of linear algebra and we consider their
expansion in Fourier series. We also propose an efficient and stable Gaussian algorithm
for the computation of the coefficients for particular sequences of Appell polynomials and
consider classic examples, in particular Bernoulli, Euler, normalized Hermite and Laguerre
polynomials and their possible generalizations not studied in the literature so far. Finally,
the proposed algebraic approach allows the solution, expressed by a determinantal form us-
ing a basis of Appell polynomials, of a remarkable new general linear interpolation problem.
In Chapter 3 we examine this interpolation problem related to the Appell polynomials and
we provide an explicit solution of it and a study of the remainder. Moreover, we consider
classic examples, in particular Taylor, Bernoulli, Euler, normalized Hermite and Laguerre
polynomials and their possible generalizations. We also present certain numerical examples
to test the method proposed. In Chapter 4 we consider series related to particular inter-
polation problems, as Bernoulli and Lidstone, and we prove that, for real entire functions
of exponential type, these expansions coincide with the known Fourier series. In Chapter

5 we introduce a new interpolation problem of Birkhoff kind. Birkhoff, or lacunary, in-



terpolation appears whenever observation gives scattered or irregular information about a
function and its derivatives. Lacunary interpolation differs radically from the more familiar
of Lagrange and Hermite interpolation for which the interpolation polynomial always exists,
is unique, and can be given by an explicit formula. In particular our study deals with an
interpolation problem in which the data are the function values at boundary points of a
given interval [a,b] and its second derivative at n — 1 internal points of the interval [a, b].
We provide an explicit solution of the interpolation problem considered and an estimation
error. Moreover, we study the convergence of the method and we give the examples of
equidistant interpolation points and Chebyshev points. Finally, as application of this inter-
polation problem, we consider a new class of interpolatory type quadrature formulae, called
extended Gauss-Birkhoff quadratures with respect to a weight function w.

In Chapter 6 we examine a boundary value problem related to the interpolatory
problem proposed in the previous chapter. We provide a general procedure to determine
collocation methods for this problem and we give an a-priori estimation error. We also
propose a numerical algorithm for the calculation and, finally, present certain numerical

examples to compare the method proposed with the Matlab build-in function bvp4c.



Chapter 1

Interpolation

In this chapter we present a number of basic definitions, main theorems and ele-

mentary properties from interpolation theory that will be of use in the later chapters.

1.1 General problem of finite interpolation

The general problem of finite interpolation ([21]) is the following:

Let X be a linear space of dimension n and let Li, Lo, ..., L, be n given linear
functionals defined on X. For a given set of values wi,wo,...,wy, find, if it exists, an
element x € X such that

Li(z)=w;, i=0,...,n. (1.1)

For the solution we consider the following

Lemma 1 Let X have dimensionn. If x1,xo, ..., x, are independent in X and L1, Lo, ..., Ly,

are independent in the dual space X* then

| Li(z)| # 0. (1.2)



Conversely, if either x1,x2,...,x, or L1, Lo, ..., L,, are independent and (1.2) holds then the

other set is also independent.

Proof. Suppose that |L;(x;)| = 0. Then also |L;(z;)| = 0. The linear system

alLl(azl) + CLQLQ(.’L‘l) + ...+ anLn(xl) =0

alLl(CEn) + CLQLQ(xn) + ...+ anLn(xn) =0
would have a nontrivial solution a1, as, ..., a,.

The property of linearity of functional L; implies that

(alLl—i—agLQ—i—...—l—anLn)(xi) =0, 1=1,....,n.

Since 1, x9, ..., xy form a basis for X,

(arLy +aslo+ ...+ aply)(z) =0, z€X,

and hence a1Ly + asLoy + ... + a, L, = 0.
Therefore, L1, Lo, ..., L, are dependents contrary to our assumption.

To show the converse, we may trace the argument backwards. m

Theorem 2 Let a linear space X have dimension n and let L1, Lo, ..., L, be n elements of
X*. The interpolation problem (1.1) possesses a solution for arbitrary values wi,ws, ..., wy

if and only if the L; are independent in X*. The solution will be unique.

Proof. Let x1,xo,...,z, be a basis for X. If L1, Lo, ..., L, are independent, then,

by lemma 1,



| Li(z5)| # 0.
Hence the system
Li(aiz1 + agwa + ... + apzp) =w;, 1=1,2,..n
or
a1 L;i(x1) + aoLi(x2) + ... + apLi(x,) = w; (1.3)
possesses a solution aq, ao, ..., a, and the element
a1x1 + agxy + ... + anTy

solves the interpolation problem (1.1).
Conversely, if the problem has a solution for arbitrary w;, then the system (1.3)

has a solution for arbitrary w;. By a known theorem of linear algebra, this implies that

|[Li(x;)| # 0
and hence by 1, the L; are independent. m
The determinant |L;(x;)| is a generalized Gram determinant and its nonvanishing
is synonymous with the possibility of solution of the interpolation problem.
We may speak of independent systems of functionals as having the ”interpolation

property”.

1.2 Systems possessing the ”interpolation property”

We study, now, some spaces and functionals for which the interpolation problem

can be solved.



Example 3 (Interpolation at discrete points)

X =P, LO(f) = f(ZO),Ll(f) = f(21)7 7Ln(f) = f(Zn)
We assume that z; # zj,1 # j.

Example 4 (Taylor Interpolation)

X =P, Lo(f) = f(20), L) = ' (20), s Ln(f) = ) (20).
Example 5 (Abel-Gontscharoff Interpolation)
X =P Lo(f) = F(z0), Li(f) = ['(21), s L) = F) (20).

Example 6 (Lidstone Interpolation)

X = P2n+1. Ll(f) = f(ZO); LQ(f) = f(zl)

Ly(f) = ["(20),  La(f) = f"(21)

Lont1(f) = f®(20), Lont2(f) = @ (21), (20 # 21).-

Example 7 (Lidstone of Second Type Interpolation)

X = P2n+1. Ll(f) = f,<20)7 L2(f) = f/(Zl)

Ly(f) = f"(20),  La(f) = f"(21)

Loni1(f) = f@*D(2), Lops2(f) = fE (1), (20 # 21).



Example 8 (Simple Hermite or Osculatory Interpolation)

X =Poyp;. Li(f) = f(=1), La(f) = f'(=1)
L3(f) = f(22), La(f) = f'(22)

L2n71(f) :f(zﬂ)7L27’L(f) :f/(zn)a (Zi #Zjvi#j)'

Example 9 (Full Hermite Interpolation)
X = P,. To avoid indexing difficulties, we list the functional information employed

without using the symbol L.

f(ZO); f/<20)7 o0y f(mo) (ZO)
f(zl)a f/(z1)7 ooy f(ml)(zl)

f(zn), f'(2n), s f(m")(zn>

(zi # 25, N=mo+mi+..+my,+n).

Example 10 (Generalized Taylor Interpolation)

X consists of the linear combination of the n + 1 linearly independent functions

800(Z>7 (,01(2), e (pn(Z)

that are analytic at zg.

Lo(f) = f(20), L1(f) = f'(20)s -ooes Lu(f) = [ (20)-

#D(z20)| £ 0.

Example 11 (Trigonometric Interpolation)



A linear combination of 1,cosx, ...,cosnx,sinx, ...,sinnx is known as a trigono-
metric polynomial of degree < n. The corresponding linear space will be designate by T,,. It

has dimension 2n + 1.
X =T, Lo(f) = f(x0), L1(f) = f'(20), -, Lan(f) = F*(x0),
—m <l ry<r <...<xTy, <.

Example 12 (Fourier Series)

X =T,. Loi(f) = " f(x)cos kxdz, k=0,1,..,n.
Low—1(f) = [ f(x)sinkzdz, kE=1,..,n.

Before demonstrating that these functionals are independent over the respective
spaces, a few remarks are in order. Ex. 3 is, of course, Theorem 2. Exs. 3, 4, 8 are special
cases of Ex. 9 . Ex. 4, is a special case of Ex. 10 if we select oy (2) = 2.

To show that the interpolation problem formed from these examples has a solution

it suffices to show that det(L;(x;)) does not vanish, or to apply the following

Theorem 13 (Alternative Theorem) Consider the system of n linear equations in n

unknowns xi, xo, ..., Ty

Z AijTj = bz (’L = 1, 2, n) (1.4)

J=1
the homogeneous system
n
> ayz; =0 (i=1,2,..n) (1.5)
J=1
possesses a non-trivial solution if and only if |A| = |a;j| = 0. If for a fired A = (ai;) there

are solutions to the non-homogeneous system (1.4) for every selection of the quantities b;,

then |A| # 0 and the homogeneous system has only the trivial solution.
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Solution 14 (Example 4) We show that if p € Py and satisfies

p(ZO)ap/(ZO)v "'ap(mo)(zo) =0
p(zl)ap/(zl)a "'ap(ml)(zl) =0
(1.6)

p(zn)ap/(zn)7 7p(mn)(zn) =0

where N = mg + my + ... + my +n, then p must vanish identically. By the Factorization
Theorem, if p satisfies all conditions of (1.6) with the exception of the last, i.e., p™)(z,) =

0, then we must have

p(2) = A(2)(z — 20)™ (2 — 20)™ T (2 — 2z 1)t (2 — 2,)™,
A(z) = polinomial.

By examining the degree of this product, it appears that A = constant. Since, moreover,
P (2) = A(m)! (20 — 20)™ (20 — 20)™ (2 — 1) T = 0

and z; # zj, 1 # j, we have A = 0 and therefore p = 0. The homogeneous interpolation
problem has the zero solution only and hence the nonhomogeneous problem possesses a

unique solution.

Solution 15 (Example 5) The generalized Gram determinant is

1oz 28 - 2%
01 2z - nzit
00 2 n(n_1)23—2 =112!.--nl #£0.
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Solution 16 (Example 6) Let p € Popy1. If p%)(29) =0 for j = 0,1, ...,n, then

p(z) = a1(z — ZO) + ag(z — z0)3 4+t a2n+l(z . Zo)2n+1.

If now, p®(z1) = 0 then agny1 = 0 e p(z)) =0, j = n—1,n —2,..0 implies, by
recurrence, that the remaining coefficients are 0. The homogeneous interpolation problem
has the zero solution only and hence the nonhomogeneous problem has a solution and it is

UNIQUE.

Solution 17 (Example 7) With the same techniques used for the Ex. 6 we can prove that
the homogeneous interpolation problem has the zero solution only and hence the nonhomo-

geneous problem has a solution and it is unique.

Solution 18 (Example 10) No proof is required, for condition (1.2) has been built into
the hypothesis. In this example the crucial determinant reduces to the Wronskian of the

functions ¢q, ..., ¢ and we postulate that it does not vanish at zg.

Solution 19 (Example 11) The generalized Gram determinant is

1 cosxzg sinxg cos2xg sin2xg -+ cosnxrg Sinnxg

1 cosxy sinxy cos2xy sin2xy --- cosnxip sinnxy
G =

1 cosxzy, sinxy, cos2xy, sin2xy, --- COSNXy, Sinnry,

To evaluate G we reduce its element to complex form. Multiply the 3rd, 5th,... columns by

1 and add them respectively to the 2nd, 4th,... columns. We obtain

G=|1 e9igin Zj €215 gin 2z -+ e"isinny;
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Multiply the 3rd, 5th,... columns by —21 and to them add the 2nd, 4th,... columns respec-
tively:

(—2@)(”)G = ‘ 1 e W5 e2Tj  =2T; .. omT; =T

Interchange the columns:

(—1)n(n+1)(_21)(n)G = | g—ma; ef(nfl)wcj A e(nfl)zzj T

Multiply the j —th row by e™*i, 7 =0,....,2n:

6n1(zo+$1+"-+12n)(_1)n(n+1)(_2Z)(n)G:‘ 1 e 2w oTIT;

The determinant in the last line is a Vandermonde. Hence,

2n
em(v’vo-i-xl-‘r"""‘x?n)(_1)”(”"'1)(_2@)(")6} _ H(ewj o ezxk)'
J>k

In view of the conditions on the xj, "7 # €%, j # k and so G # 0.
Solution 20 (Example 12) In view of the orthogonality of the sines and cosines, the
crucial determinant has positive quantities on the main diagonal and 0’s elsewhere and

hence does not vanish.

1.3 Representation of the solution of the interpolation prob-

lem in linear spaces

Theorem 21 Let X be a linear space of dimension n. Let Ly, Lo,...L, be n indepen-
dent functional in X*. Then, there are determined uniquely n independent elements of X,
x], x5, ..., 2y, such that

R R

LZ(I*) = 61‘]’, 1= 1,2, ey N (17)
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where with 0;; we denoted the Kronecker symbol
51']‘ =

For any x € X we have

For every choice of wi,wo, ...,wy, the element
n
x = szx;‘ (1.9)
i=1
is the unique solution of the interpolation problem
Li(x) = w;, 1=1,2,...,n. (1.10)

Proof. Let x1,29,...,2, be a basis for X. By Lemma 1, |L;(x;)| # 0. If we set
Ty = aj1r1 + ...+ ajp¥y, j = 1,...,n, then this determinant condition guarantees that
the system (1.7) can be solved for aj; to produce a set of elements x7,z3,...,z;, € X. By

Theorem 2 the solution to the interpolation problem (1.7) is unique, for each j, and by

Lemma 1 the z} are independent. To prove the (1.8) denote

Y= Z Li(z)x]
i=1

and for the property of linearity of functionals L; we have

Hence, by (1.7), Lj(y) = Lj(z), j = 1,2,...,n. Again, since the interpolation with n
condition L; is unique, y=x and this establishes (1.8). Equation (1.9) is established similarly.
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We will say that the elements z7 € X and the functionals L; are biorthonormal
if they satisfy the (1.7). For a given set of independent functional, we can always find a
related biorthonormal set of polynomials.

The solution of the interpolation problem (1.10) can be given in determinantal

form.

Theorem 22 Let the hypotheses of Theorem 21 hold and let x1,xs, ..., T, be a basis for X.

If wi,wo, ...,wn are arbitrary numbers then the element

0 T o s Tn
w1 Li(z1) Li(z2) --- Li(zn)
1
_ = 1.11
a G ) ( )
Wn, Ln(xl) Ln(:rQ) t Ln(l’n)

where G = |L;(z;)|, satisfies Li(x) = w;, 1 =1,2,...,n.

Proof. It is clear that x is a linear combination of z1,zo, ..., x, and hence is in

X. Furthermore, we have

O Ll($1) Ll($2) Lz(ZCn)
w1 Li(z1) Li(xe) -+ Li(xy)

Li(z) = —é (1.12)
Wi Li(xl) Li(xg) cee LZ(:cn)
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Expand this determinant by minors of the 1st column. The minor of each nonzero element,
with the exception of wj, is zero, for it contains two identical rows. The cofactor of w; is

—G. Hence, Li(z) =w;, i=1,2,...,n. =

Example 23 (Taylor Interpolation)

n

The polynomials %, n=0,1,..., and the functionals L,(f) = f™(0), n=0,1, ...,

J
are biorthonormal, for LZ(Z—|) = 0jj.
g!

Example 24 (Osculatory Interpolation)
w(z
Setw(z) =(z—2z1)(z —22) - (2 — zn), lp(2) = @_Z:M
w//(zk)

The polynomials |1 — o () (z—2k) | 2(2), (2—zk)2(2) of degree 2n —1 and the func-
k

tionals
Li(f) = f(z), Mi(f)=f'(z), k=1,2,..n

are biorthonormal. The resulting expansion of type (1.9) , is therefore,

Pon— 1 Zwk [

K, zw] B(2)+ 3 wh(z - w)B(2),
k =1

and produces the unique element of P, which solves the”osculatory” interpolation prob-

n—1
lem.

p(zr) = w
k=1,2,..,n.

P'(zk) = wp,
Example 25 (Two Point Taylor Interpolation)

Let a and b be distinct point. The polynomial

n—1
n

M

Byl —b 2 Ay(z — )k
pan—1(2) = (2 — a) kz z—b”ZM
k=0

k=0



P [ECH

T deF | (z —b)n
o jkk [(zf—(i)"} -

s the unique solution in P, of the interpolation problem

n—1

pan-1(a) = £(a), Py 1 (@) = £(a), .. 050} (a) = F"(a)

Pon-1(0) = F(B), D1 (B) = F'(B), ooy R (b) = FP=D ().

Example 26 (General Hermite Interpolation)
Let z1, 22, ..., zp, be n distinct points, a1, o, ...,y be n integers > 1 and

N=oaj+ag+..+aqa,—1. Set

and

I ) A A N R
llk(Z) = Wy k! dz(ozi—k'—l) W(Z) z=2z;

pn(2) = rilio(z) + > rila(z) + o+ Y T g1 (2)
i=1 i=1 i=1

is the unique member of P, for which
pe1) = ply(en) = 1l (o) = 1§
(anfl)‘

n—1
PN (20) = Ty P (20) = Py ooy DSV (20) = 1

Example 27 Given the 2n + 1 points

—Tm Ly < a1 < < Ty < T

16
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Construct the functions

If Li(f) = f(xj), then tj and L; are biorthonormal. Each function t;(z) is a linear combi-

nation of 1,cosz,...,cosnz, sinx, ...,sinnx and hence is an element of 7.

To show this, observe that the numerator of t; is the product of 2n factors of the

1T T

1 = = .
form sin —(x — xg) = ae2 + e~ 2 for appropriate constants o and 3.

n
The product is therefore of the form Z ce™ . and is a combination of the re-
k=—n

quired form. The function
(1.13)

2n
T(a) = Y wit()
k=0

is therefore an element of T, and is the unique solution of the interpolation problem

T(z) = wk, k=0,1,...,2n. Formula (1.13) is known as the Gauss formula of trigonometric

interpolation.

Example 28 Given n + 1 distinct points

O0<xg<o1 < <z < 71

Set
n
H (cosx — cosxy)

k=0
Cj(x) = 22 . i=0,1,..,n.
H(cos xj — CoST)

k=0
k#j
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n

Then Cj is a cosine polynomial of order < n (i.e., a function of the form Zak cos kx)
k=0

for which Cj(xy) = 6. Given n+ 1 distinct values wo, w1, ...,w, there is a unique cosine

polynomial of order < n, C(x), for which C(x) = wg, k=0,1,...,n. It is
n
C(z) =Y wpCr().
k=0
Example 29 Given n distinct points

o< <<z, <.

Set
n
H(cos:r — COS Tk)
i1
Sj(z) =sinx n] , 7=0,1,...,n.
H(cos xj — COSxy)
k=1
i)

Then S; is a sine polynomial of order < n for which S;(xy) = 0;;. Given n distinct values
Wi, ...,wn, there is a unique sine polynomial of order < n, S(zx), for which S(xy) = wg,
k=1,...,n and it is

S(@) = wpSk(x).
k=1

Example 30 Let zg, 21, ..., z2n, be n+ 1 distinct real(or complex) points. Let wo, w1, ..., wn,

be a second such set of m + 1 points. Set

P(z) = (2 — 20) -+ (2 — zn),
Qw) = (w—wo) (W —wm),
Pj(z) = P(2)/(2 — zj),

Qr(2) = Q(2)/(w — wy).
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The (m + 1)(n+ 1) polynomials

- 5088
satisfy
Lig(2r,ws) = 0jr-Oks-
Hence

n

Z Zﬂjkl]k Z w

7=0 k=0

is a polynomial of degree < mmn which satisfies the (m + 1)(n + 1) interpolation conditions

j=0,1,...n
P2, wr) = [k
k=0,1,...m

1.4 Representation of the remainder for polynomial interpo-

lation
Let zg, ..., x, be n + 1 distinct points. The numbers wy, ...,w, are frequently the
values of some function f(z) at the points z; : w; = f(x;).

Definition 31 We shall designate the unique polynomial of class P, that coincides with f
at g, ..., Ty by pu(f;x).

At the points = € [a, b]\{z0, ..., T, } generally we have

pulfiz) # f(2).

In order to estimate the difference between the function f(x) and the interpolation polyno-

mial p,(f;x) we introduce the remainder

Rn(z) = f(x) — pu(f;2) (1.14)
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with x € [a, b]. The following theorem provides an exact approximation of the remainder,

from which is possible to obtain a-priori estimates.

Theorem 32 Let f(x) € C"[a,b] and suppose that £V (z) exists at each point of (a,b).

Ifa<zog<a <..<xyp<b, then

f(@) = pa(fiz) = wn(z) FT(€) (1.15)

(n+1)!
where min(x, o, 1, ...Tn) < £ < max(z, o, T1,...Tn) and wy(x) = (x —xo)(x — 1) -+~ (T —

Zn). The point £ depends upon x,xg,x1,...x, and f.
Proof. Let x be fixed and # xg, x1, ...x5. Set
F(t) = Rn(f;t)wn(x) - wn(t)Rn(f§ m)

where R, (f;z) is defined by (1.14). We can observe that F' vanishes at z, and at the n 4 1

points xg, x1, ..., Tn, for
Ry (fixi) = f(xi) — pa(fi2:) = 0.

A repeated application of Rolle’s Theorem implies that the function F ("H)(t) must vanish

at a point £ with
min(z, xo, T1,...Ty) <& < max(x,z,T1,...Tn).
But we have
FD(1) = REFD(f (@) — D (@) Ra(f32) = FOH) wn(2) — (1 -+ 1)1 Ra(f52)

so that
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0=Fr (&) = fO ) ()w,(z) — (n+ 1R, (f; )

and therefore

1

R,(fx) = mwn(x)f(”ﬂ)(&).

|

This theorem provides a qualitative analysis of the remainder for polynomial in-
terpolation. Generally the function f is not known and therefore is very complicated to
have information about the (n 4+ 1)—th derivative of the function interpolated. Moreover
the derivative is calculated in an opportune point in (a,b) of which is guaranteed only
the existence. However, by (1.15), is possible, many times, to obtain upper bounds of the

remainder.

1.5 Peano’s Theorem and its consequence

If we examine the Cauchy remainder for polynomial interpolation (1.15) we may
note the prominent role played by the portion f"+1)(¢). If, for instance, f € P,, then
f+1) = 0, and the remainder vanishes identically as it should. For a fixed z, we may
consider the remainder R, (f;z) = f(z) — pn(f;x) as a linear functional which operates on
f and which annihilates all elements of P,. Peano observed that if a linear functional has

this property, then it must also have a simple representation in terms of f (n+1),
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Let L : C"[a,b] — R be a linear functional of the type
b
L) = [ [ao@)f @) + a1(@) @) + .+ a0 (@) da+
Jo 7 Jn
+ biof(wio) + Y b f (@in) + oo+ D _binf ™ (win)

i=1 i=1 i=1
with a;(x) € Cla,b], 1 =0,...,n and z; € [a,b] Vi, k.
Theorem 33 (Peano) Let L(p) =0 Vp € P,. Then, Vf € C*tV[a, b]

b
L) = [ ForK e (1.16)
where
— Ly [(z—t)}], (1.17)

and

(x—t)" sex>t
(x—1t)} = (1.18)
0 se x <t

The notation Ly [(x — t)] means that the functional L is applied to (x —t)", considered as

a function of x.

Proof. Consider the Taylor’s Theorem with the exact remainder

(x - a)"

n!

f@) = f(a) + (x —a)f'(a) + .. + + ;/xf(”ﬂ)(t)(x —t)"dt. (1.19)

By (1.18) we may evidently write the (1.19) as

(x—a

/ )n 10 (n+1) n
flx)=fla)+ (x —a)f'(a) + ... + — +n!/f (t)(x — t)"dt. (1.20)

Now apply L to both sides of this expansion and recall that L(p) = 0 when p is a polynomial

of degree < n. This yields

L(f) =L [ / e () t)idt]
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and under hypotheses we may interchange the functional L with the integral. Hence,

b
L(f) = ;l/ SO (@ — o) dt.

The function K (t) is called the Peano Kernel associated with the functional L.

Corollary 34 If, in addition to the above hypotheses, the kernel K(t) does not change its

sign on [a,b], then Vf € C"+Da,b],

SO ), a<g <o, (L.21)

L) (n+1)!

Proof. From (1.16) and applying the Mean Value Theorem for Integrals, we have
b
L(f) = f<”+1>(§)/ K(t)dt, con a<¢<b. (1.22)
Insert f = 2! in (1.22) and obtain
b
L(z"™) = (n+ 1)!/ K(t)dt. (1.23)

Combining these yields (1.21). m

We provides, now, some examples of error functionals of this type.

Example 35 (Kowalewski’s Exact Remainder for Polynomial Interpolation)

Let xo,x1, ...,z be fized in [a,b].

n — .
€T — Ty

Let L(f) = Ru(f;z) = f(x) — > _flzx)l(x) where ly(x) = [] , k
k=0

Il
o
3

j:O T — CC]
itk



Then,

LS e~ (-0 o)
T k=0

The last equality follows since the polinomials ly(z) satisfy

> k() = 1.
k=0

Fo fized k, we have by (1.18)

b
/[@—ﬂﬁ—@%—WHﬂMUwﬁ:

Hence,

xT

[(z = 0)" = (2 — )"] f" 1 () dt+

s~

+ /x(xk — )" f D () dt.

K () (t)dt
— % $f(n+1)(t) [(z— )" — (z1 — )] lp(2)dt+
e k=0
+ i, Zlk(x)/m(ﬂfk — )" fD (1) dr
" k=0 Tk

Since Z(xk —t)"lk(x) = pp((x — t)";2) = (x — t)", we have
k=0

n

oM@ =) = (o — )" k() = (= )" = D (&g — 1)"lp(x) = 0.

k=0 k=0

24
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Thus, finally,

n

k 0 Tk
o 1 Z D), fe ™ al], & € lab.
Tk=
(1.25)

Example 36 (Integral Remainder for Linear Interpolation)

—b
The case n = 1, xg = a, x1 = b is particularly noteworthy. Then ly(x) = Lb’
P
li(x) = Z:Z. From (1.24),
z—0 T—a
f@) = 2= p @) = T2 (b) =

r—b T—a

’ b
:b—a/a (ta)f”(t)dter_a/x(tb)f”(t)dt (1.26)

Introduce the following function defined over the square a < x <b, a <t <b

(t—a)(z—0) b <y

G(z,t) = b—-a -
(x —a)(t—0) <4
b—a v

Then we may write (1.26) in the form
b
= / G(z,t)f"(t)dt
The function G(x,t) is, for fized x,the Peano kernel for Ry(f).
Example 37 Let

x1 =x0+h, T3 =x0+2h, v3 =20+ 3h and L(f) = —f(xo)+3f(x1) — 3f(z2) + f(x3).

(1.27)
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Observe that L(p) = 0 Vp € Py. Hence, n =2 and
1 2

If we write this out explicitly we find

/

(w3 — )2 = 3(wy — )% + 3(z1 — t)% = (t — x0)?, xo<t<um
2K(t) = (x5 — )2 — 3(zg — )2, 21 <t < 19
(x5 — )2, zo <t < a3

The kernel K (t) consists of 8 parabolic arches and is of the class Ct[zg, x3].
Thus, for f € C3[xq,x3],
3
L) = [ KOO
o

Note that K(t) > 0. We may apply (1.21) yielding

L(f) = f(?;u(%(w% =n2fO)  wo<E<as

Example 38 (Remainder in Trapezoidal Rule) Let

b —a
L) = [ fade =50 F(@) + F0)

b
a
be the error in estimating the definite integml/ f(z)dx by the trapezoidal rule [f(a) +
a
The rule is exact for linear function, and, in particular, for constants. If we select n = 0,

we have

[(a=t)3 +0-13] =

Therefore

b
L(f) = —/ (t— %(a + b)) f/(t)dt. (1.28)
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Consider, next, the extended trapezoidal rule,

b —

a
n

n—I1
{JC(2®+Zf(a+jh)+*’cg’) : hzb%.

b
L) = [ fado-

j=1
An expression analogous to (1.28) is most conveniently obtained by adding expressions of

this form for each subinterval

n—1  .at(j+1)h
L(f) = — Z/ | ’ (t—(a+ (5 + %)h))f’(t)dt. (1.29)
§=0 a+jh

Example 39 (Remainder in Simpson’s Rule) Let

+1 1 4 1
L(f) = X f(x)dz — gf(—l) - gf(O) - gf(l) (1.30)

1
be the error in estimating the definite integral / f(x)dx by the Simpson’s rule
-1

1
L(p) =0 Vp € P3. Applying K(t) = 57 L(z — )% we find

K(t) = ~ L — 1)} =

3!
+1

_ /_1 (0= t)hde — S (-1 = 0% S0 — 21— 1) =
31!|:(1;t)4_<1_3t)3]:_712(1—t)3(3t—|—1), 0<t<l1
% [(1 :Lt)4 _ g(_t)?) - %(1 —t)?’} - —%(1+t)3(—3t+ 1), —1<t<0

Note that K(t) <0 in [—1,1], so the Corollary (1.21) is applicable:

() 4 ()
=T e = 8 O ceay

This leads to the following error for Simpson’s rule:

+1

(4)
e = 370+ 3500+ g - HgE crsesi aay
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1.6 General remainder theorem for interpolation in linear

spaces

Given an element x in a linear space X, we interpolate to x by an appropriate

linear combination of x1, ..., z,, such that L;(a1z1 + ... + apxy) = Li(z), i = 1,...,n. Let
zr=x— (@121 + ... + anzyp). (1.32)
Then Li(zg)=0,i=1,2,...,n.

Theorem 40 Under the assumption that |L;(x;)| # 0, we have

x 71 . T,
Ll(ﬂfl) Ll(ﬂfg) e Ll (mn)
Ll(:v) Ll(.l‘l) s Ll(.%'n)
er=| S S ’ (1.33)
L,(x1) Lp(xa) -+ Lp(xy)
Ly(x) Lp(z1) -+ Lp(zy)

Proof. It is clear by expanding the numerator of (1.33) by the minors of its first
row that the right hand side of (1.33) is a linear combination of x, z1, ..., z,, and that the
coefficients of x is precisely 1. Applying L; to the right hand side, we see that this row is
identical with the (i+1) —th row and hence L;(zg) = 0,4 = 1,2, ..., n. Thus, the expression

(1.33) has all the properties the remainder zx should have. m
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Chapter 2

Appell polynomials

In this chapter we consider a wide class of polynomials introduced by Appell in
1880 ([3]) and we give an algebraic theory by means of determinantal forms. The new
definition proposed provides a very natural generalization related to a linear functional.
These polynomials will be the basis for the solution of a new interpolation problem that will

be introduced in chapter 3.

2.1 Introduction

In 1880 [3] P.E. Appell introduced and widely studied sequences of n-degree poly-

nomials
Ay (x), n=0,1,... (2.1)
satisfying the recursive relations

dA, (x)
dx

=nA,—1(x), n=1,2,... (2.2)
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In particular, Appell noticed the one-to-one correspondence of the set of such sequences
{Ay(2)},, and the set of numerical sequences {a,}, , g # 0 given by the explicit represen-

tation
n n N n
Ay (z) = an + ) Op_12 + o | On—2% + - +apz™, n=0,1,... (2.3)

Equation (2.3), in particular, shows explicitly that for each n > 1 A, (z) is completely
determined by A,,—1 (z) and by the choice of the constant of integration . Furthermore
Appell provided an alternative general method to determine such sequences of polynomials,

that satisfy (2.2). In fact, given the power series:

2 n

h h
a(h):a0+ia1+§a2+“'+ﬁan+“‘7 ag 7 0 (2.4)

with ;i = 0,1, ... real coefficients, a sequence of polynomials satisfying (2.2) is determined
hx

by the power series expansion of the product a (h)e"* i.e.:

2 n
@ () = Ao () + 1Ay (2) + 5 Ag (@) 4+ A (@) 4 (2.5)

The function a(h) is said ’generating function’ of the sequence of polynomials
Ay (z).
Well known examples of sequences of polynomials verifying (2.2) or, equivalently

(2.3) and (2.5), now called Appell Sequences, are:

1. the sequences of growing powers of variable x

as already stressed in [3];

2. the Bernoulli sequence By, (z) ([5],[34]);
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3. the Euler sequences E,, (x) ([23], [34]);

4. the Hermite normalized sequences H, (x) [6];

5. the Laguerre sequences L, (z) [6];

Moreover, further generalizations of above polynomials have been considered ([6],
[8], [10]).

Sequences of Appell polynomials have been well studied because of their remark-
able applications in Mathematical and Numerical Analysis, as well as in Number theory, as
both classic literature ([3], [47], [49], [6] ) and more recent one ([22], [30], [20], [9], [32], [10],
[8]) testify.

In a recent work [12], a new approach to Bernoulli polynomials was given, based
on a determinantal definition. The authors, through basic tools of linear algebra, have
recovered the fundamental properties of Bernoulli polynomials; moreover the equivalence,
with a triangular theorem, of all previous approaches is given.

Now we want to propose a similar approach for more general Appell polynomials

and to establish its equivalence with previous characterizations, through a circular theorem.
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2.2 A determinantal definition

Let us consider P, (z), n =0, 1, ... the sequence of polynomials of degree n defined

by
P() (.%) = %
1 =z z2 a1 z"
Bo P P2 o e Bn-1 Bn
0 Bo B - - ("NBu2 (DBn
_ (=" e n _
P, (z) = Tl 00 Bo o o | 21)571—3 (M Bn2 |» P = 1,2,...
o --- 0 Bo (nz)ﬁl
(2.6)
where 5o, 31, ..., B, € R, Bo # 0.
Then we have
Theorem 41 The following relation holds
P (z)=nP,_1(x) n=12.. (2.7)

Proof. Using the properties of linearity we can differentiate the determinant (2.6),
expand the resulting determinant with respect to the first column and recognize the factor
P,,—1 (z) after multiplication of the i-th row by ¢ — 1 ¢ = 2,...,n and the j-th column by

j=1,..,n. [ |

Sl
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Theorem 42 With the previous notations we have

P, (z)=an+ <71l> Qp_ 12 + (Z) Qn_ox® + -+ apz™, n=0,1, ... (2.8)
where
o0 =5 (29)
B B2 o e B Bi
Bo )61 - o (B2 (HBia
v |0 N e T 0 Bi
ai:(lill Bo (2)ﬁ3 (2)52 Ci=12..m
(Bo)
0 -+ - 0 Bo (ijl)ﬁl
(2.10)
Proof. Expanding the determinant P, () with respect to the first row we obtain
UiB ()8 o (B ()8
B (D8 o (e ()R
n—1 n
i (_1)n " NG g 0 Bo (j+2)/8n—j—3 (j+2)ﬁn—j—2
Pule) = Gyt 2,171
0 e 0 Bo (n7—11)51

jﬂ),iz 1,...n—jand k—th row by ﬁ,
i

After multiplication of the ¢ —th column by ( J
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k=2,...,n we have

Pr P2 o e Bi-1 Bi
Bo @)ﬁl s e (izl)ﬁzez (i)ﬁz’q
. i—1 i
B n (—1)"J<n> 0 Bo (2)52;3 (2)@,72 )
Pn(zc) = ~ (ﬁo>n—j+1 j ' .
0 -+ - 0 Bo (i—il)ﬂl
that proves the thesis. [

Corollary 43 For the polynomials P, (x) we have
n n A
P, (z) :Z<,>PM~ (0)27, n=0,1,... (2.11)
Proof. Taking into account
P0)=ai, i=0,1,..,n, (2.12)

relation (2.11) is a consequence of (2.8). ]

For computation we can observe that «,, is a n-order determinant of a particular
upper Hessemberg form and it’s known that the algorithm of Gaussian elimination without
pivoting for computing the determinant of an upper Hessemberg matrix is stable [31, p.

27].
Theorem 44 For the coefficients a; in (2.8) the following relations hold

1
ap = —, (2.13)

1 i :
0 = _ﬁoz(k)@_kak, i=1,2,..,n. (2.14)
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Proof. Set @; = (—1)" (8y)" ' ; for i = 1,2, ..., n. From (2.9) «; is a determinant

of an upper Hessemberg matrix of order ¢ and for that ([12]) we have

i—1

@ =Y (1) i () ay, (2.15)
k=0
where
Bm forl =1,
Bam =3 (") Brtsr forl<i<m+1, Lm=12 i, (2.16)
0 for I > m + 1,
and
dk (Z) = H hj,j—l = (ﬁO)i_k_l ) k= Oa ]-7 7Z - 27 (217)
J=k+2
gi-1 (i) = 1. (2.18)
By virtue of the previous setting, (2.15) implies
— i i
_ _qyi—k—1 A i—k—1 = _
Q; Z ( 1) <k‘> Bi—k (ﬂO) ok + (Z . 1> Broi—1
k=0
1 (i 1
= (—1 7 +1 o < ) . a
(=1)" (o) ( o 2=\ B AR
- 1 (i
= (—1)" (o) <— <k> 5i—k04kz>
Bo =
and the proof is concluded. [

Theorem 45 Let P, (z) be the sequence of Appell polynomials with generating function

a(h) asin (2.4) and (2.5). If Bo, B1, .., Bn, with By # 0, are the coefficients of Taylor series
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expansion of function ﬁ we have

Py (z) = % (2.19)
1z a? zn ! z"
Bo Bi  Ba o o Bus B,
0 Bo (DB -+ - ("1)Baz (V)8
P, (x) ::(;;;221 000 o o o (50ss (NPuz |0 M= 120
0 i e 0 5o (")B

(2.20)

Proof. Let P, (z) be the sequence of Appell polynomials with generating function

a(h) ie.
h h? h"
a(h)=a0+ﬂa1+§&2+"'+ﬁan+“' (2.21)
and
a(h)eh® = i P, () " (2.22)
p— 0 n n! . *

Let b(h) be such that a(h)b(h) = 1. We can write b (h) as its Taylor series expansion (in

h) at the origin that is

ho, W B
b(h)=Bo+ A+ gttt (2.23)

Then, according to the Cauchy-product rules, we find

NOETES 3h 3l () I

n=0 k=0 ’
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by which

n 1 forn=0
n )
< )Oékﬁnk =

k=0 0 forn>0.

Hence

n (2.24)
B = _aio <Z (Z)akﬁn—k> , n=1,2 ..

Let us multiply both hand sides of equation (2.22) for ﬁ and, in the same equation,

1
replace functions e® and W by their Taylor series expansion at the origin; then (2.22)
a
becomes
hn hn o n
IR ol 22
n=0

By multiplying the series on the left hand side of (2.25) according to the Cauchy-product
rules, previous equality leads to the following system of infinite equations in the unknown

P,(z), n=0,1,...

PO (.’E) ﬁU = 17
Py (z) b1+ P (z) Bo = =z,
Py (x) B2+ (3)Pi (z) B1 + P2 () Bo = 22, (2.26)

Py (z) Bn+ (1) P1(2) Bpe1 + ... + Po (z) Bo = 2™,

The special form of the previous system (lower triangular) allows us to work out the un-
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known P, (z) operating with the first n + 1 equations, only by applying the Cramer rule:

Bo 0 0 0 1
IS Bo 0 0 T
P D/ B 0 22
B (7)o Bo !
B (1) A1)
fo 0 0 0 0
b Bo 0 0 0
B (i s o 0
Bt ("TH)Paz - 8 0
B (1)Bn (n"1) B0 Bo
o 0 0
61 Bo 0
O 0
(B!
Bar ("71)Bu—z -+ Bo
Bo ()6 nty) B
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By transposition of the previous, we have

Bo Br B2 - Bn-1 Bn

. on=1,2.. (227

that is exactly (2.19) after n circular row exchanges: more precisely, the i-th row moves to
the (i + 1)-th position for i = 1,...,n — 1, the n-th row goes to the first position. [

Theorems 41, 42 and 45 concur to assert the validity of following

Theorem 46 (Circular [16]) For Appell polynomials we have

(2.2 and 2.3) — (2.4 and 2.5)
N / (2.28)
(2.6)

Proof.
(2.2 and 2.3)=(2.4 and 2.5): Follows from Appell proof [3].
(2.4 and 2.5)=-(2.6): Follows from Theorem 45.

(2.6)=(2.2 and 2.3): Follows from Theorems 41 and 42.

Therefore we can give, now, the following
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Definition 47 The Appell polynomial of degree n, denoted by A,, (z), is defined by

Ao (z) = % (2.29)
1z 2P ! z"
fo P12 Pr-1 B
0 B (DA ("7") Bz (1) Bar
A”($):<(ﬁ;>1’3:1 0 0 b ("3 Bz (5)Ba—z |+ M= L2
0 0 Bo (1)

(2.30)

where Bo, B1, .-, Bn € R, Bo # 0.

2.3 General properties of Appell polynomials

By tools of elementary algebra we can prove the general properties of Appell

polynomials.

Theorem 48 (Recurrence) For Appell sequence Ay, (x) we have

[asry

n—

Ap(x) = ﬂlo (;,;n - kZ (Z) B Ak (a:)) , n=12,.. (2.31)

[e=]

Proof. Set A_;(z) = 1 and A, (z) = (—1)" (6o)"™ A,(z) for each n > 0. From

(2.30) Ay, (x) is a determinant of an upper Hessemberg matrix of order n + 1 and for that
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([12]) we have

n
= (=" Faqe(n + Vhgr1nir Ap1 (), (2.32)
k=0
where
i1 se =1,
1 .
hiy = <? )gj i1 se 1<i<j+l, Gi=L2..n+1, (2.33)
Z_
0 se 1>j5+41,
\
and
n+1
n+1 th 1—ﬂ() ,k=0,1,...n—1,
j=k+2
gn(n+1)=1.

By virtue of previous setting, (2.32) implies
_ — n —
* (o) (k N 1) Botir A () =

>
= ()" kz 1 (30 () s Aa(o) =

n n 1 n 1 E
. 1 ( )5"'“((6())"3)*1Ak(x)> _

- o) < ﬂl >ﬁn_kAk<w>>

and the proof is concluded. [

Corollary 49 If A,(x) is an Appell polynomial then

n

=3 <Z> Bp_iAr (z), n=0,1,.. (2.34)

k=0



and indicate with (AB), (x) the polynomial that is obtained replacing in A, (z) powers

Proof. The result follows from (2.31). [ ]

Let’s consider two sequences of Appell polynomials

Ap(x),Bn(z) n=0,1,..

theorem can be proven.

Theorem 50 The sequences

i)

i)

i)

i)

A p € R,

(AB),, (x)

are sequences of Appell polynomials again.

Proof.

follow from the property of linearity of determinant.

by definition we have

BO (ﬂj‘) B1 (ZL‘) BQ (l’)
Bo b1 B2
0 Bo ()
(B), @)=
n ( O)nJrl /80
0

(") Bu-z (1) Bn-s
("5")Bu-s (3)Ba-2

42

20,21, .. 2", respectively, with the polynomials By (x), B (z),..., B, (z). The following
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Expanding the determinant (AB), (x) with respect to the first row we obtain

e EU S~ i (e B (e
(AB), () = (osder 31 ) (J> B (@)

(Bo)
S (=D )
= 2 W <j>an_ij (CC) 5 (235)
where
ag =1,
pr Pa e e Bi-1 Bi
Bo )61 - o (B2 (DB
0 v (Y82 (D) B
& = Bo (2)53 (2)ﬁ 2 Ci=12..n
0 0 ﬁO (211)61
We observe that
G
AZ (O) WQZ‘, 1 = 1,2,...,n
and hence (2.35) becomes
(48, (@) = 3 (1) dues 035 0). (2.36)
j=0

Differentiating both hand sides of (2.36) and since Bj () is a sequence of Appell



polynomials, we deduce

j=1
- nzn; (’; - D Ap_; (0) By (x) =
_ nj_: <” 5 1) Ap1_; (0) B (x) =

Theorem 51 [}5, p. 27] For Appell polynomials A, (x) we have

n

n .
Ap (z+y) = Z (z)Al (x)y"™", n=0,1,..
=0
Proof. Starting by the definition in (2.30) and using the identity

(z+y) = i: (;) yFa Tk,

k=0

44

(2.37)

(2.38)



we infer
1
Bo
(="
A, =
(z+y) (5)" ! 0
0
0 0 0
Bo B Bi—1
0 Bo Bi—2 (1)
Bo
0
0
() (
IR A
~ Yy (Bo)" 1

i+1

)zt (
Bo B(HY) Bl

(@)

b1

Bi
Bi-1(3)

b (zi1)
Bo

Bo

Bn-i2(ir1)  Ba-ima (1)

o

(+y)"" (z+y)"
/Bn—l ﬂn
_ n (_1)71 y
; (ﬂo)nJrl
50 ﬂl (n’r—ll)
(et (e
ﬁnfl ﬁn
B2 ("7 Bn-1(7)
5n—i+1 (zfl)
Bni(7)
ﬂO /81 (n7—11)
(n;l)xnfifl (72) Nt
Brn—i-1 (nzl) Bn—i ()

45
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We divide, now, each j—th column, j = 2,...,n —i+ 1, for (iﬂfl) and multiply each h—th

i+h—2
%

row, h=3,...n—1+ 1, for ( ) Thus we finally obtain

Ap(z+y) =

e (Y ey
N ZO ED - G

K2

1 2! x? il an

o B B Banic B

0 Bo Bi1(5) — Buoi2("77) Bu-ia (™) B
fio

0 .. .. 0 Bo B,

=3 (s =3 () ey

Corollary 52 (Forward difference) For Appell polynomials A, (x) we have

n—1

Ady (@)= Ag(z+1)— Ay () =Y <”> A (z), n=0,1,.. (2.39)
i
i=0
Proof. The desired result follows from (2.37) with y = 1. [ |

Corollary 53 (Multiplication Theorem) For Appell polynomials A, (x) we have

Ay, (mzx) = zn: (’Z) A (@) (m— )i Ol (2.40)

=0 m=1,2,...

Proof. The desired result follows from (2.37) with y = (m — 1). [
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Theorem 54 (Symmetry) For Appell polynomials A, (x) the following relation holds

heR
(An (h - 1') = (_1)n Ap (x)) < (An (h) - (_1)nAn (0)) ) (2‘41)

n=01,..

Proof.
=) Follows from the hypothesis with z =0

<) Using (2.37) we find

Lemma 55 For the numbers asn1 and Ban11 we have
(Otgn_H = 0) <~ (ﬁgn_H = 0) , n=0,1,.. (2.42)

Proof. As in (2.24), we know that



Hence

1
B = —5-100,
2n+1
Bont1 = —O%O( ") e Bon—

n
T (kgl 2%1 )k Bo(n—r)+1 + @Zﬁ)azmlﬁz(n—k)D , n=12 .

and

am+1 =0, n=01,.. =

pr =0
=N . =
Bont1 = O% Z o owBom-ry41, n=12,...
:>62n+1 =0, n=0,1,..
In the same way, again from (2.24), we have
_ 1
Q0 = B,
1 =l n
Qn = —3; <kz—:() (k)akﬁn—k:> , n=12
As a consequence
1
o = —gra0f,
L (S 2nm 2n+1
Cont1 = o kE [( o) 2k Bo(n—i)41 + (2k+1)a2k+152(n—k;)] -
=0
/310 (QZzl)agnﬁl, n=12,..
and
/82n+1 =0 n—0717
a1 = 0,
= B =
2n+1
Qo1 = g kzz:o Gri) ook Bomry, n=1,2, ..

= Q2p+1 :O, n:O,l,...



49

Theorem 56 For Appell polynomials A,, (x) the following relation holds

(An (—2) = (=1)" A, (2)) <= (Bons1 =0), n=0,1,.. (2.43)

Proof. By Theorem 54 with h = 0 and Lemma 55, we find

<= (A2n11(0) = 0) == (a2n41 = 0) == (B2n+1 =0).

Theorem 57 For each n > 1 it is true that

[ A @) de = s @) = A 0) (2.44)
and
L 1 &K (/n+1
/0 An(x)dx:nJrl;( er >Ai(0). (2.45)
Proof. Equality (2.44) follows from (2.7). Moreover, for z = 1 we find
1A (x)dx = ! [A -
| An @) de = g i (1) = Ania ) (2.46)

and, using (2.37) with x = 0 and y = 1, we obtain
n+1
n+1
Appr (1) =) < , )Ai (0), (2.47)
=0

so, by (2.47), relation(2.46) becomes

! 1
/An(a:)dmz
0 n+1

n+1

> ("7 - A <o>] -

1=0

LT

1=0
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2.4 Fourier series expansion of Appell polynomials

We consider, now, the Fourier expansion of Appell polynomials.

Theorem 58 The Appell polynomials of even index have the following Fourier expansion

on the interval [0,1]

1 oo
Aon(#) = 5= ons1(1) = Azni1 (0)] + Y o cos 2mka + by sin 2mka (2.48)

k=1

with
S yig A1) — Asi 1 (0)] |
— _1)¢ (n—i)—1 2(n—i)—1 (Zn). _
k= —o ( 1) 2 (27Tk)2(i+1) (2(n 7 ’L) — 1)‘7 k= ]., 2, ceey (249)
- 1 [Aaniy(1) = As_iy (0)]  (2n)!

b — _1 Z+12[ 2(71 Z) i (7’1 ’L) : : k-: 1’27.” 250
=20 (2rk)? 20— D))l (2:50)

Proof. Let us consider the Fourier expansion of Appell polynomial of even index

Ao (), n > 1 on the interval [0,1]

1 oo o0 )
Agp(x) = 540 + Z ay cos 2mkx + Z by sin 2wk (2.51)
k=1 k=1
where
1
ay = 2/ Agp(x) cos 2rkadr, k=0,1,... (2.52)
0
1
by, = 2/ Aoy (z) sin 2wkxdz, k=1,2,.. (2.53)
0

From (2.52), for k=0 we have

2

i [A2n+1(1) — A2,41(0)] .

1
ag = 2/ Agp(x)dr =
0
For k>0, by integration by part,

1 1 sin 2wkx ! Lgin 2nkx
Sk :/0 Aoy () cos 2rkxdx = [mAgn(x)L — 2n/0 WAgn_l(m)dx
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The quantity in brackets is equal to zero, and the integral at second member, after an other

integration by part, becomes

1 1
ok :/ Aoy () cos 2rkadx =
0

_2n [ Aon(1) — As(0)] - (2n) (2n —1)

1
cos 2mkx Agy—_o(x)dx.
T (@2nk)? (27k)? /0 2n=2()

After further integrations by part, finally, we obtain

1 1
ok :/ Aoy () cos 2rkadx =

_ Z A2 (n—1) (1) - AQ(n—i)—l(O)] <2n)'

(2nk) 2D Qn—i) -1 "
2n)
+(=1)" / Ap(z) cos 2rkxdx
=
the integral at second member is equal to zero and so we have

n—1
1 <An,i,1—An,i,0 2n)!
sap =Y (~1) A1 (1) ) O __emt (2.54)
27 (2k)20+Y) (2(n —i) = 1)!

With the same techniques we can expand the coefficients by

1 L 2k ! L cos 2k
§bk :/ f(x)sin 2rkxdx = [—MAgn(x)} +2n/ MAgn,l(as)dx:
0

2k 0 2k
on !
= 27Tk [A2, (1) — A2,(0)] + 27T/-c/ Agp—1(x) cos 2rkxdz.

By a second integration by part we obtain

S [Ana(1) — A (0)]+

2n . 1 (2 ) (2n - 1
+ 2nh)? [Agp—1(x) sin 2mkx]y — (QT

1
Zh = —
2k

/Agn o(z) sin 2mkadzx.
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At second member the second term is equal to zero. And the integral at second member,

after an other integration by part, becomes

1 1
ibk = / Agp () sin 2kaxdr =
0

- - (_1)z‘+1 [A2(nfi)(1) - A2(n7i)(0)] (2n)!

=0 (2mk)* ™ (2(n — )"
n). 1

+(=1)" (Q(ik;;”/o Ap(z) sin 2rkxdx =

— - (—1)"! [A2(nfi)(1) - A2(n7i)(0)] (2n)!
i=0 (2mk)* ™ (2(n —i))!

n Ap(1) — Ap(0
a0

Hence,

n

1 Z (—1)*! [Ao(n—i)(1) = Aoi (0)]  (2n)!

T L 2k 20— )

(2.55)

|
With the same techniques we can expand the Appell polynomials of odd index,

for which the following theorem holds.

Theorem 59 The Appell polynomials of odd index have the following Fourier expansion

on the interval [0,1]

Agp—1(z) = % [A2,, (1) — A2, (0)] + Z ay, cos 2wkx + by, sin 2mkx (2.56)
k=1
with
= [A A1) — A 5(0)] )
i (n—1—1) 2(n—1—1) (2n 1)
ap = —1)"2 A . k=1,2,.., 2.57
' g( ) (27k) 20 2(n—1—1))! (2.57)
n—1
i Asgn—iy-1(1) = Aon—iy-1(0)] (20 —1)!
b= $° (1) g A2 “2(n=9) k=1,2,... (2
’ Z.Z;( ) (2rk)* T (2(n—i)— 1)’ ' 2, (2.58)
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Proof. For the expansion of the coefficients we proceed in the same way of even

degree. After further integrations by part, we have

1
ag = 2/(; AQn_l(QU)d.Z' = % [A2n(1) - AQH(O)] ’

1 1 i, [Asm1-9y(1) = Agm1—n (0)] (20 —1)!

Zap = Aoy 2 = -1) . YL

30k = | Am-r(z) cos 2rkods ; (1) (e T 2 —1—0)

1 1 n-l o1 [Aom—iy—1(1) = Ag(n_iy—1(0)] (20— 1)!

L _ A . in?2 _ 1 i+1 n—1 ‘ n—i ]

5 bk A 1(2) sin 2mkzda iz:% (1) 2k 2 2(n —1) — 1)
n

2.5 Examples

In this section we consider classic examples, in particular Bernoulli, Euler, Hermite

and Laguerre polynomials and their possible generalizations not studied in the literature so

far.

2.5.1 Bernoulli polynomials

Placing

(2.59)

Bi:ﬁv ’L':].,...,TL,
in (2.29) and (2.30), the resulting Appell polynomial is known as Bernoulli polynomial [5].
The determinantal form of this polynomial has been considered in [12] and the fundamental

properties have been also obtained by employing basic tools of linear algebra.

Moreover the following identity can be derived.
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Theorem 60 For Bernoulli polynomials By, () we have

= ; " n o n=0,1,,
m ‘ B, <$+m> —Z<Z)B,(x)(m—1) " (2.60)
=0 =0 m=1,2,..
Proof. It is known [1] that
m—1 i n=20,1,..,
B, (mz) =m"! B, <x + m) , (2.61)
=0 m=1,2,
and hence from (2.40) and (2.61) the proof is concluded. ]
Fourier series of Bernoulli polynomials
In the case of Bernoulli polynomials, for which we have
—% fori=1
Bsi—1(0) =
0 fori=23,..
Byi—1(1) = —B2;—1(0)
Bsi(1) = Bs;(0)
the Fourier expansion is the following
- Bi(1)- B
Ban(z) = Z(—1)’H2[ (L) 2;(0)} (2n)! cos 2k = (2.62)
P (27k)
>N (1) 2 (2n)!
= Z # cos 2rkx (2.63)
P (27k)
= W [Bi(1) — B1(0 ,
Byn-1(z) = > (~1) B 2n_11( ) (2n — 1)!sin 27kz = (2.64)
— (27k)
— (-1)"2(2n —1)!
= (L 20 = Do ke (2.65)
— (27k)
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2.5.2 Generalized Bernoulli polynomials

By direct inspection of (2.59) we deduce

1
Bi :/ 2'dr, 1=0,.,n. (2.66)
0

Analogously, we can consider the weighed coefficients

1
B = / w(x) xida:, 1=0,.,n, (2.67)
0

where w (x) is a general weight function.
In particular by taking the classical Jacobi weight, w(z) = (1 — 2)* z°, o, 8 > —1,

we obtain

T(a+1)T(B+i+1)
F(a+pB+i+2)

BY = . i=0,.n (2.68)

The relative Appell polynomials, called now Bernoulli-Jacobi, are not considered
in the literature to our knowledge, except for the case a = # = 0 for which we find again

the Bernoulli polynomials. For the case a = 8 = —% it is useful to normalize by setting

w_ 1TD(a+)I(B+i+1) .
5i—7r Tlatf+itd) i=0,..,n. (2.69)

2.5.3 Hermite normalized polynomials

Assuming
ﬂO = 17
- 0 for i odd (2.70)
ﬁi = ﬁ fj;;o e T rldr = , 7, = 1, ey N,
(i=1)(i=3)--31
A2 for 4 even
\ 23
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in (2.29) and (2.30), the related Appell polynomials coincide with the well-known Hermite
normalized polynomials [6].

It’s known [49] that Hermite normalized polynomials are the only ones which are,
at the same time, orthogonal and Appell polynomials.

The Hessemberg determinantal form does not seem to be known in literature.

2.5.4 Generalized Hermite polynomials

Assuming
1 +o0 o 0 for 7 odd i=0,..,n,
Bi = / e T i dy = : (2.71)
VT oo 2T (@) for i even a>0
ay/m a

in (2.29) and (2.30), we obtain a wider class of Appell polynomials.

2.5.5 Generalized Laguerre polynomials

Placing

+oo —sx 1 1 - ’L' -
Bi:/o e xdx:ﬁF(z+1):ﬁ, s>0, i=0,..,n, (2.72)

in (2.29) and (2.30), we obtain a new class of Appell polynomials, called now Appell-

Laguerre, that does not seem to be known in literature, except for the case s =1 [6].

2.5.6 Euler polynomials

Placing

(2.73)
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in (2.29) and (2.30), the resulting Appell polynomials are known as Euler polynomials [23].

The determinantal form seems new. In fact we have

Ep (z) =1,
1 oz a? ant z"
EA b
0 1 3() 27 30)
Bif@)= (=00 0 1 054
0O -+ -~ .. 0 1 %(n:ll)

(2.74)

(2.75)

Concerning Euler polynomials, all the properties proved in general for Appell polynomials

hold. In particular we have the following result.

Theorem 61 For Euler polynomials E,, (x) we have

n—1

B, (z) = 2" — 2% 3 <Z>Ek(az), n=12,..

k=0

Proof. The claimed thesis follows from (2.31). ]

(2.76)
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Theorem 62 For Euler polynomials E,, (x) we have

n

> <T;> E;(z) (m—1)"""g" "t =

=0
m—1 . . n = 0, 1, s
m" 3 (1) En (24 3),
=0 m=1,3,...,
= (2.77)
9 m—1 i . n:(),l,...,
—aam” 20 (1)’ Byt (z+ %),
= m = 2,4,
Proof. In literature [1] it is known that
m—1 . ) n = 0, 1, s
m" 3 (1) En (24 5),
=0 m=1,3,...,
E, (mx) = (2.78)
9 m—1 . . n = O, 1, s
—agm™ 3 (=1)" Baga (z + 7).,
=0 m=2,4

and therefore, from (2.40) and (2.78), we desired result follows. m

Fourier series of Euler polynomials

Concerning Euler polynomials, for which we have

1 fori=0
E5i(0) = Ey(1) =

0 fori=1,2,...

Ei1(1) = —E2,1(0)

the Fourier expansion is the following
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inil i+l [Es(n—iy—1(1) = Ba_iy—1(0)] (20 —1)!

Eon—1( A - sin 2wkx =

e (2mk)* ! (2(n — i) — 1)!

oo n—1

4 E i 0 —1)!

=3 )42 )M(l ) 5 (2n —1) — sin 2k

s Z:o (2mk) (2(n —1) = 1)!

1
Eon(z) = 1 [E2n+1(1) — E2n41(0)] +

o) nfl
o [Eg(n—i)-1(1) = Eag—iy—1(0)] (2n)!
+ ; 2 (27rk)2(i+1) @ —i) = 1) cos 2k

_ 2 it g [P 0] (o)
— Eont1(0) + Z Z (2nh) 2+ (2(n — 1) 0! cos 2mkx.

2.5.7 Generalized Euler polynomials

From (2.73) we can write

Bi =Mz, i=0,..,n, (2.79)
where M f = M In a similar way, we can consider the weighed coefficients
BY = MYz', i=0,..,n, (2.80)

where M"Y f = w, wi,ws > 0, 1.e:

wi+wsa

(2.81)

2.6 Numerical examples

In this section we provide explicitly same classes of Appell polynomials, by using

an ad hoc Mathematica code based on the new definition.



60

By the choice of the coefficients 3; in definition (2.30) we can compute the relative
Appell polynomial
Ap(z) =co+ 1z + ... + cpa™. (2.82)
2.6.1 Bernoulli-Jacobi/Tchebichev polynomials

Placing in (2.69) o = 3 = —3 we have

C Cc1 C9 C3 Cyq Cs Ce C7r Cg
n=>0 1
n=1 -1 1
n=2 i -1 1
n=3 & 3 -1
n=4 -z : 3 -2 1
R e
SN =
=T B % BB OB ¥ f



2.6.2 Generalized Laguerre polynomials

Setting in (2.72) s = 1 we have the normalized Appel-Laguerre polynomials [6]

€o C1 C2 C3 C4 Cs Ce C7 &3] C9 C10

61



2.6.3 Generalized Euler polynomials

Placing in (2.81) wy = %,

n=20
n=1
n=2
n=3
n =4
n=>5
n==~6
n="7
n=2=8

we = = we find
Co 1 C2 c3
1
3
-8 1
3 6
%5 —3 1
33 9 9 1
125 25 5
141 132 18 12
625 125 25 5
267 141 66 6
625 125 25 5
2751 1602 423 132
3125 625 125 25
20109 19257 5607 987
15625 3125 625 125
448761 160872 77028 14952
78125 15625 3125 625

Cq

Ul

231
25

_ 1974
125

Cs

1848
125

62

Co cr cg
1
21

-4

84 24

% —5 |1
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Chapter 3

Appell interpolation problem

The algebraic approach proposed in chapter 2 allows the solution, expressed by a
determinantal form, using a basis of Appell polynomials, of a remarkable general linear

interpolation problem.

3.1 The Appell interpolation problem

Let us consider the linear space X = C"[a, b] and let P,, be the space of polynomials
of degree < n. Let Ly be a linear functional defined on P,, such that Ly(1) # 0.
Reminding the determinantal definition of Appell polynomials (2.29, 2.30) we pro-

vides now the following
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Definition 63 The sequence of polynomials defined by

A @) =
1z 2P "t z"
Bo B P Bn-1 B
0 B DA o ()2 (1B
Aﬁo(w):((ﬁ;)ll:l 0 0 By o oo (5)Bes (DBaz |» P=120 (31)
0 «ov e o0 N (") B

with B; = Lo(z%), i = 0,...,n, is called sequence of Appell polynomials related to the func-

tional Lg.

Problem 64 Let Ly be a given linear functional defined on P, such that Ly(1) # 0. For a
given set of values wp, w1, ...,w, € R there exists a unique polynomial P,(x) of degree < n
such that

=w;, 1=0,1,..n7 (3.2)

The answer is provided by the following
Theorem 65 For every choice of wg, w1, ...,wn € R the polynomial of degree < n
n
Pula) = Y widl (),
i=0

where the AiLO (x) are the Appell polynomials related to the functional Ly defined by (3.1),

is the unique solution of the interpolation problem (3.2).
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Proof. Let us define n linear functionals L;, ¢ = 1,...n on P, such that

Lo ((27)")

i!

Li(27) = i=1,.n, j=0,.,n (3.3)

By Lemma 1 and Theorem 2, the problem (3.2) possesses a unique solution if and only if

G=|Li(z")| #0, i,j=0,1,...,n (3.4)
Since,
7\ (@) ]
, fggé%lgl,: (Lo (277" j=d,i+1,..
L; (x]) = LO((ﬂ)@) , 1=1,2, ..,
Kl :LO(O):O ]IO, ,Z*l
setting
Lo(1) =B #0
Lo (27) =B;, j=1,2,.. B; € R,
we have
Bo P P2 e e Bn-1 Bn
0 Bo OB - - ("NBa2 (1)Ba
0 0 O (O P (0 W
G 50 ( 2 )ﬁ 3 (2)/8 2 _ (ﬂo)n+l~ (3'5)
0 --- e 0 Bo (nﬁl)ﬂl

By the representation theorem 21 we can calculate the solution of the interpolation problem



%)
l w1 Ll(:L'
Pn(a:):—G

(Bt

%)
XT
wo Lo

w1

w2

Wn—1

Wn

Lo(x)

L1 ($1)

"
..... Lo(z™)
..... Li(z™) | =
Ly (z")
a1 x
Bn-1 Bn

66

(3.6)

(3.7)



We expand the determinant in (3.7) by the minors of its first row

1 2!
Bo B
0 Bo
— (-1
Pn(x) = s (ﬁo)n+1 Wil 0
0
0

xi—l

Bi—1

IL‘i xi-l—l

Bi Bit1

(B2 (VB (Y5

(i—il)/gl (;J—r})@

0 Bo

(1) Bn-1

(ifl)ﬁn—i—i-l
(i11)5n—i—1

(

:ETL

fn

nT—Zl)ﬁl
Bo
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We keep on expanding the determinants in the last one by the minors of last row for n — ¢

times. Finally we obtain

1 x
Bo B
§ 0 Bo
P”“)_g“’%(ﬁ;)l")“ 00
0
ZiwiAiLo(x)-

G2

Bo

("1 Bnz (1)Bns
("3")Bn-s (3)n-2

n
n—1

) By

Theorem 66 Let Ly be a linear functional defined on X such that Lo(1) # 0. The polyno-
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mial

n (i)
Py(f,z) = ZLO(Z.{)A?’ () (3.8)
=0

is the unique element of P, that satisfy the conditions

Lo ((Pn(f,x»(i)) — Lo (f@), i=0,1,...n (3.9)

Proof. It follows by previous theorem setting

(@)
w; = LO(Z,'}'C), 1=0,1,...,n.

We can, now, provides the following

Definition 67 Let Ly be a linear functional defined on X such that Lo(1) # 0. The

polynomial

" Ly (f(i))

il

P(Lof,z) = Ao () (3.10)

i=0
is called Appell interpolation polynomial related to the function f and to the functional Lg.

3.2 The remainder

In order to estimate the difference between the function f(z) and the interpolation

polynomial P, (Lo f,x) we introduce the remainder

R, (f,x) = f(x) — Pu(Lof,x), x € [a,b] (3.11)

Observe that if f € P, the remainder identically vanishes. In fact, the following

theorem hold.
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Theorem 68 The Appell interpolation problem has degree of exactness n, i.e.:
Py(z?,z) =127 j=0,1,....,n (3.12)
Proof. By definition (67) we have
n Lo (( )('))

Pn(:Ej,$) = Z#ALO( ) =

=0
-1

Z (2) AR (2) + L, (a) ALO Z L; (27) Ao () =

i=j+1

Z( >ﬁg AP (2) + Al (),

=0
and by the recurrence formula (2.31),
Jj—1 j 1 j—1 i
)~ £ (et (550t 0) -

]

For a fixed x we may consider the remainder R, (f,x) as a linear functional which
operates on f and which annihilates all elements of P,. By Peano’s Theorem ([21, p. 69]),
if a linear functional has this property, then it must also have a simple representation in

terms of f("t1),

Theorem 69 Let f € C""!a,b], and P,(Lof,x) be the related Appell interpolation poly-

nomial, then

Va € [a,b], Ry(f,x) = f(z)— Py,(Lof,x) (3.13)

Bt = [ s Z( )ALO /;Lo (2 — 0727) £ (1) .

=0
(3.14)
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Proof. The remainder

Ro(f,x) = f(x) = Pu(Lof, ®)

is a linear functional that, by the (3.12), vanishes for polynomials degree < n. By applying

the Peano’s Theorem we have

Kot = ol 08 = (=08 - S ) o0 00

=0

and, hence,

r) = / " K () £ (1) dt =

n b
=L [ e pa- s (2) Ak [ o (o= o) 100 ) e =
i [0 e @ar S (1)) [ o (-0 £ @)
a i—0 a

3.3 Examples

In the following we provides some examples of Appell interpolation polynomials

related to a given functional.



3.3.1 The Taylor interpolation polynomial

71

Let f e C™[a,b] and Lo (f) = f (x0), o € [a,b]. Assigned 3; = Lo (27) = (z0)”,

j =0,1,... the sequence of Appell polynomials related to the functional Lg is given by

A (@) =1,
1 =z z?
1 x (QUO)2
0 1 (B

where in the last one, because of

0 0
1 Zo
0 1
d n
o (A (@) = (1)
0

= (z — )",

(o)’ (o)™ (20)"
() (o) (") (o)™ ? (1) (zo)" "
1 R <n ; 1) (:L‘O)n_l_i <7Z> (l‘o)n_i
0 1 (nﬁl)xo
i=1,...,n—1, (3.16)
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it is clear that ALo(x) and its derivatives to order n — 1 vanish in xg. Therefore, z¢ is
a zero of multiplicity n for the polynomial AZo(z) of degree n. Moreover, expanding the
determinant by the minors of its first row we have that the leading coefficient is precisely 1
and, finally, AL (2) = (z — zo)™.

Reminding that Lg (f(i)) = 1@ (x9), ¢ =1,...n, the Appell interpolation poly-

nomial related to the function f is

" f@) (g .
Th0) = S o 3.17)

i=0
known as Taylor polynomial centered at xzg.

The remainder

Theorem 70 Let f € C"*La,b], then Vx € [a,b]

1 /n . [T ;
Rn(f,z) = f(z) = To(f7) = —— @—=zo)' [ (wo— )" I (0)de (3.18)

!

Proof. By Peano’s Theorem,

Ro(f,2) = / " K (1) 5O (1) (3.19)
where
Ko (2,1) = %Rn ()], (3.20)
because of
) | —t n—i
(o -ty =5 ((Z — Z.)!* (3.21)
we have
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To fix ideas, set = < xg,

Rat.) = [ Koo ) 5070 (0t = 3.2
b n b

i [ @ a5 ()= [ a0 ) e =
a " i=0 e

(3.23)

x

_ % (@ — )" FD) (¢ dt — 1 Z ( ) &~ o) /:(m — ) D) (4 g —

a

(3.24)

a2 (”) @—ao)t [ (oo — 00 1) (3.25)
- :

n! 4 7
17

and from the exactness, we have

o=y (“) (20 — )" (z — wp)’

=0

from which the thesis follows. m

Corollary 71 ([1]) Let f € C"*[a,b], then Yx € [a,b]

f(n+1)(€) (x _ $0)n+1
(n+1)! ’

§ S [ZL‘, $0]

Ro(f,x) = f(z) = Tu(f,x) =

Proof. Because of (zg —t) > 0 in the interval (x,z) we have

Ro(f,z) = —— y <7><x—xo)if<”+l><£> / " (w0 — 1yt =
< .

" nl4 1
1=

n n—i+1 (.’E " )TL*H’I

1 n (=1 —
Z—Mf(”“)(S)Z(Z.)(w—xo)l( folon)

=0

?’L 7

1
_ = (n+1) o n+1
n!f Z( )n—z—i—l

From

"\ (—1)" 1
: i)n—i+1 n+1
=0



finally,
_ U (= o)™ !
[
3.3.2 The Bernoulli interpolation polynomial
Let fe C™[0,1] and Lo (f fo ) dz. Setting 8; = Lo (27) =

1
I
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i=0,1,..

the Appell polynomials related to the functional Lg coincide with the Bernoulli polynomials

B;(z). From Lo (f ) = f0=D (1) — f=D(0) , i = 1,..n, the Bernoulli interpolation

polynomial related to the function f is

! N pi—1) (1) _ £(i-1)
2) :/ fayde+ S W T O g o
0 i=1

The remainder

Theorem 72 Let f € C"1[0,1], then Vz € [0, 1]

f(x) = Bu(f,x n,zn_zﬂ()/c; (z, ) fH D () dt

where
(_1)n7itn7i+1 0 <t<zx
Gi(x,t) =
—(1 =ty <t <1
Proof. By Peano’s Theorem,
1
:/ FOD () K (t)dt
0
with

K(1) = R [ — 1)1,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Because of
S tz.),ﬁ)(i_l) = _(E)Jr (= )y (3.31)
we have
K(t) = 5 Bo (e~ 1)) = (3.32)
= syl = [ B (oo -

_ p\n+l n (o n ) .
= it == e S B (i o) )

1=

that is

1 - & B .

] [(w— )"—( n+)1 - n_zgil(?)(l—t)““ se 0<t<uz
Kit)={ =t

— P
_i _(1 )" B Bi(z) [n (1— it o r<t<l
n! n+1 Z:111—z'+1 ) - =
(3.34)

Since, moreover,

1+ 1\1

1 " Biz) /n . ,
@t = [ trde e Y2 (M - oy gt -
=1

_ (1 _ t)n7i+1 N (_t)n7i+1 + ;n?lggﬁ : <7Z’> [(1 B t)n7i+1 _ (_t)’n*i+1] _

n
1=0

and, replacing the last one in the (3.34), we have

;vzn:r% <?Z> (1)) se O<t<w
K=y | & (3.35)

1<~ Bi(z) [n ,
7 T\ 1_tn71+1 <t<1
n!;n—i—i—l 7 I ) ) TS tS

from which the thesis follows. m
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3.3.3 The Bernoulli generalized interpolation polynomial

Let f e C™[0,1], w(z) be a general weight function and L (f) = fol w(z)f (z)dz.
Setting 3}’ = Ly (:cj ) , 7 =0,1,... the Appell polynomials related to the functional L§ coin-
cide with the Bernoulli generalized polynomials B () . Since L§ (f (i)) = fol w(z) D (z) de,

i =1, ...n, the Bernoulli generalized interpolation polynomial related to the function f is

BY(f, ) Z !Bw /0 (2)fD () de = (3.36)
:/lw(x)f(:n) dx+ZlB.w (z) /lw(x)f@‘) (z) dz (3.37)
0 il 0 '

The remainder
Theorem 73 Let f € C""10,1], then Vx € [0,1]

Ru(f,2)= f(x) — BY(f.x) / S0 ¢

:% (/Ol(x_t D) () g Z ‘Bw /01 (/Olw(w) ((z—ty)? dx) f(n+1)(t)dt) =
:% </Ox Y Z !Bw /01 (/Olw(x)%dx) f("+1)(t)dt> —
:% (/OI (2 — )" fOD (1)t — i(?) BY (z) /01 </01 w(z)(z — t)?:%l:n) f(n+1)(t)dt> .

=0
Consider, for example, w(z) = # We have
z(1—x)
wip oy NABE@) P 0@
BY(f,x) = Z; Tl Myt (3.38)
[ @ "B%”(x) LION
_/o x(l—x)dx+; i o) (3.39)

and, hence,
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3.3.4 The Euler interpolation polynomial

0 1
Let f e C™[0,1] and Lo (f) = f()—;f() Setting By = Lo(1) = 1, B; =
Lg (a:j ) = %, j =0,1,... the Appell polynomials related to the functional Ly coincide with
, (4) (@) (1
the Euler polynomials E; (). Reminding that Ly (f(l)) = ) ; LA ), i=1,..n,

the Euler interpolation polynomial related to the function f is

nor@) (@
By = 3 OO g ) (3.40)
=0
SO+ S0+ 90
= Z; o E; (z) (3.41)

The remainder

Theorem 74 Let f € C"1[0,1], then Vz € [0, 1]

no 1
1)~ Bl = 5 3200 (1) [ Gt oy (3.42)
"i=0
where
(=) 4t 0<t<ux
Gili ) = (3.43)
—(1—-t)"" z<t<1
Proof. By Peano’s Theorem,
1
Rn(f,z) = f(z) — En(f,x) = ; FOV(@) K (¢t
with
1
K(t) = man [(x —t)7]. (3.44)
Because of

(@ =tH® = ———F— (3.45)



we have
1
K(t) = ﬁRnl[(x 6] =
R NS ¥ 1 G L Ol SN Ll G
n![( D+ g 2i! [ (n —1)! (n —1)! I
= e =0 = 3m@g ()l - 0+ o)
i=0
that is
ol [(m —t)" - ZEL(«T); <TZL> (1- t)"_Z] se 0<t<z
)= 1 & 11:73 .
_W;Ez(xh(i)(l—t)”_z se z<t<l1

Reminding that
and, moreover,
we have

(e —1)" ZE ()1—t>“+<—t>"-i1:

n

= ;Ei(ﬂf)2 <Z> (1—t)""+ ZEi(:L‘)% (?) (—t)" .

=0

Replacing the last one in the (3.47) we obtain

1 — 1 o
EZsz (n) 1)t se 0<t<uz
ZE ()1—75) “oge z<t<1

from which the thesis follows. m

K(t) =

78

(3.46)

(3.47)

(3.48)
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3.3.5 The Euler generalized interpolation polynomial

> wef (£)

Let f e C"[0,1 and LY (f) = =0 wy € R, wy, > 0. Setting ¥ =
> Wk
k=0
> wi (3)
Ly (1) =1, 5“’ = (atj) = k:()ni? j = 0,1,... the Appell polynomials related
> Wk
k=0

to the functional LY coincide with the Euler generalized polynomials E¥ (z). Reminding
n .
s
that LY ( f (Z)) = k:on—’ i1 =1,...n, the Euler generalized interpolation polynomial

> W

related to the function fis

Ey(f,o) =) =B (x) (3.49)
i=0 il Y wy
k=0
1 0 ,
In particular, for n =1 we have Ly (f) = wif (wi iZif( ) and 3} = Ly (mj) =
111 ,7=0,1,.... The Appell polynomials related to the functional L§ coincide with the
w1 w9

w f@ (1) + wa f@ (0)

Euler generalized polynomials £ (z). Reminding that L{ ( f (i)) = n
w1 w9

i =1, ...n, the Euler generalized interpolation polynomial related to the function f is

"ot £ wo £
E}f(f,x) _ Z 1f (1) + wa f (O) Ew (.TU) (3'50)

i—0 (wl + 'wg) 7! t

The remainder

Theorem 75 Let f € C"1[0,1], then Vx € [0,1],

f(z) — ER(f, ) ,Z w1+w2 ( >/ G¥ (x,t) f D () dt (3.51)



where
—t)"" 0<t<z
G (e.t) =
—1—-t) z<t<1
Proof. By Peano’s Theorem,
1
Rulf.a) = @)= B2(Fa) = [ 00K eya
with
1
K () = — R [(z = )]
Because of
! t)nt
(- = =0
we have
1 n
K(t) = mRnT[(x ] =
1 n o EP() wmnl( -6 wend(—t)1
= il =i - ;(wl +wg)il'  (n—i)! * (n—1i)! =
1 " 1 —1 n—i
= ﬁ[(x -t — ;E}”(x) (w1 + ws) (7;) [wi (1 =) 4+ wa (=)
that is
1 n S w w1 n n—i
~ [(m—t) —ZE (x)(w1+w2)<i>(1—t) ] se 0<t<um
Ko=4 "t
w wl n n—
_ng (z (w1+w2)<z>(1_t) se r<t<l1

80

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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and, moreover,

Y Ef @)Ly ((z —t)") = By ((z — )" 2) = (x — )"
1=0

we have
(x—t)" ZEW o +w2)(.)[(1 — )" (—t) ] =

=S mrmgts (Ha-ore S g (Ve

Replacing the last one in the (3.57) we obtain

nz ﬁ?(—t)”*i se 0<t<ux
K(t) = | L 2)< ) (3.58)

1 )
- Ezw(x)w1)<n)(1—t)”l se r<t<l1
n!

=0

from which the thesis follows. m

3.3.6 The Hermite normalized interpolation polynomial

Let f € C"(R) and Lo (f) = ﬁfj;o e f (z)dz. Setting B; = Lo (a7),
j = 0,1,... the Appell polynomials related to the functional Lg coincide with the Her-
mite normalized polynomials H; (z) . Since Lg (f( )= \f f+oo 2 0 () dx, i=1,..n,
the Hermite normalized interpolation polynomial related to the function f is

n +o0

H(f) = =3 1i ) [ 0 ) da (3.59)
i=0 -
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The remainder
Theorem 76 Let f € C"1 (R), then Vz € R,

Ry(f,x)= f(z) — BY(f,2) =[O @) K (t)dt =

_ o) n g(n Z S 0o g2 n (@) n _
b (1= s O & S ) [T (e (- 0n) O o) 04 0y ) =

:‘,_.

oo n n [¢e) o0 —gx n!(zx—t n—i n
<f+ — )" FD (- Y L H, () [ <f_+ooe 2((71_3;!6@) Il +1)(t)dt> -

3.3.7 The Hermite generalized interpolation polynomial

Let f e C"(R), « > 0 and Ly (f) = ﬁfj;o e 171" f (x) da.  Setting By =
L§ (a:j), j = 0,1,... the Appell polynomials related to the functional L{ coincide with
the Hermite generalized polynomials H!” (x). Since Ly (f(i)) = ﬁ fj;o e~ 1217 £O) (2) dx

i =1,...n, the Hermite generalized interpolation polynomial related to the function f is
Tl 400
—|T 7
fa WZ“ /_oo 11 ) () da (3.60)
The remainder
Theorem 77 Let f € C"1 (R), then Vz € R,

R,(f,x) = f(z) = BY(f,2) = [T () K(t)dt =

= (ff;"(x PO Ot S L (@) [T (JE3 T (2 - 1)) ) f<”+1><t>dt) =

3‘»—!

00 n n i w 00 o0 fxa"!x_tnii n
= (= o g S h e @) 13 (e e e ) s yar) =

=4 <ffoo(a: — 1) D) (1) g — 1”%()(?) () [ (fj;oef\xl“(x _ t)’f%x) f(nJrl)(t)dt) ,
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3.3.8 The Laguerre generalized interpolation polynomial

Let fe C"(RY), s> 0and LY (f) = [;" e f (v) dx. Setting By =Ly (¢7),
j =0,1,... the Appell polynomials related to the functional L§ coincide with the Laguerre
generalized polynomials La}’ (x). Since Ly (f(i)) = f0+°° e f0) () dx, i = 1,..n, the
Laguerre generalized interpolation polynomial related to the function f is
n 1 400 ‘
Lay(f,x) =Y =La¥ (x) / e O (z) da (3.61)
i—0 1. 0
The remainder
Theorem 78 Let f € C"1 (RT), then Vz € [0, +00),
Ro(f, )= f(x) = By (f,x) =g f" D () K (t)dt =
:% < 0+oo(x N t)r_:_f(n+1)(t)dt— ;}%La;" (.%') O+oo (fOJrooe—sx ((.%' _ t)r_:_)(l) d.%’) f(n+1)(t)dt> _
o] n p(n - w o] oo —ggni(z—t e n
=1 < 00 (g gy £ +1>(t)dt—szai (@) [ ( oo de) £ +1)(t)dt> -

= (ff(x - t)”f“*”(t)dt—zi) (1) Lap (@) Jy (fo e (@ — 1)y dx) f(”“)(t)dt) .

3.4 Numerical examples

Now we consider certain interpolation test problems and report the numerical
results obtained by using an ad hoc ”Mathematica” code. In particular, we compare the
error committed approximating a given function with the interpolation Appell polynomials

studied in the previous section.

Example 79 Let us consider the function

fl@)=Ves, zelo1]. (3.62)
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(a) Bernoulli interpolation (b) Euler interpolation (¢) Hermite interpolation

Figure 3.1: Interpolation error of function (3.62).

The error in the interpolation of the function (3.62) is plotted in Figure 3.1.

In the case of Bernoulli interpolation (solid line) and Bernoulli generalized inter-
polation with a = 3 = —% (dashed line) we obtain an error less than or equal to the requested
tolerance € = 107° for n = 4. To obtain an error of the same order with Euler interpolation
(solid line) and Euler generalized interpolation with w; = %, Wy = % (dashed line) we need
an interpolation polynomial of degree n = 5. In the case of Hermite interpolation (solid line)
and Hermite generalized interpolation with oo = 3 (dashed line) we obtain an error less than

or equal to the same requested tolerance, respectively, for n =6 and n = 5.

Example 80 Let be

f(z) =In(z* +10), =z €[0,1]. (3.63)

The error in the interpolation of the function (3.63) is plotted in Figure 3.2.

In the case of Bernoulli interpolation (solid line) and Bernoulli generalized in-
terpolation with a = (8 = —% (dashed line) we obtain an error less than or equal to the
requested tolerance € = 10™% for n = 4. To obtain an error of the same order with Euler

interpolation (solid line) and Euler generalized interpolation with wy = 10, we = % (dashed
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(¢) Laguerre interpolation

Figure 3.2: Interpolation error of function (3.63).
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(c) Hermite interpolation

Figure 3.3: Interpolation error of function (3.64).
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line) we need an interpolation polynomial, respectively, of degree n =7 and n = 5. In the

case of Laguerre generalized interpolation with s = 3 (solid line) we obtain an error less

than or equal to the same requested tolerance for n = 6.

Example 81 Let be

The error in the interpolation of the function (3.64) is plotted in Figure 3.3.

f(z) =10cos(z) + 10

sin?(x)

, x€][0,1].

(3.64)

In the case of Bernoulli interpolation (solid line) and Bernoulli generalized inter-

polation with o = —%,ﬁ = 1 (dashed line) we obtain an error less than or equal to the

requested tolerance € = 10™* for n = 6. To obtain an error of the same order with Euler
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interpolation (solid line) and Euler generalized interpolation with wy = 1, we = ﬁ (dashed
line) we need an interpolation polynomial, respectively, of degree n = 13 and n = 6. In
the case of Hermite interpolation (solid line) and Hermite generalized interpolation with
a =4 (dashed line) we obtain an error less than or equal to the same requested tolerance,

respectively, for n =10 and n = 6.
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Chapter 4

Bernoulli, Lidstone and Fourier
series for real entire functions of

exponential type

In this chapter we consider the series expansion of the interpolation Bernoulli
polynomaial in order to investigate its convergence. In this analysis we also take into account
the Lidstone ([6]) and Lidstone of second type ([13]) series expansions since they have

interesting analogies with Bernoulli series.

4.1 Introduction

A problem of fundamental interest in classical analysis is to study the representabil-
ity of analytic function f(z) as a series Y ¢,pn(z) where {p,} is a prescribed sequence of

functions, and the connections between the function f and the coefficients {¢,}. There is
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a wide literature on the subject: see [6], [11], [25], [26], [27], and references therein. Now
we will prove that the Bernoulli, Lidstone ([6]) and Lidstone of second type ([13]) series

coincide with the Fourier series, for real entire functions of exponential type.

4.2 Preliminary and known results

The Bernoulli polynomials {B,,(x)} can be expanded in the Fourier series in [0, 1]

(2.63, 2.65):

2(2n — 1)! X sin 27ka

Bop_1 (z) = (-1)" G et 1> L (4.1)
k=1
2 2n cos 27Tk:x
Boy (z) = (=1)"7! Z n> 1. (4.2)
k=

As we shall always deal with functions defined in [0, 1], in all the sequel we will
simply say ”uniformly” instead of ”uniformly in [0, 1]”.
The two following theorems can be found in ([6, p. 29]) and in [6, p. 14] respec-

tively. These theorems involve entire functions f in C of exponential type 7, i. e.:
|f(z)| < Ce™l, for each z € C (4.3)
where C' > 0 and 7 > 0 are two constants.

Theorem 82 (Bernoulli series) Any entire function of exponential type less than 2w has

the convergent expansion

0= [ s@is+ 3 [0 - o] P40 e @
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Parallel there are the Lidstone polynomials introduced in ([38]) by

Ao () =,
o () (45)

= [} Gy (z,t)tdt, n>1,

where

(x—1t, 0<t<ax<l,
G (z,t) = (4.6)

(t—1)z, 0<z<t<l1,

1
Gy (x,t) = /0 Gi(z,t) Gpo1 (y,t)dy, n=2,.. (4.7)

Other definitions are possible ([19]) but here we prefer the expansion ([52], [51])

sinhat t2n
sinhz Z An (@) (48)
n=1
where the series converges uniformly. There is also the Fourier expansion ([52], [51])
9 )k+1
Ay (z) = (=1)" T Z ot sinkrz, n>1, (4.9)

uniformly.

Theorem 83 (Lidstone first type series) Any entire function f(x) of exponential type

less than m has a convergent Lidstone representation

flz) = Zﬂ%( n(1— 1) +Zf2" An(z), Vze[0,1], (4.10)

n=0

Recently a new class of polynomials, called Lidstone polynomials of second type,

was introduced in ([13]) by means of the recursion formulae:

/

vl(x) =vp-1(z), n>1, (4.11)
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For these polynomials it has been proved in ([13]) that

2n T
on (2) = én)!B% (1; ) (4.12)

then applying (4.2) we get the Fourier expansion

0\
o) = (-1t 23 O
k=1

cos mkx. (4.13)
Using the same method as in ([13]) it is possible to prove the following theorem:

Theorem 84 (Lidstone second type series) Any real entire function f(x) of exponen-

tial type less than w has the absolutely and uniformly convergent expansion

1 oo
fla) = [ fa@de+ 3 [0 W) = DO = )] @14)
n=1

4.3 Equivalence of Bernoulli and Lidstone series with Fourier

series

In order to make our results independent of the theory of entire functions of ex-

ponential type we may introduce the class of functions denoted by M (h), h > 0, as follows:

Definition 85 A real entire function f(x) belongs to the class M(h), h > 0 if there exists

a positive number p < h such that
FM0) =0@"), n— oo (4.15)
Concerning this class of functions we have the following result:

Lemma 86 (/51]) If f(x) belongs to M (h) then there exists a positive number p < h such
that

M@y =0@"), Vzelo1]. (4.16)
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We note explicitly that if f(z) belongs to the class M (h) then it is of exponential
type less than h.

Then we have the following theorem:

Theorem 87 If f(x) belongs to M(2m) we have

/ f(z)dz + Zak cos 2mkx + Zbk sin2rkz, Vax € 0,1], (4.17)
k=1 k=1
where
ar = Qi (_1)n—1 |:f(2n—1)(1) - f(2n—1)(0)] (4 18)
© T T L (2kmy2n ’ '
= - n— n—
=23 et 120 - 1 0)]. (419)

Proof. We set
AfF = B 1)y - B 0), k=o0,1,..
If f(z) belongs to M (27) by theorem 1 we have

/ flx dm—i—ZB

Af(?n 1) o0 Af(2n 2)
/f dx—i—ZBgn +ZB%1 T Vo € [0,1].

nl)

Then, replacing into the last one the Bernoulli polynomials with their Fourier expansion
(4.1 and 4.2), after a few calculations and exchanging the order of summation we obtain
(4.17), (4.18), and (4.19). m

It is known that the Fourier series of f(x) in [0, 1] is given by

flz) = % + ; ay, cos 2rkx + ; by, sin 27k (4.20)
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where

1
ap = 2/0 f(x)dx, (4.21)

a = 2[01 f(z) cos 2mkxdz,
k> 1. (4.22)
b =2 fol f(z) sin 2rkxdz,
It follows, from the uniqueness of representation by trigonometric series ([53, p.

272]), that (4.17) must be the Fourier series of f(z); therefore we have, also, the equalities

_lnl

f01 f(x) cos 2rkadr = Z (ka Yoz [fer=0(1) — fCn=D(0)],
k>, (4.23)

fol f(z)sin 2rkxdx = Z (%WIQ): 3 [f(2"72)(1) - f(2n72)(0)] )
from which we obtain the equivalence between the Fourier series and Bernoulli series for
function of the class M (2m).

For Lidstone series we have, instead, the following result:
Theorem 88 If f(x) belongs to M(w) and f(1) =0 = f(0) then
(o)
= bysinkrz, Vxe[0,1] (4.24)

with

by =2 2) (k(;)l;:;l [f@”) (0) + (—1)"** f<2”>(1)} , k=1,2, ... (4.25)

Proof. If f(z) belongs to M(7) it is known (4.10) that
F(@) =3 [/ O hn(1 = @) + V(1) An(2)]
n=0

and that the series converges uniformly. After some calculations and applying (4.9), we

have (4.24) with (4.25). =
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From the uniqueness of representation by trigonometric series, (4.24) must be the

Fourier series in only sin of f(x) and therefore we have also
1 0 _1\n
/ f(x)sinwhade =3 (71231“ [ FCM(0) 4 (—1)kH! f<2n>(1)} . (4.26)
0 =0 (k)
Similarly we have
Theorem 89 If f(x) belongs to M (m) then
f(z) = Zak coskrz, V€ [0,1] (4.27)
k=0
with
1
ap —/ f(z)dz, (4.28)
0
—9 o () Cn=1 1) (=1)k — =1 k=12 4.29
=23 O [ () - fV0) k=12 @)
n=1
Proof. If f(z) belongs to M (m) by theorem 3 we have
1 oo
flz) = /0 fla)yds + ) [ FE D Doy (x) — FED(0)up(1 — 2) |, (4.30)
n=1

uniformly. Then, replacing into the last one the Lidstone polynomials of second type with
their Fourier expansion (4.13), after a few calculations and exchanging the order of sum-
mation we obtain (4.27) with (4.28) and (4.29). =

It follows, from the uniqueness of representation by trigonometric series, that (4.24)

must be the Fourier series of f(z) in only cos and therefore

' o~ (D" T n k 2n—1
/0 f(z) coskraxdr = Z — [f( )(1) (—1)F — ¢ )(0)} . (4.31)

n=1 (kﬂ-)zn
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Remark 90 We note explicitly that we can prove the theorems 1, 2, 3 by integration by
part of the coefficients of the Fourier series and applying the Fourier series of Bernoulli,
Lidstone and Lidstone of second type polynomials. That gives a proof by elementary tools
of convergence of Bernoulli and Lidstone series and, to the authors’ knowledge, a more

elementary proof is not available in the literature. In this form all this is presented in [17].
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Chapter 5

A Birkhoff interpolation problem

In this chapter we introduce a new interpolation problem of Birkhoff kind and we
provide the explicit solution of it with estimation error. Moreover we study the convergence
of the method. This problem is the basis for a new general collocation method for a BVP that
we will expose in chapter 6. Furthermore, it allows us to define a new class of quadrature

formulae, called of Birkhoff and Gauss-Birkhoff type.

5.1 Introduction

Interpolation theory is concerned with reconstructing functions on the basis of
certain functional information assumed known. Now if f is a real function defined in the
interval [—1, 1] and twice differentiable on the distinct and fixed points x; € (—1,1) i =

1,....,n—1, n > 1 we consider the functional information

F(=1), fa)i=1,...n—1, f(1) (5.1)

and we will reconstruct the function f.
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The interpolatory problem with data (5.1) is a Birkhoff interpolation problem, in

fact, if

—l=xp<z1<..<xp_1 <2p =1,

we search the polynomial of degree < n, P,(z), such that

P.(=1) = f(-1), Pl(z;) = f"(z;) i=1,...,n—1, P,(1) = f(1)

(5.3)

and this is the Birkhoff interpolation problem with incidence matrix ([40]) E = {e;;}

1,7 =0,...,n defined by

€0 =¢€no=1=¢2, ,i=1,..,n—1

and e; ; = 0 for all the other indexes 4, j.

(5.4)

It is possible show that the incidence matrix E defined by (5.4) is regular and

therefore the interpolatory problem (5.3) has a solution for all values of f(£1), f"(x;) i =

1,...,n — 1, but in the following we give a constructive and direct study for (5.3).

5.2 The solution

The interpolation problem (5.3) can be generalized, in fact:

let w; € R ¢=0,...,n and
—l=xp<z1<..<xp_1 <2y =1,
we search a polynomial P, (x) of degree < n such that
Py(x0) =wo, Pl(z;)=w; i=1,...n—1, Py(x,) = wp,

then we have the following
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Theorem 91 ([14]) Let l;(x) be the fundamental polynomials of Lagrange calculated on

then—1 pointsxz; i=1,....n—1 and

1
Pni(x) = / Gz, t);(t)dt i=1,...,n—1 (5.7)
-1
where
(t+1)2(3:—1) L <
G(z,t) = (5.8)
@D oy
then the polynomial
W + W Wy — W i
n 0 n — w0
Po(z) = =" —+ = —a+ Z; Pri(T)wi (5.9)

is the unique polynomial of degree < n which satisfies the interpolation problem (5.6).

Proof. Observing that p, ;(x) is the solution of the boundary value problem

Ppi(x) = li(x)
’ i=1,..,n—1, (5.10)
Pn,i(£1) =0
the polynomial (5.9) satisfies the interpolatory conditions (5.6). For the proof of the unique-

ness we suppose that there is a polynomial P,, of degree < n such that P,, # P, and satisfies

the interpolation conditions i. e.:

Po(z0) =wo, Po(z)) =w; i=1,.,n—1, Pplzn) = wn. 5.11
n

Let consider the function

We know that

n
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¢! (x) is a polynomial of degree < n — 2 and it vanishes at n — 1 distinct points, therefore

"x)=0 (5.12)
from which we have
o (x)=c, ceR. (5.13)
Now, we can observe that
Gn(£1) =0

and by the Rolle’s theorem there is a point £ € (—1, 1) for which

P (&) = 0.

From the (5.13) and the last one we obtain

() = 0.
Therefore we have

¢n(2) = ¢,
and from ¢, (£1) = 0, we obtain

$n(r) =0

That is in contrast with the hypothesis P, # P,. m

Remark 92 Let Q,—2(x) be the interpolation polynomial

n—1
Qn—2(x) = Z li(z)wi, (5.14)
i=1

the polynomial (5.9) can be written in the form

_ 1
Py(z) =" ;“O +on . “0r / G0 Qua(t)dh (5.15)
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We can give an alternative representation of polynomials basis py, ;(z), in fact the

following theorem holds:

Theorem 93 With the notation already introduced we have

1 z 2 23 "
1 -1 1 -1 (="
1 1 1 1 1
0 0 2 6z --- nn—1)(x)" 2
-1 | . . .
pm(a:) = { G) : : : )
(5.16)
0 0 2 6z n(n—1) (z;_1)" 2
0 0 2 6$i+1 s n(n - 1) (.’Ei+1)ni2
0 0 2 6z, n(n—1) (xp_1)" 2
1=1,...n—1
with
n—1
G =2xnl(n— 1) ] (i — ;). (5.17)
=

Proof. Let be Ly, L1, ..., L,, n+1 linear functionals on the space P,, of polynomials

of degree < n, defined as follows:

Lo(p) = p(zo), Li(p) =p"(zi) i=1...n=1 Ln(p) = p(zn). (5.18)

The functionals Lo, L1, ..., L,, are linear independent in P} iff G = |L](ZL‘2)‘ #0, i, =

0,1,...,n [21, p. 26].
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From (5.18) we have

1 -1 1 -1 .. (—1)n-t (—1)"

1 1 1 1 1 1

0 0 2 6z1 .. (n=Dm=2)E)"* nmn-—1) ()" >

G = =

0 0 2 6xp_2 (n—1)(n—2)(xp—2)""" nn-—1)(x,—2)""

0 0 2 6z, (n—1)(n—2) (2n_1)""> n(n—1)(x,_1)" >
n—1

=2xnln—1)"| | (zi—z;) #0
i=1
1>]
Let be wo,w1, ...,wn—1,wn € R, from a known theorem of representation [21, p. 27|, with

the hypothesis G # 0, the polynomial

1ozt a? a3 ok

ot ("

1 1 1 1 1

0 0 2 6x;1 .. nn-1) ($1)n_2
) = S sy . 7 Y

i=1

0 0 2 6xi1 ... nn—1) (xi_l)n—Q

0 0 2 6xiyr ... n(n—1) ($i+1)”_2

0 0 2 6xp_1 .. n(n—1) ($n71)n_2

(5.19)
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is the unique element of P, that satisfies the interpolation conditions

LQ(Pn) = wo, Ll(Pn) = W 1= 1, ey — 1, Ln(Pn) = Wn. (520)

From the uniqueness of the solution of the problem (5.20) that is, from the definition (5.18),

equivalent to the problem (5.6), we have the result. m

5.3 The remainder

We suppose, now, that

wo = f(=1), wi=f"(x;) i=1,...,n—1, w, = f(1) (5.21)

for a real function f defined and twice differentiable in [1, 1]. Then the polynomial

n—1
pia) = TWHICN IO ICD, 57 ) ey (522)
i=1

is the unique polynomial of degree < n that satisfies the interpolation conditions
Palf, 1] = f(=1), Bl 2] = f"(zi) i=1,...n—1, P[f,1] = f(1). (5.23)
Therefore for z € (—1,1) we are interested to the remainder
Rulf. 2] = f(2) — Pulf, 2] (5.24)
We have the following

Theorem 94 Let Q,—o[f",x] be the interpolation polynomial of f"(x) in the fized points

x; i=1,...,n—1 and T,[f", 2] the remainder in a fized point z, then we have

1
Ry[f, 7] = /_1 G(z, )T, [f", t)dt (5.25)

where G(x,t) is defined in (5.8).
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Proof. The following identity holds:

— _ _ 1
f(x):f(l) +2f( 1)+f(1) 2f( 1)a:+/ G(x,t) f"(t)dt (5.26)
-1

moreover, from definition we have that

n—1
Qnoalf" 2] = li@) " () (5.27)
=1
and
f'(x) = Qualf’, o] + Tl f", z]. (5.28)

Putting that in (5.26) we have the result. m

Remark 95 Let f(x) € C?[—1,1] and suppose that fV)(z) exists at each point of (—1,1).

In the hypothesis (5.2) we have

1 —T1)...\l — Tp—
Ralr A= [ G e @ (529)

Proof. It is known [21, p. 6] that

(z—x1)e(2 —xp_1)
(n—1)!

T,[f", 2] = o (€) (5.30)

where min(z,x1,...,xp-1) < & < max(z,z1,...,2,—1), i.e. the point £, depends upon

2,21, ..., Tn—1 and f”. The result follows from (5.25) and (5.30). =

Remark 96 (Exactness) The interpolation polynomial (5.22) has degree of exactness n,
1.e:

Rulz*,2] =0 k=0,..,n (5.31)

Proof. It follows from (5.29). m



103

Remark 97 With the notation already introduced the following identity holds:

1 n—1 t
Rulf, 2] = (niz), / 1 G(z,t) [Z; 1;(t) /m i(a:i — 5)" 2 (5)ds | dt. (5.32)

Proof. It is known [21, p. 72] that

n—1

T = gy ) [ (oo g (5.33)

The result follows from (5.25) and (5.33). =

Theorem 98 (Bounds) Let |f("+1)(;1:)‘ < M, then the following bound for the remainder
holds:

. |(t —21)..(t — 2p1)]dt < n—1) .

M 1 on—1pp,
= / = (5.34)

|Rn[f,z]| < m

Proof. From (5.29) we have

1 —x1)... — Lp_
\Rn[f,xn—'/_ Gl "1)f<"+1><st>dt's

(n—1)!
: —x1)e(t — T
S/l G(m’,t)(t 1& _(tl)! n 1)f(n+1) ) dt =
: —x1)(t — Ty
:/_llG($,t)| (t 1& _(tl)! 1) ‘f(n-i-l) (ﬁt)‘dtg
1 -
< gy ] 6=t < T

Remark 99 For the convergence of P,[f, x| to f(x), with standard techniques, analogous
results to that ones obtained for Lagrange interpolation can be proven. In particular, the

convergence in mean holds.
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If the interpolation nodes are zeros of orthogonal polynomials with respect to the

weight function w(t) on the interval (a,b) we have that the relation

b
lim | w(t) {Palf.t] — fF()}2dt — 0

—
n—oo a

holds for every function f € C?[a,b].

5.4 Examples

In order to calculate the polynomial (5.9) or (5.22) we can use the determinantal
form (5.16) of the polynomials p,;(x) and generate them by an ad hoc "Mathematica”

code.

Remark 100 In addition to the definition (5.7) and (5.16) we can express the polynomials
Pn,i(x) in the form
n
o) =Y ¢ am (5.35)
j=0
The coefficients c;” can be obtained from (1.6) by double integration of the l;(x) and the
coefficients a?’i of the polynomials l;(x) can be calculated with recursion using the known
values of the sums Sg’i =af+. .42l ol + .42k k=1,..,n—2. The relation
between the coefficients a?’i and the sums SZ’i are known as Newton’s Identities ([50]). With

the notation until now introduced we have

= A — ~, j=0,...,n—2, 5.36
! (n—j)(n—1-7) (539
A 12 ‘
== ¢ - (=" (5.37)
j=0
' 1 n—2 ) ]
' = =5 > L (-1 (539)
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where
A o (5.39)
= — .
(; wj)
j=1
J#i
and
apdt =1, (5.40)
j—1 )
Sj + Z Sj_kaZ’Z
't = — ’“:1], . j=1,..n-2 (5.41)

This algorithm can be implemented in a symbolic language. For example, a ”Math-
ematica” code is reported in Appendix A.

Now, we consider equidistant nodes and Chebyshev of second kind nodes.
5.4.1 Equidistant nodes
Let us consider n — 1 equidistant nodes in the interval [—1, 1] defined as follows
ri=—1+— i=1,..n—1. (5.42)
n

The polynomials py, ;(x), i =1,...,n — 1, for n = 2, ..., 8 on the set of nodes (5.42)
can be calculated using the ” Mathematica” code reported in Appendix A.

For this set of nodes the following bound for the remainder holds:
Theorem 101 Let | f"+(z)| < M, then

(Ralf, ]l < M, (2)n1 | (5.43)

n

Proof. Let define

Up—1(x) = (x — x1)...(x — 1), (5.44)
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it’s known ([44]) that

U1 (2)] < <2>n_1 (n—1),, for —1<az<l. (5.45)

n

Therefore, the result follows from the last one and theorem 98. m

5.4.2 Chebyshev of second kind nodes

Let us consider the zeros of the Chebyshev polynomials of the second kind of

degree n — 1 in the interval [—1, 1] defined as follows

v =cos(~m), i=1,.,n—1 (5.46)
mn

For this set of nodes the polynomials py, ;(x) defined in (5.7) or equivalently in (5.16) can

be written in the form ([18])

pm(x) = —sin %Z 2 kkfﬁf) sin %Z + ($2 —1)sin %Z ) (5.47)
where
Tey1(x)  T-a(w) iy evenk
Gi(z) = - 5.48
A S S (5-48)
@ oddk
and Ty (z) are the Chebyshev polynomials of first kind of degree k.
In fact, as proven in [18], it results that
Pri() =gy 4,5 =1,.,n =1, (5.49)
and then
p'/r;,z($) :ll(m)? 1= 1a"'an_17 (550)

where [;(x) is the elementary polynomials of Lagrange on the nodes xy, ..., 2p_1.

For this set of nodes the following bound for the remainder holds:
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Theorem 102 Let | f"+(z)| < M, then

M,

n 9 S . . 1
Proof. Let define
Up1(z) = (& — 21)..(x — Tp_1), (5.52)
it’s known ([41, page 17]) that
L 1
/ G| (5.53)
-1
Therefore, the thesis follows from the last one and theorem 98. m
5.5 Quadrature formulae
With the notations until now introduced we consider the identity
f(:L‘) = Pn(f7x) +Rn[fal‘} (5'54)

and, from an integration between —1 and 1, we obtain the class of quadrature formulae of

interpolatory type, which are exact for polynomials of degree <n

1

1 n—1
[ fas = 10+ Y At @)+ £ + [ Rlfia (5.55)
- i=1

-1



—~

—~

__1)i

__1)i

wiN

win

6$1

Gxn—l

6$1

6x;—1

6wt

n(n—1) (zi_1)" 2

n(n = 1) (zi41)" >

n(n—1) (avn_l)"_2

n(n—1) (zi_1)" 2

n(n — 1) (wi1)" >

n(n—1) (acn_l)”_2

)

even n,

odd n,

108

(5.56)
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1,1

)

If x; ¢ = 1,...,m — 1 are the zeros of the Jacobi polynomial P,E_l) then A, ; are
given by

Ay = = (5.57)

where ([41, page 325])

1
w; = " i=1,.,n—L (5.58)

+1 :
") [ @]

In fact, if we consider the identity

1

1 1
| f@de =)+ 50 -5 [ @ (5.59)
-1

-1
applying the formula of Gauss-Jacobi with & = 3 = 1 to the integral at second member, we
obtain

-1

-1
/1 (L =) f"(t)dt = HE: wi /" (@) + Tu(f)- (5.60)
i=1
where T,,(f) is the remainder term in the Gauss-Jacobi formula.

If it is the case, the quadrature formula (5.55) can be named Gauss-Birkhoff
quadrature, which is exact for all polynomials of degree at most 2n — 1. This result can
be extended to Gauss-Birkhoff quadratures with respect to the weight w on (—1,1), for
example taking the Jacobi weight w(t) = (1 — t)®(1 + t)?, with parameters o, 3 > —1. In

fact, starting from Eq. (5.26), i.e.:

— _ _ 1
oy = LD IO ZIED [ ey (5.61)

2

with Green’s function
G061 oy
@D gy
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multiply it by the weight function w, and integrating we get

1 . . o 1
/ F(@)w(x)dz = f(l)gf(%o + f(l)zf(%l + / WO (Odt,  (5.63)
-1 -1

where pp = f_ll zFw(z)dz, k = 0,1 and the new weight function is given by

1
W(t):/ w(z)G(z,t)dx.

-1

Now, applying Gaussian quadrature with respect to weight W (¢), i.e:

1 n—1
/1 W(8)g(t)dt = 3 Wig (2:) + Tu(g)
- =1

where x; i = 1,...,n — 1 are the zeros of orthogonal polynomials with respect to the weight

W on (—1,1) and the weights are given by

1
wi— [ RUORO

in which the [;(¢) are the Lagrange fundamental polynomials on the nodes z; i = 1,...,n—1,

we obtain the extended Gauss-Birkhoff quadrature with respect to the weight function w

on (—1,1):
1 n—1
/lf(x)w(x)dx = SN oy JOIED ) NS A () + Tal(f) (5.64)
— =1

where Ay, ; =W;,i=1,...,n—1.

5.5.1 Examples

For equidistant nodes and w () = 1, with n = 2 we have

1 1" 1
[ swe =0 -0 4 )+ [ Rlgal, (5.65)
—1 -1
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for n = 3, ..., 8 the coefficients A,, ; are reported in appendix B.
For the Chebyshev of second kind nodes and w(z) = 1 we have the class of

quadrature formulae

1 n—1 1
[ tadn = 10+ 3 Anis @) + 10 + [ Rulfa (5.66)
- i=1 -
with
[z . .
1w 4 . 2k+Dmi 4 mi
A= ,sin ; S T 12k 4 e n gsin— |, (5.67)
in fact,

1 0 even k
/ Gr(x)dz — (5.68)
- g odd k.

For n = 2 we obtain the formula (5.65); for n = 3, ..., 8 the coefficients A,, ; are reported in

appendix C.
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Chapter 6

A new collocation method for a

BVP

In this chapter, as application of the interpolation problem before exposed, we pro-

pose a new collocation method for a BVP.

6.1 The method

Let us consider the boundary value problem

y'(x) = flz,y(@),y'(z)) zel[-11], —oo<y,y <oo
y(=1) = ya (6.1)
y(1) =

We assume that f(x,z1,22) is a real function defined and continuous on the strip S =

[—1,1] x R? where it has continuous derivatives which satisfy, for some positive constant
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of
6z1

af

< M.
822

>0,

Moreover, we assume that f satisfies a uniform Lipschitz condition in z; e zo, which means
that there exist two nonnegative constants L and K such that, whenever (z,y;,y2) and

(z,7,,Ys) are in the domain of f, the inequality

|f(z,y1,92) — f(2,91,02)] < Llyr — 91| + K |y2 — ol -

holds. Under this hypotheses the BVP has a unique solution y(x).
Let be z1, ..., 1, n— 1 distinct points in |—1, 1[. Let us consider the polynomials

Pn,i(x) defined in (5.7) as
1
pn,i(x) = / Gz, t)l;(t)dt i=1,..,n—1 (6.2)
-1

where

G(z,t) = (6.3)

@D oy

(GNP

and [;(x) are the fundamental polynomials of Lagrange calculated on the points z;.

Theorem 103 ([15]) For n > 1, the polynomial of degree n, implicitly defined by

n—1
ya(z) = 2 ; L BT Y puale) f (@i o), ¢ () (6.4)
=1

satisfies the relations

(

Yn(—1) = Ya, (6.5)

| yn(1) = yp,

i.e., it is a collocation polynomial for the problem (6.1) on the set of nodes x1, ..., Tp—1.
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Proof. Follows from theorem 91 setting

Wi = f(xlvyn(xz))yé(xl)% 1= 17 sy T — 17

wWo = Ya,

Wn = Yb-

6.2 Global error

For the estimation of the global error

y(S)(x) - y?%S)(x% s = 07 17 27

by putting
n—1
A, = max Z; |1i()] (6.6)
and
(n+1) — coi(p —
_ y (&) (@ —a) - (3 — @)
r= —1%35%1 (n—1)! (6.7)

we have the following theorem:

Theorem 104 ([18]) If y € C""3([-1,1]), L and K are the Lipschitz constants of func-

tion f such that 1 —2A, K >0 and 1 — A, (2K + L) > 0, then

) () — (5) < cR _
[@ @) < gy =00 (6.8)
where
1 ifs=0, 2
c= (6.9)

2 if s=1.
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Remark 105 ([18]) If f does not depend on y'(z), then

Hy<s>(x) _ ygls)(x)Hoo < l_cfnL, (6.10)

6.3 The numerical algorithm and numerical comparison

In order to calculate the approximate solution of problem (6.1) by (6.4) at z €
[—1,1], we need the values y; = yn(z;), ¢ = 1,....,mn — 1. To do this, we can solve the

following system:

o WtYa  Yo—Ya_

Yi + i+ 3 Pogk(@i) (@, yr,yy,) i=1,..,n—1
2 2 k=1
(6.11)
;Y — Ya nl / ) / =1 1
Y, = T+;§1pn’k(x1)f(xk7yk,yk) t=1...,Nn—=
Let us set
pn,l(ml) pn,n—l(ml) 0 0
pn,l(fﬂn—l) T pn,n—l(xn—l) 0 te 0
A= ,
0 0 p;m(xl) p;z7n—1($1)
0 cee 0 p{ml(mnfl) o p;un—l(xn*l)

fk; = f(xkvylﬂy;g)a F(Yn) = (fla "'7fn717f1’ "'vfnfl)Tv

— W + yp
Yn = (y17"'7yn—17yi, "'7y;1_1)T, a; = Ya 5 Y T — Ya 5 Y ,
—YJb
b; = Ya . Y , Ch= (ah'"7an—1abl,...,bn_1)T7

the previous system can be written in the form

AF(Y,) - Y, = C,,
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or equivalently

where

G(Z) = AF(Z) — Ch.

For the existence and uniqueness of the solution we provide the following theorem:

Theorem 106 ([18]) If ||A||L < 1, then the previous system has a unique solution that

can be calculated with the iterative method

y,(0) arbitrary,

n

YD — qiv,W), v=1,..

n

Now we report certain numerical results for classical test problems and compare
the error committed applying our method, with n = 7, on different sets of nodes, in
particular between Chebyshev nodes of the second kind (already examined in Ref. [18])
with equidistant, Chebyshev of the first kind and Legendre nodes. We also compare these

results with the ones obtained by applying the Matlab ODE solver bvp4c.

Problem 107 Let us consider the problem

y// :y+26$

y(-1)=0 with the solution y(x) = (x4 1)e”.

y(1) = 2e
The error in the approximation of the solution is plotted in Figure 6.1.
In the case of bupjc (dashed line) 100 function evaluations are needed for this

problem on a mesh of 18 points; our method applied on Chebyshev second kind nodes (dotted
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(a) Equidistant nodes (b) Legendre nodes (c¢) Cheb I kind nodes

Figure 6.1: Error functions of problem 107.

x107 x107 x107

(a) Equidistant nodes (b) Legendre nodes (c) Cheb I kind nodes

Figure 6.2: Error functions of problem 108.

line) or on one of the other three set of nodes considered (solid line) requires only 36 function

evaluations to obtain an error less than or equal to the requested tolerance ¢ = 107°.

Problem 108 Let be

y(-1)=1 with the solution y(x) = z2.

For this problem our method applied on Chebyshev second kind nodes (dotted line)
or on one of the other three set of nodes considered (solid line) requires only 102 function

evaluations to obtain an error less than or equal to the requested tolerance e = 1077.
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(a) Equidistant nodes (b) Legendre nodes (c¢) Cheb I kind nodes

Figure 6.3: Error functions of problem 1009.

To obtain an error of the same order (1077) bupjc (dashed line) requires 337 function

evaluations on a mesh of 19 points.

Problem 109 Let us consider the problem

)
y' = 2yy
1
2—a

y(-1) =1 with the solution y(x) =

y(1) =1

In the case of bup4c (dashed line) 201 function evaluations are needed for this
problem on a mesh of 13 points; our method applied on Chebyshev second kind nodes (dotted
line) or on one of the other three set of nodes considered (solid line) requires only 132

function evaluations to obtain an error less than or equal to the requested tolerance € = 1074,

Problem 110 Let us consider the problem

¢

y" = —(140.01y%)y + 0.01 cos® z

y(—1) = cos(—1) with the solution y(x) = cos(x).

y(1) = cos(1)
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(a) Equidistant nodes (b) Legendre nodes (c¢) Cheb I kind nodes

Figure 6.4: Error functions of problem 110.

In this case bupjc (dashed line) requires 60 function evaluations on a mesh of 13
points; our method applied on Chebyshev second kind nodes (dotted line) or on one of the
other three set of nodes considered (solid line) requires only 7 function evaluations to obtain

an error less than or equal to the requested tolerance e = 1075,
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Appendix A

Mathematica code for computation

of polynomials p,, ;(x)

We report below an ad hoc ”Mathematica” code for the calculation of the poly-

nomials py, ;(x) defined in (5.7).
n = Input["Insert degree of polynomial p, ;(x)"];
X =A{k
OPT = Input["Press 1 for equidistant nodes;

Press 2 for Chebyshev of second kinds nodes;

Press 3 for a generic set of nodes"];
For[i =1,i <n—1,i++,
{node = Which[OPT == 1, -1 + 2 OPT == 2, Cos[27],

OPT == 3, Input["Insert node"]]; X = Append[X, node]}|;

i—1 n—1
AlJ:=(I1 = * ( Qlﬂm )
Jj= J=t
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n—1
2

=i+

S[k-,i-]:=:§(X[[j]])’“+ X
alj-,i]:=Which[j == 0,1,0< j <n — 2,
~3(80l+ 5 (ol ST — kD)
clj-,i]:=Which[0 < j < n — 1, A[i] » zn__;bn_lm
== 1= 1, -3 (elk, ]+ (1 - (-1)%),
oo k=0
== =45 (el + (14 (D)

Polyli-, x.]:=If[0 < i < n, Expand[}_ c[4,4] * z"7]];
=0
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Appendix B

Computation of coefficients A, ; for

equidistant nodes

The coefficients A, ; = f_llpm(:c)d:r, for n = 3,...,8, for equidistant nodes are

reported below:

Agq = —1,

Agr=—15, Aa2=—1,

As1 = —5, As2 = —3,

Agy = —1, Ao = —5, Agz=—2%,

Arg = -5, Aro=—%, Ars=-35,

Agp = —gBL Ago= 5%, Agg=-38 Ag,= 2%

We observe that, for reason of symmetry, A, ; = Ay n—i, i =1,....,n — 1.
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Appendix C

Computation of coefficients A, ; for

Chebyshev of second kind nodes

The coefficients A, ; = f_ll pn,i(x)dx, for n = 3, ..., 8, for Chebyshev of second kind

nodes are reported below:

Ag1=—3,

Agg= -4, Ago=—%,

As 1= 25?570\/5’ As 2= _thf)/i

As1= -5, Ag 2= —3z, Agz= —2=,

Ag 1= —W, Ag o= —2Z, Ag 3= —%, Aga= —$=.

Explicit expressions for A7; are complicated but their numerical values are:

A71= —0.01789750707562690, A7 2= —0.1076559342057399,

A7 3= —0.2077798920519665.
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Also for this set of nodes it results that A, ; = Appn—i, 1 =1,...,n — 1.
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