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Introduzione

This thesis is devoted to one of the classic topics about algebraic surfaces:
the classification of irregular surface of general type and the analysis their moduli
space.

To a minimal surface of general type S we associates the following numerical

invariants:

e the self intersection of the canonical class KZ;
e the geometric genus p, := h’(wg)

e the irregularity ¢ := h°(Q%) = h'(Og).

A surface S is called irregular if ¢ > 0. By a theorem of Gieseker the coarse
moduli space M, corresponding to minimal surfaces with K% = a and p, = b is a
quasi projective scheme, and it has finitely many irreducible components.

The above invariants determine the other classical invariants:

e the holomorphic Euler-Poincare characteristic x(5) := x(0s) = 1 — ¢ + py;

e the second Chern class ¢3(S) of the tangent bundle which is equal to the
topological Euler characteristic e(S) of S.

The classical question that naturally rises at this point is the so—called geo-
graphical question, i.e., for which values of a, b is M, ; nonempty? The answer to

this question is obviously non trivial.



There exists the following inequalities holding among the invariants of minimal

surfaces of general type:
o Kix=1
o K2 >2p, —4 (Noether’s inequality);
e if S is an irregular surface, then K2 > 2p, (Debarre’s inequality);
o K% <9y0g (Miyaoka—Yau inequality).

Thus y = 1 is the lowest possible value for a surface of general type. By the
Miyaoka—Yau inequality, we have that K% < 9, hence by the Debarre’s inequality
we get ¢ = py < 4. All known results about the classification of such surfaces are
listed in [MePa, Section 2.5 a].

If K2 = 2x, we have that necessarily ¢ = 1. Since in this case
f S — Alb(S) is a genus 2 fibration, by using the fact that all fibres are
2-connected, the classification was completed by Catanese for K? = 2, and by
Horikawa in [Hor3] in the general case.

Catanese and Ciliberto in [CaCil] and [CaCi2] studied the case K* = 2y + 1,
with y = 1. So in this case, by the above inequalities we get that the surfaces have

the following numerical invariants:
Ki=3andp,=q=1.

The classification of such surfaces was completed by Catanese and Pignatelli
in [CaPi]. The main tool for this classification is the structure theorem for genus
2 fibration, which is proved in the same work.

For x > 2 the situation is far more complicated and not yet studied. We

consider in this thesis the case x = 2. So our surfaces have the following numerical



characters

K:=5p,=2,q=1.

By a theorem of Horikawa, which affirms that for an irregular minimal surface

of general type with 2y < K? < gx, the Albanese map
f:S — Alb(S)

induces a connected fibration of curves of genus 2 over a smooth curve of genus ¢,
we have that in the considered case a fibration f : S — B over an elliptic curve
B and with fibres of genus 2.

So we can use the results of Horikawa—Xiao and most of all those of Catanese—
Pignatelli to face the challenge to completely classify all surface with the above
numerical invariants. Their approach is of algebraic nature and in particular is
based on a new method for studying genus 2 fibration, basically giving generators
and relations of their relative canonical algebra, seen as a sheaf of algebras over
the base curve B.

Our main results are as follows. First at all we studied the various possibilities
for the 2-rank bundle f,wg. We have that f.wg can be decomposable or indecom-
posable. In the first case the usual invariant e, associated to f.wg by Xiao in [Xial]
can be equal to 0 or 2. We prove that the case e = 2 does not occur.

Subsequently we study the case e = 0 with f.wgs decomposable. In such case
we divide the problem in various subcases. For each such subcase we study the
corresponding subspace of the moduli space M of surfaces with K? =5, p, =2 e
qg=1.

By using the following formula:
dim M > 10y — 2K* + p, = 12

we can consider only the strata of dimension greater than or equal to 12.



We proved that almost all the strata has dimension < 11, so they don’t give

components of the moduli space.

The most important result is that, for the so-called strata VII, we have the

following theorem.

Theorem 0.0.1.

(1) My 11,gen is non-empty and of dimension 12;
(1) My 2 is non-empty and of dimension 13.

For the most difficult case of f,ws indecomposable, the results are promising

but still partial.



Notazioni

We work over the complex number field C. All surfaces are projective al-
gebraic and, unless otherwise specified, smooth. We do not distinguish between
line bundles and divisors on a smooth surface. If C' and D are divisors on a
surface S, C'- D denotes the intersection number of C' and D, and C? is the self-
intersection of the divisor C'. Furthermore = denotes linear equivalence and ~
denotes algebraic equivalence. For a Gorenstein projective variety X, wx is the
canonical sheaf of X. A divisor in the linear system |wyx| is called a canonical
divisor and it is denoted by Kx. If ¥ is a coherent sheaf on X then we denote
H(F) = H(X,F), hi(F) = dim H(F), x(F) = 00X (=1)"h(F). As usual we
denote p,(S)) = h°(Kg) the geometric genus, ¢ = h'(Og) the irregularity and
X(S) =1—¢q(S) + p,(S) the Euler characteristic of the structure sheaf of S.



Chapter 1

Preliminaries

1.1 Surfaces of General Type

Let S be a surface, i.e. a smooth projective surface and let D be a divisor on

S. We associate to D the graded ring:

R(S,D):= @ H(S,0s(mD))

0<m<oo

We note that the subspace R(S, D)y of the homogeneous elements of degree zero,

equals the base field C. To the ring R(S,D), we associate the subfield
Q(S, D) = {f/glf,g € R(S, D), m > 0} of C(S).

Proposition 1.1.1. Let S be a smooth projective surface and D a divisor on S.
Then Q(S, D) is a finitely generated field extension of C and is algebraically closed
in C(S). In particular its transcendence degree is finite and at most equal to the

dimension of S (cf. [Andl1]).

Definition 1.1.2. Let S be a smooth projective surface and D a divisor on S.

Then we define the Kodaira—Iitaka dimension of D as:
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(i) Kod(D) := tr.degc Q(S, D) if R(S,D) # C;
(i7) Kod(D) := —o0 if R(S, D) = C (or equivalently if Q(S, D) = 0).

If D = Kg, the graded ring K(S) := R(S,K) = @,,50 H(S, 0s(mKs) is
called the canonical ring of S and the Kodaira—Ilitaka dimension of Kg is called the

Kodaira dimension of S.

Remark 1.1.3. The canonical ring R(S) of S, the plurigenus P,,(S) and h°(S, Q)

are birational invariants, so Kod(S) is also a birational invariant.
We have the following result:

Theorem 1.1.4. Let S be a minimal surface. The following three conditions are

equivalent:
(1) Kod(S) =2;
(it) K2 >0 and Kg is nef;

(7i1) there exists an integer ng such that for any n > ngy the n—canonical map v,k

18 birational to its image.

If these conditions hold, then S is called a surface of general type.

1.2 Fibrations

The purpose in this section is to give an introduction to the theory of fibrations

of algebraic surfaces to curves. We will collect here some results.

Definition 1.2.1. Let S be a smooth projective surface and B a smooth projective
curve. A fibration f : S — B s a surjective morphism with connected fibres.

The fibration is said to be relatively minimal if f : S — B has no rational smooth
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curves of self intersection —1 in any of its fibres. Relatively minimal models always

exist.

We denote by b the genus of the curve B, and by g the genus of a general
fibre F. Notice that, for ¢ > 1, the fibration f is relatively minimal if and only
if the canonical divisor Kg is f-nef, i.e. Kg-C > 0 for every irreducible curve C
contained in a fibre of f. In the case g > 1 the relatively minimal model of f is

unique.

Proposition 1.2.2. Let f : X — Y a proper morphism of algebraic varieties

with Y normal. If f has connected fibres then f.Ox = Oy

This result is a consequence of the Zariski’s Main Theorem via Stein Factor-
ization (see [Har, Chapter III, Corollary 11.5]). We will get that for a fibration
f:S—B

fO0s =0p.

Notice that a fibration f : S — B is a flat morphism ([Har, 9.7.1]). We need

some Lemmas about fibrations.

Lemma 1.2.3. (Zariski’s Lemma) Let f : S — B be a fibration and F, = > n;C;,
n; > 0, C; wrreducible, be a fibre of f. Then we have:

(1) CiFy =0 for all i;
(i1) If D = m;Cy, m; € Z, then D* < 0;
(iti) D? =0 holds in (i) if and only if pD = qFy,, with p,q € Z, p # 0.

Definition 1.2.4. A singular fibre F, = > n;C; is called a multiple fibre of multi-

plicity n if n = ged{n;} > 1.
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In such case, F, = nF, with F an effective divisor on S. F? = 0 implies that

F? = 0. Furthermore F is 1-connected: let
szﬁjl—l—f‘ﬁg7 F1>0, Fy, >0

be a nontrivial decomposition of F. Since, by Zariski’s lemma, F? < 0 and F? < 0

we get I} - Fy > 1, by using the equality 0 = F? = F? + Ff + 2F, - F,.

Lemma 1.2.5. Let F, = nF, n > 1 be a multiple fibre. Then Og(F) and Op(F)
are both torsion line bundles of order n (cf. [BHPV, Chapter III, Lemma 8.3]).

Lemma 1.2.6. Let f : S — B be a fibration. Then h°(Fy, Op,) is independent
of b € B. Since the general fibre is connected and smooth, h°(F,, Op,) = 1 for all
beB.

Proof. Suppose that for some b € B we have h°(F;, O) > 1. We get that F, is
not 1-connected by Ramanujam’s Lemma (cf. [BHPV, Chapter II, Lemma 12.3]).
Then, as we have noticed before, Fj is a multiple fibre, i.e. F, = nF, n > 1, with

F' 1—connected. Consider now, for 1 < m < n — 1, the decomposition sequence

Now, we have that if F' is 1-connected, then Ramanujam’s Lemma implies that
hO(F,0r(—mF)) < 1 and h°(F,0p(—mF)) = 1 if and only if Or(—mF) = Op.
Thus h°(F, Op(—mF)) = 0, since the torsion bundles Or(—mF’) are nontrivial for

1 <m < n—1. By induction, we get
RO(F,0p) = h°(F,0,r) < h°(F,0F)

with h%(F,Op) = 1, since F is 1-connected. So we have h°(Fy, Op,) = 1, for all
b € B. Since the Euler characteristic x(Fy, Of,) is independent of b, we get that
also h!(Fy, OF,) is independent of b € B. O
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Let f: S — B be a relatively minimal fibration.

Definition 1.2.7. The line bundle wg)p := Kg ® f*(Kgz") on S is called the dual-
1zing sheaf of f.

Since the normal bundle Op, (F}) of any fibre Fy is trivial, we have
ws|plm, = 0s(Ks) @ [ (K5')|r = 0s(Ks)|p, = 0s(Ks + |5, = wr,

for every b € B.
Recall now two important results, one on the cohomology and base change,

another on relative duality.

Theorem 1.2.8. Let f : X — Y a proper morphism of algebraic varieties,
X, = [~Y(y) the fibre over y. If € is a coherent sheaf on X, which is flat over Y,

we have:
(i) The Buler characteristic x(X,, €|x,) is constant;
(ii) hi(Xy, E|x,) is an upper semicontinuous function of y, for all ¢ > 0;
(i) If h%(X,, E|x,) is constant, then RIf,(E) is locally free;
(iv) If hi(X,, E|x,) is constant, then the "base change morphism”
RI£.(€) @0, O,/m — HI(X,,E]x,)
18 an isomorphism.

Theorem 1.2.9. (Relative Duality Theorem) If f : S — B is a fibration and &
a locally free Og—sheaf, then we have that the (duality) morphism

fo(€ ®wsip) — (R'£.€)"

18 an isomorphism
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In particular we get

(R fuws)" = fu(frwp') = wp

1.e.

1
R fiws = wp,

equivalently

R'fi(ws ® ffwy') = R fiwgp = Op.
Remark 1.2.10. If B has genus 1, we have
R'f.ws = Op. (1.1)

Since x(Fy, OF,) = h°(Fy, Og,) —h'(Fy, Or,) is constant for a fibration f : S — B,
and h°(Fy, Or,) =1 for all b € B, we obtain (using the duality on F},)

h'(Fy,wr,) = h°(F,, Op,) = 1

and

h(Fy,wr,) = h'(F, 0p) =g

Furthermore, if the fibration is relatively minimal, g > 2, then degwp, > 0, for all
be B. Thus

W (Fy,wi) = hl(Fb,w?b(l_n)) =0, forn > 2
In conclusion we have:
Theorem 1.2.11. If f : S — B 1is a relatively minimal fibration, then:

(i) fiws)p is locally free of rank g;

(ii) fewgp is locally free of rank (2n —1)(g — 1);
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(ii7) R'f, wS|B =0 forn > 2 when g > 2.

Let f : S — B be a relatively minimal fibration with S of general type. Since
R'fiwsip = Op and R'f, wS|B = 0 for n > 2 we can compute the Euler character-

istic of f, WS| % = 0 by Riemann-Roch and conseguently its degree.

We introduce now the following invariants of f:

e The self intersection of the relative dualizing sheatf:

K§‘|B = WLQ§|B = Kg —8(b—1)(g —1); (1.2)
e the Euler characteristic of the relative dualizing sheaf:
xsiB = x(0s) = (b—1)(g — 1). (1.3)
It follows by Riemann—Roch that for n > 1:
XUwly) = X(5) = 30— DERa + 2L )X (0) + x5

1
deg(f*wj?(}g) = 5”(” - 1)Kgug + Xs|B-

For simplicity, we define V,, := f*wg’g. The vector bundles V,, have very nice

properties.

Theorem 1.2.12. (Fujita) The vector bundles V, are semipositive, i.e. every
locally free quotient of it has nonnegative degree. Precisely, Vi = 0% b@A@(@ M;)
where A is an ample bundle, each M; is an indecomposable and stable of degree 0O
with h°(M;) = 0. If rank M; = 1, then M; is a torsion line bundle.(for this last

observation see [Zuc])
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Fujita’s theorem shows that
1 2
The Arakelov inequality
K = K2—8(b—1)(g—1) =0 (1.4)
follows as corollary, together with the inequality
Xsip = x(0s) = (b—1)(¢g—1) >0 (1.5)
which is note as the Beauville’s inequality. For n > 2 we have:

Theorem 1.2.13. (Esnault, Viechweg) For any n > 2 the vector bundle V,, is
ample unless f has constant moduli, which means that all the smooth fibres are

1somorphic.

We now restrict to fibrations f : S — B, where S is a minimal surface of

general type with the general fibre F' of genus 2.

Remark 1.2.14. A fibration f : S — B with the general fibre of genus 2 has
not multiple fibres. For that, since F? = 0 and Kg - F = 2, for a multiple fibre

F=nF'" n>2, we would get
/ / 2
2=n(Kg-F'), then Kg- F' = —;
n
since Kg - F' is even, we have a contradiction.

Another property of a fibration with fibre of genus 2 (or more generally hyper-
elliptic fibres) is that f is not smooth. The relative canonical map of a fibration of

genus g > 2 is a generically finite rational map of degree 2,

S ==+ X C P(fiwsin),
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where ¥ C P(f.wgip) = P(V,) is birationally equivalent to a ruled surface over B.
Then S has a birational involution ¢ which restricts to the hyperelliptic involution

of F. Since S is minimal, o act biregularly on the fibration, i.e.
—— S

N
B

0?2 =id, o # id and f.c = f. We recall the well-known procedure that associates

S

to f: S — B a double cover of a (relatively) minimal fibration.



Chapter 2

Double Covers and Genus 2

Fibrations

2.1 Double Covers

Definition 2.1.1. A cover is a finite surjective morphism f : X — Y between

algebraic irreducible varieties
A cover is said flat if the morphism f is flat. Recall that:

Proposition 2.1.2. A finite morphism f : X — Y is flat if and only if f.Ox is
locally free on'Y'. (see [Mum, p. 43])

A useful criterion for flatness is the following:

Proposition 2.1.3. Let f : X — Y be a finite morphism. Suppose Y 1is a

nonsingular variety. Then f is flat if and only if X is a Cohen—Macaulay variety.
(cf. [Eis])

We are interested to double covers, i.e. such that deg f = [K(X) : f*K(Y)] =
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2. If f: X — Y is a surjective morphism between surfaces, in general, f is not
finite.
In such situation we use Stein factorization in order to get a finite morphism.

In fact we have the following:

Theorem 2.1.4. (Stein factorization) Let f : X — Y be a surjective morphism
between algebraic surfaces. We suppose X normal and Y nonsingular. Then f

factors:

17

where h is a double cover, g is a birational morphism with g.Ox = Oy. In particular

Y

g has connected fibre and Z is a normal surface.

By Proposition 2.1.3 we get that, being Z a Cohen-Macaulay variety, h is a
flat morphism and h,Oy is a locally free Oy—module of rank 2. Actually Z is the
normalization of Y in the field K (X).

Then the natural injection 0 — Oy — h, Oz has an invertible cokernel:
0— Oy — h.Oz — Oy(—0) — 0 (2.1)

with ¢ € Pic(Y).

Working locally, we can see that the branch locus B of f (and of h) is a reduced
divisor linearly equivalent to 2. The surface Z is nothing but Spec(Oy @& Oy (—0)).
Z is smooth if and only if B is a smooth divisor. So if B = 20 is singular, then
also Z is singular.

The singularities of Z can be resolved by the canonical resolution. (see [Horl]).

Set Yo =Y and By = B. Let y; be a singular point of B of multiplicity my. Let
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o1 : Yy — Yy be the blowup of y; with exceptional curve E;. Then B; = 07 By —
2[5t £y is a reduced curve linearly equivalent to 26, where 6, = %5 — [5t]Ey;
[%5L] is the greatest integer less than or equal to 5t. Therefore there exists a double
cover Z; — Y; branched along B; and a birational morphism 7, — Z. If Z;
is singular we repeat this construction. After finitely many steps we arrive at a
ramification divisor By smooth, and hence Z; is smooth. Z* := Z; is called the

canonical resolution of Z. Generally Z* is not the minimal resolution of Z. We

have the

Theorem 2.1.5. Let h : Z — Y be a double cover with Z normal and Y non-
singular, ramified over the reduced divisor B C'Y. Let § be the line bundle on'Y,
satisfying B = 26 such that

Z = Spec(Qy & Oy (—9))

Consider the canonical resolution

VAR Za-1 e Z1 A
Yvd 0d Y;i*l Od—1 o Yi o1 Yb =Y

Leto =01 6...004, m: 4" — Z the induced birational morphism. Then there
exists an effective divisor E > 0 on Z*, with Supp(F) contained in the union of

the exceptional curves for m such that
Kz =(hom)"(Ky +0) ® Oz«(—F)

Furthemore, E = 0 if and only if the singularities of B (hence of Z) are simple,
1.e. B has no singular point of multiplicity greater than 3, and any triple point P

of B decomposes into singularities of multiplicities less than or equal to 2 on the
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proper transform of B after one blowup with center P. In such case (E = 0), the
canonical resolution is the minimal resolution. The numerical characters of Z* are

the following:

X(2.03) = 5K+ o+ 0y - Y3 |2 ([ -1])

K. =2(Ky +68)?—2 ({m?] —1)2

where m; (i = 1,...,d) denotes the multiplicity of B;_1 at the center of the blowup

y; which appears in the construction of Z*.

2.2 Fibrations of Genus 2

Let f : S — B be a fibration with fibres of genus 2. We often call a such
fibration a genus 2 fibration. Let o be the biregular involution on S. The fixed
locus of ¢ is the union of a smooth reduced curve R and finitely many isolated
points p1,...,p.. Let o : S — S be the blow—up of the isolated points of o,
E; = 07'(p;) the exceptional curves. The involution ¢ induces an involution &

on S , which has as fixed locus the smooth curve R = o*R + > ;_, E;. Hence

the quotient W:=23 / < o > is a smooth surface, and the projection morphism
0 : S — W is a flat double cover branched along the smooth reduced curve
C' = 0(R) = 0.(R).

There exists a line bundle A € Pic(/W) such that C' € |28| Then S is isomor-
phic to the double cover of W constructed in the total space of the line bundle A:
if p: A — W is the bundle projection, then

S=@p's—t"=0)CA

where t € Ho(ﬁ, p*ﬁ) is the tautological section, and s is a section in H° (W, 03(23))

such that div(s) = C. Since W has a natural fibration over B , we can make a rel-
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atively minimal model 7 : W — B. If the genus h of the fibres of 7 : W — B
is > 1, then W is unique.
If the genus h is equal to 0, then a relatively minimal model is not unique and

we can move from a model to another via elementary transformations. We have a

W

%

w

N /7
B

Let C be the direct image w*(? of the branch locus C' in W. Then C is an even

commutative diagram

W)

S

reduced divisor, i.e. C' = 2L, with L a line bundle on W.

Hence we have a double cover S — W, with S" minimal, but not necessarily
smooth. So S’ is birational to S. By construction, S’ is a divisor in a smooth 3—fold
(the total space of the line bundle L),which is smooth over B, so f' : S — B
admits an invertible relative dualizing sheaf, which is induced by wy + L. The

singularities of S’ can be resolved in a natural way performing the canonical reso-

lution:
Sn “ > Sn—l o T Sl Z SO
Wn T’ Wn—l — e Wl " WO

such that the branch locus C,, of S,, — W,, is smooth.
We know that each morphism S; — W is the double cover with branch locus

Cj := 77(Cj_1) —2["45]E;, where as usual E} is the exceptional divisor of 7;, m;_4
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is the multiplicity of the blown—up point. If we choose such n minimal, then we
can prove that S, is isomorphic to 5. A proof of this fact can be find in [Bau] (see
theorem 3.43).

Let fj : S; — B and [’ : 8" — B be the induced fibrations. We can calculate
the invariants of f': S’ — B and f; : S; — B:

(wy, ~wy,) = (wpr-wyr) — QZZ:; ([%} — 1)2

and
1 o [m; m;
deg(fa.wy,) = deg(fiwp) — 3 ; { 5 } ({ 5 } )
Suppose that the sequence S, — ... — S; — S’ is minimal. Since S,, is

smooth, f : § — B is relatively minimal and the induced birational map S, =

S--»Sisa regular map. Therefore
(wr - wy) = (wsp)* = (wy, -wy,)* +¢

where ¢ is the number of blow—ups that make up g : S — 5. We get the following
identity:

ot 5 D5 (2] ) [5]) o0

Therefore, if g = 2, we get:

Wy = 2deg fuvs)s +ZZ; ({%} - 1) (2 - {%D te (2.3)

Consider the even reduced divisor C' as sum of irreducible vertical components

and irreducible horizontal components, i.e.
C=0C,+Cy (2.4)

where (), is the sum of all irreducible components D of C' such that 7(D) =

point, while C}, is the sum of the irreducible components of C' which go onto B.
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Then it is possible to show that we can choose W such that the singularities
of O}, are at most of order g + 1 and C? is the smallest among all such choices.
Therefore as C' is reduced, the singularities of C' are at most g + 2, and if p is a
singular point of order g+ 2, C' contains the fibre of 7 passing through p (see [Xia2]
for the details).

Then, in the case ¢ = 2, we obtain that we can choose the ruled surface
W — B such that, for all i, ([%¢]—1)(2—[%]) = 0. Then wg‘B = 2deg(fiwsp)+e.

Equivalently,

K% =2deg(f.wsp) +8(b—1) +¢ (2.5)

where b is the genus of B.
From now on we consider fibrations f : S — B with general fibre of genus 2.
We have seen that, the genus formula,

PP+ F-K

2n(F) —2 5

(2.6)

implies that S has not multiple fibres, and so all the fibres are 1-connected.

We will consider the relative canonical algebra in order to give the structure
theorem, proved by Catanese and Pignatelli in [CaPi] for fibrations of genus 2.

This approach uses the geometry of the bicanonical map of a 1-connected
divisor of genus 2, which is a morphism generically of degree 2 onto a plane curve
@ which may be reducible or nonreduced.

The above approach was that of Horikawa.

We saw that the ruled surface 7 : W — B is not uniquely determined if
b := genus(B) > 1. In case b = 0, Horikawa proved that W is canonically deter-
mined and is isomorphic to P(f.wsp) (cf. Hor2 th.1). The proof is based on the

isomorphism (2) of that paper and on the assertum that for a sufficiently ample
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divisor L on B, we have

P:=P(fiws ® L) — P(ws + f* L) = P(H(ws + f*L))
P(H(f,ws + L)) =
P(H"(P, Op(1))).

In the approach of Catanese and Pignatelli, there is a unique birational model X
of S, which admits a double cover 1) : X — €, where € is a conic bundle over B,
the branch divisor A has only simple singularities and X is the relative canonical
model of f. X is obtained contracting the (—2)-curves D, (i.e. Kgp-D = 0)
contained in the fibres to singularities which are then rational double points.

In order to have a better understanding of X, we consider the relative canonical

algebra R(f)
R(f) =D fwify = D Va (2.7)
n=0 n=0

where we have put V,, = f*wg’fg. By base change, its stalk at p € B is an Op,—

algebra whose reduction modulo m,, is the canonical K—algebra

o0

R(F)) = @ HO(Fm w?:) (2.8)

n=0
where Fj, = f~!(p) is the scheme theoretic fibre of f and wp, = wg|p|F, .

We have natural homomorphism induced by multiplication:
Lmn 2 Vi @V, — Vign (2.9)

and

oy 2 S"(Vy) == Sym" (V1) = S"(fiwsip) — Vo = f*wi?'% (2.10)

If there are no multiple fibres, the relative canonical algebra is generated by
elements of degree < 3. Since for g = 2, there are no multiple fibres, the canonical

algebra R(f) is generated in degree < 3. The hyperelliptic involution o : S — S
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acts linearly on the space of sections I'(U, wg ), where U is open and o-invariant.
Then I'(U, w?‘%) splits as the direct sum of the invariant and the antinvariant spaces

of sections. We obtain the decomposition:
Vo, =Vy @V, = fi(wip)" ® fu(wsp)™ (2.11)
Therefore we get that the canonical algebra splits as
R(f)=R(f)" & R(f)" (2.12)

where R(f)" =@, , Vo, R(f)” =Dn_, Va-

Since genus(F') = g = 2, we have:
Vi =Vi, Vi =(0) (2.13)

and the sheaf homomorphisms o, are injective. In particular, for n = 2, we get

the important sheaf exact sequence:
0—S*Vi —Vy, — T — 0

where Ty := coker o5.

Now we want to give another proof of the formula

Proposition 2.2.1.
wz = 2x(0g) — 6x(Op) + lenght(coker(S*V; % Vy))
= 2deg f.ws g + deg To (:= lenght(coker(S*V; =% Vy)).
Proof.
Since S?V; 25 V, is injective, we have

deg Ty = X(VQ) - X(82 Vl)'

We have
X<B7V2) - X(Bu 82 Vl) = degTQ



2.2 Fibrations of Genus 2 26

By Riemann-Roch on B:

X(B,S?V)) = degS*V, — 2K (S*V,)(b— 1) == 3degV; — 3(b—1) == 3degV, + 3x(0p) =
Now, by using the Leray’s spectral sequence, we have
x(V1) = R (fuwsip) — h' (fuwsp) =
= h%(f.wsip — [P (wsp) — KO(R' fuws)p)] =
= h’(wsip) — h'(wsip) + h*(wsip) = h*(wsip) + 1" (OB),

since Op = R! fuwg)s.

Then, by Riemann—Roch on S, we have
X(V1) = x(wsip) +1—-b=
= x(0s) + %(Ks — [*Kp)(f"Kg) + x(0p) =
=x(0s) +2x(0p) + x(0p) =

= x(0s) +3x(0s).
Similarly

X(V2) = x(0s) + K5 + 12x(05)
Then
X(Va) = x(S* Vi) = x(0s) + K§ + 12x(0p) — 3deg Vi — 3x(0p) =
= K%+ x(0s) +9x(0p) — 3deg V.
By Riemann-Roch on B we get
x(V1) =deg Vi +2(1 —b) = degV; + 2x(0p).
Then
deg Vi = x(V1) — 2x(0p) =
= x(0s) +3x(05) — 2x(0p) =
= x(0s) + x(05).
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In conclusion

x(Va) = x(S* V1) = K& + x(0s) + 9x(05) — 3(x(0s) + x(0p)) =
= K% — 2x(05) + 6x(0p),

K2 =2x(05) — 6x(0p) + deg T
0

In their paper Catanese and Pignatelli use the graded canonical ring,
R(f) = @0 H'(F,wp") of a curve F of genus 2. We now recall this result
(see [Men]).

Theorem 2.2.2. Let F' be a fibre of a genus 2 fibration f : S — B. Then either
F'is honestly hyperelliptic, i.e. the graded ring R(f) is isomorphic to

Claxo, 21, 2]/ (2% — g6(w0, 1)) (2.14)

where deg xg = degxry = 1, deg z = 3, deg gs = 6, or the fibre I is not 2—connected
and the graded ring R(f) is isomorphic to

Clzo, 21, y, 2]/ (Q2, Qe) (2.15)

where degxy = degx; =1, degy = 2, degz = 3 and
Q2 = x% — \ToTq
Qs = 22 —y® — 22 (ay? + ay2))
The first case is the one where the fibres are 2—connected
Using this result, they prove that the sheaf Ty := coker(oy : S?vV, — Vy) is

isomorphic to the structure sheaf of an effective divisor T on B, supported on the

points of B corresponding to the fibres of f : S — B which are not 2—connected.
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Consider now the exact sequence
0—S?°V, —Vy — O3 —0
We have the following natural map induced by os:
q: P(Vy)--sP(S?*Vy)
which is birational, and the Veronese embedding
vy i P(V1)—P(S* V).

Then the composition

vi=q vyt P(V))—=P(Vy)

can be considered as the relative 2-Veronese map.

If we consider the pluricanonical relative maps
P11 : S——eIF’(f*wS|B) = P(Vl)

@9+ S--+P(fwgp) = P(Va)
we have that ¢; is a rational map generically of degree 2, since F' is hyperelliptic,
while 5 is a morphism of degree 2, since every fibre F' is 1-connected and then
|wE?| is a free linear system.
The diagram
S P(V2)

7

is commutative, i.e. vop; = @9 as rational maps. The image of 5 is a conic bundle

C over B.
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The structure theorem of Catanese and Pignatelli proves that to reconstruct
the pair (.S, f) one only needs to know o5, which gives at once the conic bundle €

and the isolated branch points of ¢,, and the divisorial part A of the branch locus
of ps.
Furthermore, it gives a concrete recipe to construct all possible pairs (oq, A).
We now introduce the five fundamental ingredients (B, Vy, T, &, w). Their order
is important since each ingredient is given in a space which depends on the previous

introduced ingredients:

1. B, any smooth curve;
2. V4, any rank 2 vector bundle over B;
3. 7, any effective divisor on B;
4. &, any extension class
£ e Ext%gB((‘)fy, S2(V1)/AutoB(Og)
such that the extension V, given by &,
0— 8%V, —Vy — O3 — 0
is a vector bundle;
5. w, a non trivial element of
Hom((det V; ® Op(7))?, Ag)/C,

where Ag is a vector bundle determined by £ in the following way:

let 0y : S?°V; — V, be an injective homomorphism whose cokernel is O.

The Ag is a vector bundle

(coker L3) ® (det Vi ® Op(7)) 2 (2.16)
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where the map Lz : (detV;)? ® Vo — S*(Vy) is the one induced by o, as

follows. Consider the map 7 in the natural exact sequence
0 — det(Vy)? -5 S*(S%(Vy)) — S4(V,) — 0
given locally, if ¢ and x, are locally generators of Vy, by

n((zo A 21)%?) = (20)*(21)* — (2021)”.

Ag is then the cokernel of the composition of the maps

82 (0'2 ) ®id\/2

det(V1)? "2 S2(S2 (V) @ Vo 25N S2(Vy) @V 2L S (V)

Putting Lz for (ui2,1)-(S?*(02) ® idy, )e(n @ idy, ), we obtain that Ag fits in the

following exact sequence:

0 — det(V1)? ® Vo =% S3(Vy) — Ag — 0

These five ingredients is required to satisfy some open conditions:

(7) The conic bundle € coming from the first 4 ingredients, has only Rational

Double Points as singularities;

(7i) Let A be the divisor defined by w in €. Then A has only simple singularities.

Now the map o9 on the points of Supp(T) defines a rank 2 matrix, whose
image defines a pencil of lines in the corresponding P2, thus having a base

point. Denote by P the union of such base points;

(77i) Then we impose that A does not contains any point of the set P.

If the 5-tuple (B, V1, T, {, w) satisfies the above conditions, (7), () and (),
we say that it is an admissible genus two 5-tuple.

Then the structure theorem they obtain (for genus 2 fibration) is the following;:
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Theorem 2.2.3. Let f : S — B be a relatively minimal genus two fibration.
Then the associated 5—tuple (B, V) := f.wgp, T, &, w) is admissible.

Vice versa every admissible genus two 5—tuple (B, Vy,T,& w) determines a
sheaf of algebras R over B whose relative projective spectrum X s the relative
canonical model of a relatively minimal genus two fibration f : S — B having the
above as associated 5-tuple.

Moreover, the surface S has the following invariants:

x(0g) = deg V; + (b — 1),

(2.17)
K% =2deg Vi +8(b— 1) + deg(7).

2.3 Ruled Surfaces

In this section we will recall basic facts about ruled surfaces.

A surfaces is birationally ruled if it is birationally isomorphic to C x P!, where
C' is a smooth curve.

A (geometrically) ruled surface is a surface S, together with a smooth surjective
morphism 7 : S — C' to a smooth curve C such that the fibre F, is isomorphic
to P!, for every point z € C.

It is a classical result of Noether and Enriques that 7 : S — C is a P!-bundle

over C.

Theorem 2.3.1. (Noether-Enriques) Suppose w: S — C' is a smooth surjective
map such that F, = 7= (z) 2 P!, for every x € C. Then, for any x € C, there

exists a Zariski open set U C C', containing x, and a commutative diagram:

~

U x P!
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So by the Noether-Enriques theorem, a geometrically ruled surface is locally
trivial in the Zariski topology.

Thus these projective bundles are classified by
H'(C,PGL(2,0))

where PGL(2,C) is the sheaf of germs of regular maps from C' into PGL(2, C).
Since C'is a curve (H*(C, O¢) = 0), we have an exact sequence of cohomology

sets:

Pic(C) -2 HY(C,9L(2,C) - HY(C, PSL(2,C) — 0

Now, H'(C, GL(2, C) parametrizes rank 2 vector bundles on C, while H'(C, PGL (2, C))
parametrizes P'-bundles over C.

The above exact sequence says that S —— C' is isomorphic to Pc(€) :=
Proj é Sym"(€) for some rank 2 locally free sheaf (vector bundle) € over C.
The glzl(;ldles Pe(€) and Pe(€') are isomorphic over C' if and only if there exists an

invertible sheaf (line bundle) £ on C' such that
g€=EL.

From the trivialization of 7 : S — C over an open Zariski set U C C"

7Y (U) ——— U x P!
U

we get a rational section s : U — S, i.e. wos = idy, but since C' is a smooth
complete curve, s extends to a regular map from C to S, which is necessarily a

section.



2.3 Ruled Surfaces 33

Let D := s(C) C S be the image of s. Then D is a divisor on S and D - F, =1
for every fibre F, of m. This implies (using base change) that

€ :=m.04(D)

is a locally free sheaf of rank 2 = h°(F,, Op,(1)). The surface S is isomorphic just
to Po (&) over C.

Proposition 2.3.2. Let 7 : S — B be a ruled surface, let D C S be a section
and let F' be a fibre. Then

Pic(S) = 7* Pic(C) & Z,
where 7, is generated by the class of D. Also
NumS=ZaZ
with D and F as generators, D-F =1, F? =0 and D?> = deg €.
Let 7 : S — C be a ruled surface. Then it is possible to write
S=Pc(€)

where € is a locally free sheaf on C with the property that H°(&) # 0, but for all
L € Pic(C) with degL < 0, we have H°(C,€ ® L) = 0 In this case the degree
—e :=deg € of € is an invariant of S.

Furthermore in this case there is a section oy : C' — S with image Cy such

that
05(Co) = Opm)(1)(= 0s(1)) (2.18)

where Op(g)(1) is the Serre tautological sheaf on P(E).
If € has the above properties, we say that € is normalized.

We put ¢ := /\2 € as divisor on C, so that e := —dege.
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Lemma 2.3.3. Let S = P¢(E), with € normalized. Then the canonical divisor Kg
of S is given by
Kg=—-2C) + 7" (K¢ + ¢) (2.19)

where K¢ is the canonical divisor on C.

For numerical equivalence, we have
K¢ = —2C)+ (29 — 2 — e)f (2.20)
where ¢ is the genus of C' and f is the numerical class of the fibres. In particular
KZ=38(1-yg) (2.21)

Remark 2.3.4. If C = P!, then by a theorem of Grothendieck every vector bun-
dle over B is isomorphic to a direct sum of line bundles. So in this case every
ruled surface over P! is of the form P(Op @& Opi(n)). If we choose Op1 & Opi(n)

normalized, then necessarily n < 0.
With regarg to the possible values of e, we have the following theorem:

Theorem 2.3.5. Let S be a ruled surface over the curve C' of genus g, determined

by a normalized locally free sheaf €. Then;

(a) If € is decomposable, i.e. €= L@ Lo, with Ly, Ly € Pic(C), then €= OcdL
for some L € Pic(C), with degL < 0. Therefore e > 0. All values e > 0 are

possible.

(b) If € is indecomposable, then
—g<e<2g—2 (2.22)

([[Har]], V.2)
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Remark 2.3.6. If € is indecomposable, to the section Cy — S corresponds a

nontrivial extension of vector bundles:

0—0c—E&—L—0 (2.23)
for some L € Pic(C). It corresponds to a nonzero element

¢ € Ext'(L,00) =2 HY(C,LY)

In particular HY(C,LY) # 0. Ifg =1, H{(C,LY) = H°(C,L)" since wc = O¢.
Now H°(C, L)Y # 0 implies that deg L > 0, and if deg L = 0, L is not of nontrivial

torsion.

Theorem 2.3.7. Let C' be an elliptic curve and let S be a ruled surface on C
corresponding to an indecomposable (normalized) sheaf €. Then e = 0 or e =
—1, and there is exactly one such ruled surface for each of these two values of e.

Precisely, for e =0, € is given by a nontrivial extension
0— Oc — £&(2,0) — O¢c — 0
For e =—1, & is given by a nontrivial extension
0— Oc — €,(2,0) — Oc(u) — 0
where u is a point on C.

In general, given a point u over an elliptic curve C' and integers r, d, with r > 0,
(r,d) = 1, Atiyah in [[Ati]] proved that there exists a unique indecomposable vector
bundle E,(r,d) of rank r on C with

det E,(r,d) = Oc(u)® = Oc(d - u).



2.3 Ruled Surfaces 36

In the same paper, Atiyah proved that there exists a unique indecomposable
vector bundle E(r,0) over C of rank r and degree 0 with H(F(r,0)) # 0. Moreover

there is an exact sequence
0— Oc — &(r,0) — &(r—1,0) — 0 (2.24)

Furthermore if € is an indecomposable vector bundle of degree 0 and rank r, we

have

E=L® E(r0) (2.25)

where L € Pic(C) with deg L = 0, unique up to isomorphism and such that
L det E (2.26)

Remark 2.3.8. Suppose that C' is an elliptic curve. Then the symmetric prod-
uct S™(C) of C is isomorphic as P"~'-bundle over C' to the projective bundle
P(E,(n,n—1)).



Chapter 3

Surfaces with p, =2, ¢ =1 and
K?=5

3.1 The Invariant ¢

In this chapter we consider the fibration
f:S— B

where b := genus(B) = 1, K%z =5, ¢ = b = 1, induced by the Albanese map of S
(see [Hor3)).

To f we associate the following diagram

(] .
SR G > Proj(f.ws)

We have that

1. Every fibre F' of f is 1-connected (since f has not multiple fibres);
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2. 1 is a morphism on any 2—connected fibre;

3. There is one 2—disconnected fibre, since
degT = K2 —2deg E+8(1—b) =1
where F := f,wgip = fuwg, and T is defined by

0— SQf*wS‘B — f*w?fB — T —0

Consider the 'Horikawa diagram’

where S -Z» S is the resolution of indeterminates of Wy, S* (= S , as proved in
[Bau]) is the Horikawa resolution of the branch locus B of ¢ (or equivalently of

1o0). The branch locus is linearly equivalently to
B=6D — bl F=B/2

XW)=1-qg—p,=0
and

Ky = -2D +2F

=b=2 andso B=6D —2I'

The 2—-disconnected fibre F is of type I, I11;, V in the classification of Horikawa.



3.1 The Invariant e 39

Consider again the rank 2-bundle £ = f.wg . We have rank(E) = 2, deg(F) =

Let E; C E be the line subbundle of maximal degree.
E, := E/E; is torsion free, so Fy is a line bundle. For this consider the

following exact sequence
0—E —E-">5EaT—0

We have E; C #Y(T). If E; C # !(T), then deg(E;) < deg(T), absurd. Then
T =0.

Let e := deg(E;) — deg(FE>). Fujita’s theorem = deg(FEs) > 0.

By a theorem of Xiao (see [Xial, p. 71] we have that either e = 0 or e = 2.

3.1.1 The Case ¢ =2

In this case we get that:
deg(Er) = 2, deg(Ey) =0
Considering the long cohomology sequence associated to the exact sequence
0— E — E - By, — 0,

i.e.

0 — HYE)) — H°(E) — H°(Ey) — H*(E)) — ...

We have H'(E;) = H(EY)" = 0 because E) has degree —2. Now h°(E;) =2 =
h(E), then H°(E,) = 0, i.e. Ey is a torsion line bundle, Ey = Op(n).
Since f.H(E;) = H%(ws), we get that the canonical map factors through f,

PKs = 90|E1|°f'
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Now |E;| = g4 without base points.

Then ¢k, is a morphism, i.e.
|Ks| = [M|+Z

where M = F, + F,, Z is the fixed component and M? = 0.
Thus we have

Ext'(Ey, Ey) = HY(E, ® EY)” =0
SO
fuws = O(P + Q) ® Op(n), with n=0, n* =0, k >2and P+ Q € |E,|

The Horikawa diagram becomes
S*
/ K
S

T

,,,,,, >P(O(P+Q)) ®0(n=:P

We have K; = Kg- =4, x(0s) = x(0g) = 2, Kp = —2H + 2I', and since
H?=degE =2, K2=4H? — 8 = 0.

Moreover x(Op) =1—qg+p, =0

my =4 =[] =2and m; =4 =[] =2.

We get
1 1
2=x(0g) = 2x(Op)+§(3H+bI‘)(—2H+2I’)—I—E(BH—I—bF)Q—Q =2b+4=0=1.

The branch locus is algebraically equivalent to 6 H — 3.
B=B"+T,= B*=6H — 3.
B* has 2 ordinary triple points.
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H°(6H — 3T,) = H’(Sym°(O(P + Q) ® O(n)) ® 0(=30)) =
H(O(P+Q)° ® 0(—30) ® H(O(P + Q) ® O(n — 30)

© HY(O(P + Q)* ® 9(2n — 30) ® H*(O(P + Q)* ® O(3n — 30)

(O(P + Q)" @ O

(O(

)’ ®
) ®
© H(O 2 ®
® H°(O(P + Q) ® 9(5n — 30) @ H (61 — 30).

4n — 30)

The dimensions of each terms of such decomposition are
9,7,5,3,1,0,0

So h%(6H —3T,) =9+T7+5+3+1+0+0=25.
The coordinates along the fibre I' of P are

zo € H(O(1) @ 7*O(=P — Q)
z, € H'(0(1) @ 70 (—n)

with ziz! € H(O(6) @ O(—iP —iq — jn)) if i +j = 6.

szﬂfoxl € H°(0(6) ® m0(=30)) = vi; € H°(O(ip + j +iq — 30 — 30))

R(ip +iq + jn — 30) = 2i — 3 (3.1)

Obviously 2 — 3 > 0 < ¢ > 2. Then 9y, 15 = 0.
C € |6H — o|. Equation of C":

V60T + 517501 + VYuoxyxs + s3waxt + ourir] = 15Qu (w0, T1)- (3.2)

The branch locus should have at least a double component: this is a contra-

diction.
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D =div(zg)=H - 2T, B¥ .D=-3= B* = (B*Y + DB* . D= —-1=
= B* = (B*)" +2D

Corollary 3.1.1. The case e = 2 does not occur.

3.1.2 The Case e =0

By the previous subsection, we have that e = 0. Thus we have
deg(E1) =1 = deg(E»)

SO

If P# (@, then
Ext'(0(Q), 0(P)) = H'(0(Q — P)) =0

Otherwise if P = Q)
Ext'(O(P),0(P)) = C.

By tensoring the following exact sequence:

0 — O(P) — fiws — O(P) — 0
with O(—P), we obtain:

0— Op — fiws(—P) — O — 0

Then f.ws(—P) is normalized.

If fiws(—P) is decomposable, then

fuws(=P) = 0p @ Op(=n).
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But A*(fuws(—P)) =0 =n=0, ie.
faws(=P) = 0%

Note that H(fuws ® O(—P)) = H'(Kg — Fp) = C* = |Kg| = |M| + Fp.
If fiws(—P) is indecomposable, then

f*wS(_P> = F,.

Choose coordinates
zo € H(O(1) ® m*O(—P))
z1 € H(O(1) ® 70(-Q))
We have
H(0(1) @ mO(=P)) = H*(Op) & H*(0p(Q — P))

W(H —Tp) = borze (3.3)

2 fP=0Q

If P = (@ we can choose zg, x1 independent sections. Then
x5 € HY(6H — 6I'p);
ziry € HY°(6H —5Ip —Tg);
zor? € HO(6H —4Tp — 2Tg);
z3rd € HO°(6H — 3Tp — 3Tg);
zirl € HP(6H — 2T'p — 4Tg);
zor] € HY(6H —Tp —5Tg);

28 € HO6H — 6I'g).
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> yaal € HY(6H — 3T)

i+j=6
veo € H°(BP —Q — Py);
VY51 € HY(4P — Py);
Y12 € H'B3P+Q — P);
gy € HO(2P +2Q — P);
Yoy € HY(P+3Q — Py);
Y15 € H(4Q — Py);
wos € H°(5Q — P — P).
All groups H°((i — )P + (j — 1)Q — P1), with i,5 = 0,...,6 i + j = 6 has

dimension = 3

[1,0], [0,1] € Tp,. (3.4)

Set x = 1 /%9, y = xo/x1, and consider a coordinate ¢ near P; Then

Yoo + V51T + PYaax® + P332° + ogxt + 152° + g’ = 0

Condition on g: to find a point o such that 5P —@Q — P, ~ 30. |5P —Q — P|
is very ample, then it is equivalently to find a point o that is a flex in the immersion
associated to [5bP — Q) — Py|.

Condition on tgs. As before 5P — Q — P, ~ 30 = 6P ~ 6Q. If P = Q, it is
obvious. If P # @, then P — () must have torsion order 2, 3 or 6.
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3.2 Sezione 3.2

We recall the following result:

Proposition 3.2.1. Let u € E, and set W := E,(2, 1). Then we have

3
SW = PLi(u), S*W=W(u)dW(u),
i=1
where the L; are the three non-trivial 2-torsion line bundles on E.

Proof. If u = o, see [Ati, p. 438-439]. Now the general case follows, since
E.(2,1) = E,(2, 1)®L, where L is any line bundle on E such that £ = Og(u—o).

O
Consider the exact sequence
0 — (det V1)? ® Vo —25 $3Vy — Ag — 0. (3.5)
Now let
0— Gy — Gy — Ag — 0 (3.6)

be the exact sequence obtained by twisting (3.5) by (detV, ® Op(1)) 2.

Lemma 3.2.2. We have

hO(Ag) < h°(Gy) — h(Gy) + A (Gy).

Proof. By (3.6), we obtain

0 — HY(Gy) — H(Gy) — H(Ag) - H'(G;) —> coker(8) — 0,
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that is

hO(Ag) = h°(Gy) — h(Gy) + h*(Gy) — dim coker(#).

3.3 The sheaf V, = f*w%]B

3.3.1 The case where V; is decomposable

In this case S?V; = @?:1 P;, where P; = 0p(20), P = Op(30 — p), P; =
Op(40—2p). Fixasection fy € H(Op(7))\{0}; applying the functor Hom(—, S*V;)

to the exact sequence

0—>OB(0—7')(£> Op(0) — 0, — 0

we obtain

Extl (0,, S2V)) @ o T_O))) ~ (3, (3.7)

Hence an element ¢ € Ext, (0., S*V;) is given by a triple (fi, fo, f3), with
fi € HY(P(t — 0)). Arguing as in [CaPi, p. 1032], this implies that Vs is the

cokernel of the short exact sequence

3
O—>OB<O—T)%OB(O)@®P1—>V2—>O, (3.8)

where the injective map is induced by *(fo, f1, f2, f3)-
Notice that V5 is a vector bundle if and only if fi, fo, f3 do not vanish simul-

taneously in 7, that is if and only if £ = (f1, fa, f3) is not the trivial extension
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class. Let m be the cardinality of the set {i | f; = 0}; hence 0 < m < 2. Now we

give the description of V5 in the different cases.

Proposition 3.3.1. Assume Vi = Op(0) ® Op(20 — p).

e If Op(20 — 2p) # Op then there are precisely the following possibilities.
(I) m =0, Vo(=20) = E353p4-(3,1)

(ITa) m =1, Va(—20) = E3p_3p4+-(2,1) ® Op

(IIb) m =1, Vo(—20) = E3o—3p++(2,1) ® Op(o — p)

(Ilc) m =1, Vo(—20) = E3p—3p++(2,1) & Op(20 — 2p)

(ITa) m =2, Vo(—20) = 0p ® Op(o—p) ® Op(20 —2p+ 1)
(IIIb) m =2, Vo(=20) =0 ® Oplo—p+ 1) ® Op(20 — 2p)

(ITlc) m =2, Vo(—20) = Op(1) ® Op(o — p) ® Op(20 — 2p)

o If Op(20 —2p) = Op and o # p then there are precisely the following possi-

bilities.

(IV) m =0, Vo(—20) = F, & Oplo—p+ 1)

(Va) m =1, Vo(—20) = E,_,+-(2,1) & Op

(V) m =1, Vo(~20) = E,_psr(2,1) ® Op(0 — p)
(VIa) m =2, Vo(—20) =0 @ Oglo—p+7) ®Op
(VIb) m =2, Vo(—20) = O ® Op(o —p) & Op(7)

e Finally, if o = p then there is exactly one possibility.
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(VII) 0 S m S 2, \/2(_20) = OB D OB D OB(T).

Proof. We only consider the case Op(20 — 2p) # 0; the remaining two are similar
and they are left to the reader. Let L € Pic’(B); twisting the exact sequence (3.8)
by L(—20) we obtain

0— L(—o—7) — L(-o)@LdLo—p)®L(20—2p) — Va(—20) — 0, (3.9)

and this in turn induces a linear map in cohomology

a: H'(L(—o— 7)) — H'(L(—0) @ L® L(o — p) ® L(20 — 2p)).

Now there are several possibilities.

Assume L ¢ {Op, Op(p—0),0p(2p—20)}. Then ker(a) = C, hence h'(Va(—20)®
L) = 0.

Assume L = Op. If f; # 0 then « is an isomorphism, and we have h'(Vy(—20)®
L) = 0; if f; = 0 then ker(a) = C, and we have h'(Vy(—20) @ L) = 1.

Assume L = Op(p — 0). If fy # 0 then a is an isomorphism, and we have

hY(Va(—20) ®L) = 0; if fo = 0 then ker(a) = C, and we have h'(Vo(—20)®L) = 1.

Assume L = Op(2p — 20). If f3 # 0 then « is an isomorphism, and we have
hY(Va(—20) ®L) = 0; if f3 = 0 then ker(a) = C, and we have h'(Vo(—20)®L) = 1.

Therefore Vy(—20) is a vector bundle of rank 3 and determinant O5(30—3p+7)
such that there exist exactly m line bundles L € Pic’(B) with the property
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h'(Va(—20) ® L) # 0.

If Vo(—20) is indecomposable, then Vo(—20) = E3,_3,4, by Atiyah’s classifica-
tion; this sheaf has always trivial first cohomology group when twisted with any

degree 0 line bundle; hence m = 0 and we are in case (I).

Assume now that Vy(—20) is the direct sum of three line bundles, that is
Vo=L &L, ®Ls.

Since h'(Vy(—20) @ L) = 0 for a general L € Pic’(B), it follows degl; > 0
for all 1 <7 < 3. On the other hand, since degVy(—20) = 1 we see that exactly
two summands have degree 0. Therefore it is clear that m = 2; more precisely, if
fi = fo = 0 we are in case (IIla), if f; = f3 = 0 we are in case (IIIb), if fo = f3 =0

we are in case (IIlc).

Finally, let us assume Vy(—20) = W @ L, where W is indecomposable of rank
2 and L is a line bundle; as before, we must have deglL > 0. Let us exclude first
the case degW = 0, degL = 1. If degW = 0 by Atiyah’s classification there exists
exactly one line bundle F € Pic’(B) such that h'(W®F) # 0. Hence m = 1; but if

fi = 0 then P; is a direct summand of Vy(—20), a contradiction. Hence we obtain
degW =1, deglL = 0.

It follows that every twist of W by a degree 0 line bundle has trivial cohomology;,
hence the cohomology of V,(—20) jumps if and only if we tensor it by L. Therefore
m = 1, that is exactly one of the f; vanishes.

More precisely, if fi = 0 we are in case (IIa), if fo = 0 we are in case (IIb) and

if f3 =0 we are in case (Ilc).
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3.4 The moduli space

Let M be the moduli space of minimal surfaces of general type S with p,(S5) =
2, q(S) =1, K% =5. We write M = M’ UM”, where M’ corresponds to surfaces
such that V; is decomposable and M” corresponds to surfaces such that V; is in-
decomposable.

Let us start by studying M'.

Definition 3.4.1. We stratify M’ as

M/:MIUMIIZ%U“'UMVII

according to the decomposition type for Vo = f*w?}‘B, as tn Proposition 3.3.1.

3.4.1 The stratum M;j

Proposition 3.4.2. The stratum My is either empty or it has dimension 13.

Proof. Set W := E3,_3,+-(3, 1); then we have a short exact sequence
0 — W(20 — 27) — S*W(2p — 27) — Ag — 0.

By [CaCi2, Section 1] we obtain

RO(W(20 —27)) =1, h'(W(20—27)) =0, h°(S?W(2p — 27)) = 10,

hence h?(Ag) = 9.



3.4 The moduli space 51

We have 1 parameter for B, 1 parameter for p, 2 parameters for &, 1 parameter
for 7 and 8 parameters from PH 0(;&6). Therefore either M is empty or it has

dimension 13.

3.4.2 The stratum M;jg,

Proposition 3.4.3. The stratum My, s either empty or it has dimension 12.

Proof. Set W = Ej3,_3p4,; then Vo(—20) = W& O and twisting the exact sequence
(3.5) by Op(—60) we obtain

0— Wo0p 2 (SPW o S?W) @ (W@ 05) — Ag(—60) — 0. (3.10)

Arguing as in [CaPi, Lemma 6.14], we see that the second component of the

map i3 is actually the identity, hence the exact sequence (3.10) splits, giving

As = Ag(—60 + 2p — 27) = (S°W & S°W)(2p — 27).

By Proposition 3.2.1 this in turn implies

As = (W@W@éLi)(?)o—p—T),

i=1
hence ho(;&(j) = 9. We have 1 parameter for B, 1 parameters for p, 1 parameter
for £, 1 parameter for 7 and 8 parameters from PH 0(,&6). Therefore My, is either

empty or it has dimension 11.
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3.4.3 The strata My, Mg

Proposition 3.4.4. The dimension of the strata Myy,, My is at most 12.

Proof. In order to give an unified treatment of these strata, set

Op(o—p)  in case (IIb);

Wim Egpgpir(21), Lim
Op(20 —2p) in case (Ilc).

Then Vo(—20) = W @ L and twisting the exact sequence (3.5) by Op(—60) we

obtain

0—WaL-5SPWa (PWeL)d (W L) dL® — Ag(—60) — 0. (3.11)

Hence Kﬁ = Ag(—60 + 2p — 27) fits into the short exact sequence

0 — G — Gy — ;&6 — 0, (3.12)

where

Gi=WaL)(2p-27), G = (W (S’WaL)e (WeL?)aL®)(2p—27).

There are several possibilities.
Case (i). L(2p — 27) # Op, L*(2p — 27) # Op. In this case

R°(G)) =1, h'YGy) =0, h°Gy) =10,

hence hO(KG) = 9. We have 1 parameter for B, 1 parameter for p, 1 parameter

for £, 1 parameter for 7 and 8 parameters from PH 0(,&6).
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Case (i1). L(2p — 27) # Op, L*(2p — 27) = Op. In this case

RO(Gy) =1, RYGy) =0, h%Gy) =11,
hence ho(ﬂﬁ) = 10. We have 1 parameter for B, 1 parameter for p, 1 parameter

for &, no parameters for 7 and 9 parameters from PH 0(/&6).

Case (ii1). L(2p —27) = Op. Since L* # Op, this implies L*(2p — 27) # Op.
We have

R(Gi) =2, hYGi) =1, h%Gy) =10,
hence h° (;&6) < 9 by Lemma 3.2.2. We have 1 parameter for B, 1 parameter for

p, 1 parameter for &, no parameters for 7 and at most 8 parameters from PH O(X\t;).

Summing up, we conclude that the dimension of the strata My, My is at

most 12.

3.4.4 The stratum My,

Proposition 3.4.5. The stratum My, is either empty or it has dimension 11.

Proof. In case (Illa) the linear map oy has the form

o9: Op(20)®0p(30—p) ®Op(40—2p) — Op(20) B Op(3o0—p)®Op(4do—2p+T).
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Take global coordinates zo, x; on the fibres of V; and v, v}, v5 on the fibres

of Vy; with respect to this coordinates, oo can be represented by the matrix

100 o9(22) = vy + avh
0O 1 0 , that is 0'2(1’01‘1) = yi + byé (313)
a b fo oa(27) = foys,

where a € H*(Op(20—2p+7)), b € H*(Og(o—p+7)). By applying the linear

change of coordinates

Yo == Yo+ ays, Y1 =1y +byy, Y2 =y,

we see that o, can be written in the diagonal form

1 0 0 oa(z2) = yo
01 0 , that is 0‘2(1‘01;1) =1 (314)
0 0 fo o2(x3) = foye.

Hence the map i3: (det V)? ® Vo — SVy is locally defined as follows:

is((wo A 21)®* @ yo) = foygy2 — Youi
is((zo A 21)®* @ 1) = fovornye — 43
is((wo A 21)®* @ y2) = foyoys — yive-
Therefore the matrix representing 43 is given, in suitable coordinates, by the

transpose of

100 fh OO0 O0O0O0O
0100 frbh O00O0O
001 0 0 fr 0000

This shows that Ag = coker i3 is isomorphic to
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Op(60) ® O0p(To—p) & Op(80o —2p+7) ® Op(% — 3p + 1) (315)

®05(100 —4p +27) & Op(11lo — 5p + 27) & Op(120 — 6p + 37),

so we obtain

1(Re) = h°(Ag( 6o+ 2p—27)) = 10 if either O(2p — 27) = Op or Op(o+p — 27) = Op;
9 otherwise.

Summing up, if either O(2p — 27) = Op or Og(o +p — 27) = Op we have

1 parameter for B, 1 parameter for p, no parameters for 7 and £ and 9 param-

eters from PH 0(;‘:6); otherwise we have 1 parameter for B, 1 parameter for p, 1

parameter for 7, no parameters for £ and 8 parameters from PH O(KG). In all cases

the construction depends on 11 parameters, hence either My, is empty or it has

dimension 11.

]

Remark 3.4.6. Equations (3.4.6) show that relative conic C C P(V,) is defined by
y2 — foyoye = 0. Since the coefficient of the monomial i3 is a non-zero constant,
the same argument of [Pig, Lemma 3.5] shows that in this case the exact sequence

(3.5) actually splits.

3.4.5 The stratum Mip

Proposition 3.4.7. The stratum My, has dimension at most 11.

Proof. Take global coordinates as before so that the linear map

o2: Op(20) ©0p(30—p) ®Op(40—2p) — Op(20) D O0p(30—p+7) ©Op(40—2p)
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can be represented by the matrix

1 O O 02(3:%) =Y
0 fo 0 |, thatis oa(xox1) = forn
0 0 1 o2(27) = ya.

Arguing as in the previous case we obtain

A =0p(2p —27) ® Op(60 —4p —27) B Oplo+p—71) ® Op(50 — 3p — 1)
EBOB(ZO) D OB(30—p+T) D 03(40— 2p)

Hence we have HO(KG) < 11 and equality holds if and only if Og(60 — 6p) =

Op(2p — 27) = Op. Write Mum, = U, 5 Mum(p). Counting parameters as before,

pEB

we conclude that My, (p) has dimension at most 11; moreover the points p such
that My, (p) has dimension 11 form a finite set. Therefore the stratum My, has

dimension at most 11.

3.4.6 The stratum MIIIC

Proposition 3.4.8. The stratum My is either empty or it has dimension 11.

Proof. We can take global coordinates so that the linear map

021 05(20) @ 0p(30—p) ® Op(4o—2p) — Op(20) B 05(30—p) & Op(4o—2p+7)
can be represented by the matrix
100 oa(z2) = yo

01 0 , that is oo(zox1) = Y1
0 0 fo 02($%):f0y2-
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The rest of the proof is exactly as in case (IIla), so it is left to the reader. [

3.4.7 The stratum My

Proposition 3.4.9. The stratum My has dimension at most 12.

Proof. Set L := O(o — p+ 7). Then twisting the exact sequence (3.5) by Og(—60)

we obtain
0—FaL— SFe (S?Fel)® (Fa0L?) @ L? — Ag(—60) — 0. (3.16)
Hence AG = Ag(—60 + 2p — 27) fits into the short exact sequence
0— Gy — Gy — Ag — 0, (3.17)
where
Gl - (F2 NP L)<2p - 27’), G2 = (SSFQ D (S2F2 & L) S5, (FQ X L2) D L3) (2p — 27’)
By [Ati, Theorem 9] we have

S’Fy = F3, S°Fy =F,.

There are two possibilities.

Case (i). Op(2p — 27) # Op. In this case

R°(G)) =1, hYG;) =0, h%G,)=10.
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Therefore h°(Ag) = h°(Gy) — h%(Gy) = 9. We have 1 parameter for B, 2 pa-

rameters for ¢, 1 parameter for 7 and 8 parameters from P(H°(Ag)).

Case (i1). Op(2p — 27) # Op. In this case

h0<Gl) =1, hl(Gl) =0, hO(GQ) = 11,

hence ho(ﬂﬁ) < 10 by Lemma 3.2.2. We have 1 parameter for B, 2 parameters

for £, no parameters for 7 and at most 9 parameters from P(H°(Aq)).

Summing up, we conclude that My has dimension at most 12.

3.4.8 The strata My, and My,

Proposition 3.4.10. The strata My, Myy, are either empty or they have dimen-

ston 11.

Proof. In order to give an unified treatment of these strata, set

Op in case (Va);

W = Eo—p+7(27 1)7 L =
Op(o—p) in case (Vb).

Then Vo(—20) = W & L and twisting the exact sequence (3.5) by Op(—60) we

obtain, since L* = Op,

0—WaL- (SWa (SPWe L)) ® (WaL) — Ag(—60) — 0. (3.18)
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Arguing as in [CaPi, Lemma 6.14], we see that the second component of the

map i3 is actually the identity, hence the exact sequence (3.18) splits, giving

As = Ag(—60+2p — 27) = (SW & (SPW @ L)) (2p — 27).
By Proposition 3.2.1 this in turn implies

As = (W@W@é(LZ@)L))(oer—T),

i=1
hence ho(ﬂ6) = 9. We have 1 parameter for B, no parameters for p, 1 parameter
for ¢, 1 parameter for 7 and 8 parameters from P(H°(Aq)). Therefore My, and

My, are either empty or they have dimension 11.

3.4.9 The stratum My,

Proposition 3.4.11. My, has dimension at most 11.

Proof. In case (Vla) we have o # p but Op(20 — 2p) = Op; moreover f; = f3 = 0.

Hence the linear map oy has the form

o9: Op(20) ® 0p(30 —p) ® Op(20) — Op(20) ® O30 —p+ 1) ® Op(20).

Take global coordinates zo, x; on the fibres of V; and v, v}, ¥4 on the fibres

of Vy; with respect to this coordinates, oy can be represented by the matrix

a; 0 ao o2(x3) = a1y + biyh
0 f, 0 |, thatis oo(wozy) = fou} (3.19)

by 0 by oa(27) = agy) + bayh,
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where aq, as, by, by € C. Moreover, since the rank of o, drops exactly at the point

T, it follows a1by — asby # 0. Therefore, by using the change of coordinates

Yo i= a1y + b1y, Y1 =Yy, Yo 1= asyp + batfh

we see that o, can be written in the diagonal form

1 0 0 UQ(LC%) = Yo
0 fO 0 s that 1S UQ(xOxl) = f()yl (320)
0 0 1 o3(27) = yo.

Arguing as in the previous cases we obtain

As = 0520 —27)2 @ 0530 —p—7)> ® Op(20) ® Op(50 — 3p + 7).

If Op(20 — 27) = Op we have 1 parameter for B, no parameters for £ and 7
and hO(Ag) = 11. If Op(20 — 27) # Op we have 1 parameter for B, no parameters
for £, 1 parameter for 7 and hO(Z\G) = 9. It follows that My, has dimension at

most 11.

3.4.10 The stratum My

Proposition 3.4.12. Myy, is either empty or it has dimension 10.

Proof. In case (VIb) we have o # p but Op(20 — 2p) = Op; moreover f; = fo = 0.

Hence the linear map o, has the form

o9: Op(20) ® 0p(30 —p) ® Op(20) — Op(20) ® Op(30 —p) & Op(20+ 7).
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Take global coordinates xg, x1 on the fibres of V; and yo, y1, y2 on the fibres

of Vy; with respect to this coordinates, oo can be represented by the matrix

a 0 b o2(x3) = ayo + A foye
0 ¢ 0 |, thatis oa(zor1) = cy1 + dyo (3.21)
Mo d pfo o2(x3) = byo + pfoye,

where a, b, ¢, \, p € Cand d € H*(Op(p—o+1)).

Therefore the equation of the relative conic € C P(V,) is

(cyr + dy2)2 — (ayo + A foy2) (byo + pfoyz) = 0.

Moreover, since the rank of g, drops exactly at the point 7, it follows ¢ # 0.
This means that the coefficient of the term y? is a non-zero constant, hence the

exact sequence (3.5) splits (see Remark 3.4.6). Therefore we obtain

As = O05(20—27) ® 0530 —p—27) ® Op(20 — 7)
®0pBo—p—71)®0p(20) ®O0p(30—p) B Op(20+ 1),

SO

0, 10 if either O(20 — 27) = Op or Op(30 —p — 27) = Op;
h*(Ag) =
9 otherwise.

Counting parameters as in the previous cases, we find that Myy, is either empty

or it has dimension 10.

3.4.11 The stratum My

We write My = Myir, gen U Myrr,2, where My, o consists of surfaces with

Op(20 — 27) = Op and My, gen is the rest.
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Proposition 3.4.13. (i) Myiy, gen is nonempty, of dimension 12.

(17) My, 2 is nonempty, of dimension 13.

Proof. In case (VII) we have o = p, hence the linear map o, has the form

0y Op(20)° — Op(20)* ® 0p(20 + 7).

Recall that for the general o, we have f; # 0 for all i € {1, 2,3}.
Take global coordinates xj, x; on the fibres of Vi and vy, y1, y2 on the fibres

of Vs; with respect to this coordinates, oo can be represented by the matrix

a b c Ug(w(Q)) = ayo + dy1 + A foy2
d e f that is oa(xoz1) = byo + eyr + 1 foye (3.22)
Ao nfo vfo o2(23) = cyo + fyr + v foye,

where a, b, ¢, d, e, f, A\, u, v € C.

Moreover, since the rank of oy drops exactly at the point 7, it follows

a b c
d e f|#0.
Apoy

Therefore the equation of the relative conic € C P(V3) is

(byo + eyr + Mf0y2)2 — (ayo + dyr + M foy2)(cyo + fyr + v foyz) =0

Up to a linear change of coordinates we can assume e? — df # 0; this means
that the coefficient of the term y? is a non-zero constant, hence the exact sequence

(3.5) splits (see Remark 3.4.6). Therefore we obtain

As = O05(20—27)2 @ Op(20 — 7)° ® 05(20) ® Op(20 + 7),
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SO

~ 11 if Og(20 — 27) = Op;

hO(AG) _ B( ) B
9  otherwise.

It is now easy to compute the number of parameters. If Og(20—27) = Op we have

1 parameter for B, 2 parameters for £ and 10 parameters from PH° (;&6); otherwise

we have 1 parameter for B, 2 parameters for £, 1 parameter from 7 and 8 param-

eters from PHO(Ag).

It remains to show that both My, gen and Myrr, 2 are non-empty.
Choosea=c=e=p=0,b=d=f=X=1, 7= —1, so that the equation

of € becomes

Yo — Y+ foys = 0.
Notice that this conic bundle has a unique singular point, namely the point
with homogeneous coordinates [0 : 0 : 1] lying on the fibre over 7.
Since (3.5) splits, the relative cubic given by the corresponding section of
H(Ag) is cut by a relative cubic § € |Op(vs)(3) — m*0p(4o + 27)]; let us write

the equation of G as

> agk vaylys =0, (3.23)
i+j+hk=3

where a;j, € 7™0p(20 + (k — 2)7).

If Op(20 — 27) # Op then all the coefficients of G are generically non-zero;
one easily checks that in this case the linear system |G| in P(Vy) is base-point free,
hence the linear system |A| in € is base-point free too; by Bertini theorem, we

conclude that Myri, gen is nonempty.
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If Op(20—27) = Op, then agpy = as10 = a120 = agzo = 0. So the relative cubic
G splits as § = H UG, where H is the relative hyperplane ¢y, = 0 and g’ is the

relative conic

azmy% + a111Y0Y1 + Ar02YoY2 + Ao Y; + ao12Y1Y2 + aoozys = 0.

Consequently, the curve A splits as A = He U A/, where He = H N C and
A'=9nNC.

The sections asgy, age1, @111 all vanish at the same point, namely the unique
point ¢ € B such that Og(20 — 7) = Op(q); notice that ¢ # 7. Hence the base
locus of |G| is the line y» = 0 in the fibre 771(¢), and this in turn implies that the
base locus of |A’| in € are the two points P, =[1: 1: 0Jand P, =[1: —1: 0] on
the fibre of € over q. Now let us make a general choice of the coefficients in (3.23).
Then the curve A does not contain the unique singular point of C; moreover, a

standard local computation together with Bertini theorem show that
- A’ is smooth;
- A’ and He intersect transversally at P, and P.

This implies that Myrr, 2 is nonempty.
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